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We introduce and study dynamical systems and measures on stationary
generalized Bratteli diagrams B that are represented as the union of count-
ably many classical Pascal–Bratteli diagrams. We describe all ergodic tail
invariant measures on B. For every probability tail invariant measure νp
on the classical Pascal–Bratteli diagram, we approximate the support of νp
by the path space of a subdiagram. By considering various orders on the
edges of B, we define dynamical systems with various properties. We show
that there exist orders such that the sets of infinite maximal and infinite
minimal paths are empty. This implies that the corresponding Vershik map
is a homeomorphism. We also describe orders on both B and the classical
Pascal–Bratteli diagram that generate either uncountably many minimal in-
finite and uncountably many maximal infinite paths, or uncountably many
minimal infinite paths alongside countably infinitely many maximal infinite
paths.
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1. Introduction

We have initiated the study of generalized Bratteli diagrams in a series of
recent works (see, e.g., [2, 5, 6, 10, 11]). In this paper, we focus on investigating
invariant measures and dynamics for both the standard Pascal–Bratteli diagram
and a broader class of generalized Bratteli diagrams, which can be represented
as countable unions of classical Pascal graphs.

Generalized Bratteli diagrams serve as models for Borel automorphisms of
standard Borel spaces. The tail equivalence relation on the path space of a gen-
eralized Bratteli diagram describes the dynamical properties of the corresponding
automorphisms. These diagrams feature countably infinite vertices at each level,
and their path spaces are non-compact Polish spaces. The corresponding inci-
dence matrices are also infinite. These characteristics introduce new challenges
in studying invariant measures and dynamics for generalized Bratteli diagrams
compared to the standard Bratteli diagrams typically used in Cantor dynamics.

The set of various classes of generalized Bratteli diagrams is large and signif-
icantly different from that of standard Bratteli diagrams. For example, there are
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no simple generalized Bratteli diagrams, although the tail equivalence relation
can be minimal for some diagrams.

The class of stationary standard Bratteli diagrams plays an important role
in this area, as they provide models for substitution dynamical systems on fi-
nite alphabets [12, 16, 19]. The set of invariant measures for stationary standard
Bratteli diagrams is fully described in [13]. However, for stationary generalized
Bratteli diagrams, the situation is much more complex. The results in [13] no
longer apply because generalized Bratteli diagrams can admit infinite σ-finite
measures that assign finite values to all cylinder sets (see [10]). It was shown
in [6] that stationary generalized Bratteli diagrams serve as models for a class of
substitution dynamical systems on infinite alphabets. Substitutions on infinite
alphabets were also studied in [17,18,25]

Pascal–Bratteli diagrams (also called Pascal diagrams, Pascal graphs, Pascal
adic systems) were studied in numerous papers, see, for example, [14, 20–22, 27–
31]. In [11], N-infinite and Z-infinite generalized Pascal–Bratteli diagrams were
studied, and the set of probability ergodic invariant measures for these diagrams
was completely described.

In this paper, we study ergodic invariant probability measures on standard
Pascal–Bratteli diagrams using vertex subdiagrams. We describe subdiagrams of
the standard Pascal–Bratteli diagram that are pairwise disjoint for different er-
godic invariant probability measures and can be chosen so that the corresponding
ergodic measure of their path space is arbitrarily close to 1.

We introduce stationary generalized Bratteli diagrams B, which are repre-
sented as the union of countably many standard Pascal–Bratteli diagrams, and
describe all ergodic invariant probability measures on B. Additionally, we study
various orders on both the standard Pascal–Bratteli diagram and the generalized
Bratteli diagram B, which contains infinitely many classical Pascal–Bratteli di-
agrams. We introduce an order on the standard Pascal–Bratteli diagram that
has uncountably many minimal infinite and uncountably many maximal infinite
paths, and an order that has uncountably many minimal infinite and countably
infinitely many maximal infinite paths. Conversely, we show that B can be en-
dowed with an order that has no minimal infinite or maximal infinite paths (in
which case the corresponding Vershik map is a homeomorphism), as well as with
an order that has uncountably many minimal infinite and uncountably many
maximal infinite paths and an order that has uncountably many minimal infinite
and countably infinitely many maximal infinite paths.

The outline of the paper is as follows. In Section 2, we provide all necessary
definitions and recall the procedure for measure extension from a subdiagram.
In Section 3, we describe subdiagrams Xp of a standard Pascal–Bratteli diagram
such that {Xp}p∈(0,1) are pairwise disjoint for different ergodic probability invari-
ant measures νp, and can be chosen so that the measure νp(Xp) is arbitrarily
close to 1. Section 4 is devoted to various orders on the standard Pascal–Bratteli
diagram. We construct an order on the standard Pascal–Bratteli diagram that
has a continuum of minimal infinite paths and a continuum of maximal infinite
paths. We also answer the question posed in [22] and construct an order on the
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standard Pascal–Bratteli diagram that has a continuum of minimal infinite paths
and countably infinitely many maximal infinite paths. In Section 5, we consider a
stationary generalized Bratteli diagram B which contains countably many stan-
dard Pascal–Bratteli diagrams as vertex subdiagrams. We describe all probability
ergodic invariant measures on B. Using the results from Section 4, we show that
B can be ordered so that it has a continuum of minimal infinite paths and a
continuum of maximal infinite paths, thus providing an example of a stationary
generalized Bratteli diagram which has such a property. We also construct an
order on B that has uncountably many minimal infinite and countably infinitely
many maximal infinite paths. We also demonstrate that there is an order on the
two-sided version of B that has no maximal infinite paths and no minimal infinite
paths; thus, the corresponding Vershik map is a homeomorphism.

Our main results are contained in Theorems 3.1, 4.1, 4.2 and 5.3.

2. Preliminaries

In this section, we briefly remind the reader of the definitions of main objects
considered in the paper.

2.1. Standard and generalized Bratteli diagrams Standard Bratteli
diagrams and Vershik maps on them are models for homeomorphisms of a Cantor
set [15,24,26].

Definition 2.1. A standard Bratteli diagram is an infinite graded graph B =
(V,E) such that the vertex set V =

⊔
i≥0 Vi and the edge set E =

⊔
i≥0Ei are

partitioned into disjoint subsets Vi and Ei, where

(i) V0 = {v0} is a single point;

(ii) Vi and Ei are finite sets for all i;

(iii) there exists a range map r : E → V and a source map s : E → V such that
r(Ei) = Vi+1 and s(Ei) = Vi for all i ≥ 1.

A generalized Bratteli diagram is a natural extension of the notion of a stan-
dard Bratteli diagram. Generalized Bratteli diagrams have countably many ver-
tices on each level and provide models for Borel automorphisms of standard Borel
spaces [2, 6].

Definition 2.2. A generalized Bratteli diagram is an infinite graded graph
B = (V,E) such that the vertex set V and the edge set E can be partitioned V =⊔∞
i=0 Vi and E =

⊔∞
i=0Ei so that the following properties hold (there is no need

to assume that V0 is a singleton):

(i) For every i ∈ Z+, the number of vertices at each level Vi is countably infinite,
and the set Ei of all edges between Vi and Vi+1 is countable.

(ii) For every edge e ∈ E, we define the range and the source maps r and s such
that r(Ei) = Vi+1 and s(Ei) = Vi for i ∈ Z+.

(iii) For every vertex v ∈ V \ V0, we have |r−1(v)| <∞.
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A (finite or infinite) path in the diagram is a (finite or infinite) sequence of
edges (ei : ei ∈ Ei) such that s(ei) = r(ei−1). Denote by XB the set of all infinite
paths that start at V0. The set

[e] := {x = (xi) ∈ XB : x0 = e0, . . . , xn = en}

is called the cylinder set associated with a finite path e = (e0, . . . , en). Cylinder
sets generate a topology on XB such that XB becomes a 0-dimensional Polish
space. Recall that for a standard Bratteli diagram, XB is compact, while the
path space of a generalized Bratteli diagram is just a Polish space (it can be
locally compact for some special classes of generalized Bratteli diagrams).

For n = 0, 1, . . ., let the element f
(n)
v,w of the n-th incidence matrix Fn = (f

(n)
v,w)

be the number of all edges between v ∈ Vn+1 and w ∈ Vn. If Fn = F for all n, we
call the corresponding generalized Bratteli diagram stationary. If all incidence
matrices Fn are N × N matrices, we call the corresponding generalized Bratteli
diagram B one-sided. If all Fn are Z× Z matrices, we call B two-sided.

2.2. Vershik map and tail equivalence relation To define dynamics
on Bratteli diagrams, we need the notion of an ordered Bratteli diagram. An
ordered (standard or generalized) Bratteli diagram B = (B, V,>) is a (standard
or generalized) Bratteli diagram B = (V,E) together with a partial order > on
E such that edges e, e′ are comparable if and only if r(e) = r(e′) (see [5,7,24] for
more details). A (finite or infinite) path e = (e0, e1, . . . , ei, . . . ) is called maximal
(respectively minimal) if every ei is maximal (respectively minimal) among all
elements of r−1(r(ei)). We denote the sets of all maximal infinite and all minimal
infinite paths by Xmax and Xmin, respectively. It is not hard to see that these
sets are closed. For brevity, we call the elements of Xmax and Xmin extreme
paths. Note that for a standard Bratteli diagram, the sets Xmax and Xmin are
necessarily nonempty, while for generalized Bratteli diagrams, there are orders
for which Xmin = Xmax = ∅ (see Section 4 in [5] or [2]).

To introduce the Vershik map, first define a Borel transformation ϕB : XB \
Xmax → XB \ Xmin as follows: given x = (x0, x1, . . . ) ∈ XB \ Xmax, let k be
the smallest number such that xk is not maximal. Let yk be the successor of
xk in the finite set r−1(r(xk)). Define ϕB(x) := (y0, y1, . . . , yk−1, yk, xk+1, . . . ),
where (y0, . . . , yk−1) is the unique minimal path from s(yk) to V0. Note that
such defined ϕB is, in fact, a homeomorphism. To extend the definition of ϕB
to XB, we need to determine a bijection from Xmax → Xmin. It can be always
done in a Borel manner if Xmax and Xmin have the same cardinality. Then
(XB, ϕB) is called a generalized Bratteli-Vershik dynamical system associated
with an ordered Bratteli diagram (B,>). In some cases (for example, when Xmax

and Xmin are empty sets), this extension can be made continuous, and ϕB will
be a homeomorphism of XB. These questions have been discussed in [2, 5, 10]).

Two paths x = (xi) and y = (yi) in XB are called tail equivalent if there exists
an n ∈ Z+ such that xi = yi for all i ≥ n. This notion defines a countable Borel
equivalence relation R on the path space XB which is called the tail equivalence
relation.
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Throughout the paper, by the term measure we will mean a non-atomic posi-
tive Borel measure on a Polish space. We will use the fact that any such measure
is completely determined by its values on cylinder sets.

Definition 2.3. A measure µ on XB is called tail invariant if, for any cylinder
sets [e] and [e′] such that r(e) = r(e′), we have µ([e]) = µ([e′]).

2.3. Measure extension from subdiagrams In this subsection, we briefly
describe the procedure of measure extension from a vertex subdiagram of a Brat-
teli diagram. This procedure works in the same way for both standard and
generalized Bratteli diagrams. For more details, see [1, 8, 10].

Let B be a standard or generalized Bratteli diagram. A vertex subdiagram B
of B is a (standard or generalized) Bratteli diagram such that the set of vertices
W is formed by nonempty proper subsets Wn ⊂ Vn and the set of edges consists
of all edges of B whose source and range are in Wn and Wn+1, respectively. In
other words, the incidence matrix Fn of B has the size |Wn+1| × |Wn| (it may
be ∞×∞), and it is represented by a block of Fn corresponding to the vertices
from Wn+1 and Wn. Note that for a generalized Bratteli diagram B, we consider
both standard and generalized Bratteli subdiagrams B, i.e., |Wn| can be finite or
infinite.

Let B be a standard or generalized Bratteli diagram and B be its vertex
subdiagram. Let µ be an ergodic tail invariant probability measure on XB. Then
µ can be canonically extended to the ergodic measure µ̂ on the space XB by tail

invariance: let p
(n)
w be a measure µ([e]) of any cylinder set [e] ⊂ XB such that

r(e) = w ∈ Wn. Then for any cylinder set [e′] ⊂ XB such that r(e′) = w ∈ Wn,

we set µ̂([e′]) := µ([e]) = p
(n)
w . Denote by X̂B := R(XB) the subset of all paths

in XB that are tail equivalent to paths from XB. Then X̂B is the smallest R-

invariant subset of XB containing XB. After setting µ̂(XB \ X̂B) = 0, we obtain
an ergodic tail invariant measure µ̂ on the whole path space XB.

One can compute the measure µ̂(XB) as follows. Let X̂
(n)

B
be the set of all

paths x = (xi)
∞
i=0 from XB such that the finite path (x0, . . . , xn−1) ends at a

vertex w ∈Wn of B, and the tail (xn, xn+1, . . .) belongs to B, i.e.,

X̂
(n)

B
= {x = (xi) ∈ X̂B : r(xi−1) ∈Wi, ∀i ≥ n}. (2.1)

It is clear that X̂
(n)

B
⊂ X̂(n+1)

B
and X̂B =

⋃
n X̂

(n)

B
. Moreover, we have

µ̂(X̂B) = lim
n→∞

µ̂(X̂
(n)

B
) = lim

n→∞

∑
w∈Wn

H(n)
w p(n)w

= 1 +

∞∑
n=0

∑
v∈Wn+1

∑
w∈W ′

n

f (n)vw H
(n)
w p(n+1)

v , (2.2)

where W
′
n = Vn \Wn, n = 0, 1, 2, . . ., and H

(n)
w is the number of paths between

the vertex w ∈ Vn and vertices of V0 (see Theorem 3.1 in [10]). The value µ̂(XB)
can be either finite or infinite. If it is finite, then we say that µ admits a finite
measure extension.
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3. Disjoint subdiagrams for ergodic invariant measures

In [9, Subection 5.2], a class of (standard) Bratteli diagrams was considered
such that every ergodic invariant probability measure can be obtained as the
measure extension from a uniquely ergodic vertex subdiagram. It was shown in [9,
Subsection 6.2] that the Pascal–Bratteli diagram does not belong to this class. In
this section, we prove that for every ergodic invariant probability measure νp on
the Pascal–Bratteli diagram, one can find a subdiagram Bp such that the measure
νp(Xp) is arbitrarily close to 1, and the sets Xp are pairwise disjoint, where Xp

is the path space of Bp, 0 < p < 1.
(0,0)

(1,0) (0,1)

V0

V1

V2

V3

Fig. 3.1: Pascal diagram

The vertices of the Pascal diagram can be labeled by pairs of non-negative
integers (i, j). Each vertex (i, j) is connected by an edge to two vertices (i+ 1, j)
and (i, j + 1). Typically, this diagram is drawn expanding downwards with the
vertex O = (0, 0) at the top (see Fig. 3.1). The vertices are subdivided into levels
Vn = {(i, j) ∈ Z+×Z+ : i+j = n}. Observe that each vertex v ∈ Vn is connected
by an edge with one or two vertices from Vn−1 for n > 1. Geometrically, it will be
useful for us to view the Pascal diagram (triangle) as a subset of R+×R+ ⊂ R×
R. By a path in the Pascal diagram, we will mean a (finite or infinite) sequence
of edges {e0, e1, e2, . . .} of the diagram such that ej connects a vertex of Vj with
a vertex of Vj+1 and is connected to ej+1 for each j.

Ergodic tail invariant measures on the Pascal diagram are labeled by a real
number (probability) 0 < p < 1 such that each edge of the form (v, v + (1, 0))
is given weight p and each edge of the form (v, v + (0, 1)) is given weight 1 −
p (see, e.g., [28]). Denote the corresponding measure on the path space of the
Pascal diagram by νp. We can formally include the values p = 0 and p = 1 in the
consideration, but this case gives atomic measures νp and is not interesting.

Theorem 3.1. For each 0 < p < 1 and each ε > 0, there exists a subdiagram
Bp of the Pascal diagram such that

1) νp(Xp) > 1− ε for each p, where Xp is the path space of Bp;

2) the subspaces Xp, 0 6 p 6 1, are pairwise disjoint.

Proof. Fix 0 < p < 1. We will construct by induction a sequence Ni = Ni(p)
such that for the sets

Ai = Ai(p) =
{
{(xn, yn)} ∈ XB :

∣∣∣xk
k
− p
∣∣∣ < 21−i for all k > Ni

}
,
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one has νp(
⋂
i6j Ai) > 1− ε for every j ∈ N. Let N0 = 0.

Base of induction. Since 0 6 xn 6 n for all n, we set A0 = XB. One has
νp(A0) = 1.

Step of induction. Let j ∈ N. Assume that Ni are constructed for 0 6 i 6
j such that

νp

⋂
i6j

Ai

 > 1− ε.

By the law of large numbers, for νp almost all {(xn, yn)} ∈ XB, one has

lim
n→∞

xn
n

= p.

It follows that for Nj+1 large enough, one can make νp(Aj+1) be arbitrarily close
to 1. This implies that for Nj+1 large enough, we have

νp

 ⋂
i6j+1

Ai

 > 1− ε,

and that proves the induction step.
Now, let A(p) =

⋂
i∈Z+

Ai(p). Introduce a subdiagram Bp = (Vp, Ep) of the
Pascal diagram as follows. Let Vp be the set of all vertices v ∈ Z+ × Z+ such
that there exists a path in A(p) containing v. Let Ep be the set of all edges of
the Pascal diagram having both ends in Vp.

Condition 1) of Theorem 3.1 is satisfied by construction. Let 0 < p 6= q < 1.
Then there exists i such that |p − q| > 22−i. By definition, Ai(p) and Ai(q) are
disjoint. This implies that condition 2) is satisfied as well.

Remark 3.2. The subdiagrams Bp are not pairwise disjoint as graphs, but
their path spaces Xp are disjoint.

4. Orders on the Pascal–Bratteli diagram

The following theorem shows that there is an order on the Pascal–Bratteli
diagram for which the sets of minimal infinite and maximal infinite paths are
of the cardinality continuum. This result can also be found in [22, Example
7.2], where the authors provide a sketch of its proof. Here we provide a detailed
proof, which has an idea similar to the proof in [22], but the construction has
principal differences with the construction from [22]. The main idea of our proof
is constructing minimal paths along every direction. This is motivated in part by
Theorem 3.1, where every subdiagram is constructed along a particular direction
of the Pascal–Bratteli diagram. We hope that this second geometrical approach
will contribute to the further development of the theory.

Theorem 4.1. There exists an ordering of the edges of the Pascal diagram
into 0, 1 such that both the set of minimal paths Xmin and the set of maximal
paths Xmax have the cardinality of the continuum.
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Proof. Let D be the subset of dyadic numbers of [0, 1), i.e., D = { p2n : 0 6
p 6 2n − 1, p, n ∈ Z+}. We will construct inductively a countable collection of
infinite paths Cr, r ∈ D, which start at vertices vr. We set C0 to be the “left side
of the Pascal triangle”, i.e., the sequence of edges ((j, 0), (j + 1, 0)), j ∈ Z+. For
r ∈ [0, 1], we denote by Lr the ray inside R+ × R+ starting at (0, 0) and making
the angle r π2 with the real positive half-line. Thus, L0 and L1 are the sides of the
Pascal triangle, and, as a set of points, C0 coincides with L0.

On the n-th step, n ∈ Z+, given that Cr are constructed for all r of the form
p
2n , where 0 6 p 6 2n − 1, we construct the paths Cr for all r ∈ D of the form
p

2n+1 , where p is odd. Moreover, we will do it such that the following inductive
conditions hold for each of the constructed paths Cr:

1) any two paths Cr1 , Cr2 , r1 6= r2, intersect at most at one point, which
coincides with the beginning of one of them;

2) for any n, p ∈ Z+, 0 6 p 6 2n − 1 and r = p/2n, the path Cr+1/2n+1 starts
at a vertex vr+1/2n+1 of the path Cr;

3) there exists N = N(r) such that for all (x, y) ∈ Cr with x+ y > N, one has
d((x, y), Lr) < 2.

Lr

Lr+1/2n+1 Lr+1/2n

Cr Cr+1/2n+1

Cr+1/2n

x+y=M

vr+1/2n+1

Fig. 4.1: Illustration to the proof of Theorem 4.1

For n ∈ N, set Dn = { p2n : p ∈ Z+, 0 6 p 6 2n − 1}. Assume that Cr are
constructed for all r ∈ Dn such that the inductive conditions 1)− 3) hold. Set

M = max{max{N(r) : r ∈ Dn}, 2n+5}.

Let HM be the half-plane {(x, y) : x+ y >M}.
Now, fix r ∈ Dn. We will show how to construct the path Cr+1/2n+1 . The

inductive condition implies that

d(Ct ∩HM , Lr+1/2n+1 ∩HM ) > 5 for all t ∈ Dn. (4.1)
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Indeed, by 3), Ct ∩ HM lies in the neighborhood of radius 2 of Lt. Since M >
2n+5, for any two points A ∈ Lt ∩HM , B ∈ Lr+1/2n+1 ∩HM , one has

AB > OA · sin(1/2n+1) > 2n+4/2n+1 = 8.

Thus, d(Lt ∩HM , Lr+1/2n+1) > 8. From the above, equation 4.1 follows.
Let (a, b) be a vertex of the part of the path Cr belonging to HM minimizing

the distance from Cr ∩ HM to Lr+1/2n+1 ∩ HM . Starting with w0 = (a, b), we
construct a sequence {wn} of vertices of consecutive levels (i.e., wn ∈ Va+b+n)
such that wn+1 is the closest to Lr+1/2n+1 vertex among two downward neighbors
of wn (belonging to Va+b+n+1). We claim that the infinite path Cr+1/2n+1 starting
with w0 and passing through the sequence of vertices {wn} satisfies the inductive
assumptions.

Indeed, by the inductive assumptions 1) and 2), the graph Γn consisting of
the union of the paths Ct, t ∈ Dn, is a connected planar graph forming an infinite
tree. By (4.1), Ct does not intersect Lr+1/2n+1 ∩HM for all t ∈ Dn. Observe that
Ct intersects ∂HM exactly at one point At for each t ∈ Dn. Using condition 3)
and the choice of M , we obtain that Cr ∩HM , the segment ArAr+1/2n ⊂ ∂HM ,
and Cr+1/2n ∩HM bound a connected infinite domain Ur which contains HM ∩
Lr+1/2n+1 .

Consider the ray w0 + R+ = {w0 + (0, s) : s ∈ R+}. Simple geometric
considerations show that w0 + R+ intersects Lr+1/2n+1 at some point P . By
the choice of w0, the ray w0 + R+ intersects Cr only at the point w0. Let l =
[|w0P |] (the integer part of the length of the segment joining w0 and P ). By
construction, the points w1, w2, . . . , wl are consecutive integer points on w0 +
R+. One has d(wl, Cr+1/2n+1) < 1. Recall that for every n > l, the point wn+1

is the closest to Lr+1/2n+1 among the two neighbors of wn in Va+b+n+1. Using
induction, we obtain that d(wn, Cr+1/2n+1) < 1 for every n > l. Using (4.1), we
derive that the path Cr+1/2n+1 lies inside the domain Ur, except for the point
w0 belonging to Cr. From the above considerations, the conditions 1) − 3) are
satisfied for the path Cr+1/2n+1 .

Furthermore, the union

Γ =
⋃
n∈N

Γn =
⋃
r∈D

Cr,

as a graph, is a planar infinite tree such that there are no two vertices v 6= w
of the same level Vn which are connected by an edge of Γ to the same vertex
u ∈ Vn+1. Notice that Γ is a subgraph of the Pascal diagram. Set Γ′ =

⋃
r∈D/4

Cr

and let Γ′′ be the graph symmetric to Γ′ with respect to y = x. Since C1/4

asymptotically lies in 2-neighborhood of the line y = sin(π/8)x, there exists N
such that (N, 0)+C1/4 does not intersect the line y = x. Then the shifted graphs
(N, 0) + Γ′ and (0, N) + Γ′′ do not intersect. Assign 0 to each edge of (N, 0) + Γ′

and 1 to each edge of (0, N)+Γ′′ (except the edges on the y-axis, which are labeled
0 automatically). The rest of the edges of the Pascal diagram are numbered by
0’s and 1’s consistently in an arbitrary way.
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Finally, in addition to already constructed paths Cr, r ∈ D, for each r ∈
[0, 1/4) \ D/4, we construct a path Cr in Γ (thus, giving a minimal path and a
symmetric maximal path in the ordered Pascal diagram) as follows. Write the
dyadic expansion of r and the corresponding partial sums:

r =
∞∑
i=1

2−ni , rk =
k∑
i=1

2−ni , where ni ∈ N, ni+1 > ni for each i.

Set r0 = n0 = 0. For k ∈ Z+, denote by Tk = Tk(r) the part of the path Crnk

joining the vertices vrnk
and vrnk+1

. Set Cr =
⋃
k∈Z+

Tk.

By construction, ((0, 0), (N, 0))∪((N, 0)+Cr), r ∈ [0, 1/4) are pairwise distinct
minimal paths of the ordered Pascal diagram. The maximal paths in the diagram
are taken symmetrically to the minimal ones with respect to y = x. This finishes
the proof.

The following result answers Question 7.3 from [22].

Theorem 4.2. There exists an ordering of the edges of the Pascal diagram
into 0, 1 such that the set of minimal paths Xmin has the cardinality of the con-
tinuum and the set of maximal paths Xmax is countably infinite.

Proof. We will construct in a certain way a tree of minimal paths. For each
k ∈ N, let Sk ⊂ V4k be the set of vertices given by

Sk = {(2j, 4k − 2j) : 1 6 j 6 2k}.

For each k, we connect the vertices from Sk by a collection of paths Υk to the
vertices from Sk+1 as follows. For each 1 6 j 6 2k, connect (2j, 4k − 2j) ∈ Sk by
a straight path to (2j, 4k+1−4j), the next one connect by a straight path to (4j−
2, 4k+1−4j), and the last one connect by segments of length 2 to (4j, 4k+1−4j) ∈
Sk+1 and (4j−2, 4k+1−4j+ 2) ∈ Sk+1. Also, let Υ0 be the union of the segment
((0, 0), (4, 0)) and the segment ((2, 0), (2, 2)). Let Υ =

⋃
k∈Z+

Υk. Notice that Υ is

an infinite tree such that for any vertex (i, j) ∈ N × N it contains at most one
of the edges ((i− 1, j), (i, j)) and ((i, j − 1), (i, j)). Mark all the edges belonging
to Υ with 0. Regardless of how we mark the rest of the edges, Υ contains a
continuum of minimal paths.

Next, let Ψ be the set of edges of the form ((i, j), (i, j + 1)), not belonging to
Υ, where (i, j) ∈ N× Z+ is such that

((i− 1, j + 1), (i, j + 1))

does not belong to Υ either. Mark all edges from Ψ by 0 as well. In addition,
all the edges belonging to the coordinate axis (the sides of the Pascal graph) are
marked with 0 automatically. Mark all other edges by 1. We claim that such
numbering of the edges of the Pascal graph has only countably many maximal
paths.



Measures and Dynamics on Pascal–Bratteli Diagrams 13

Indeed, observe that by construction, for each n ∈ Z+, the line y = n (con-
taining all vertices of the form (i, n), i ∈ Z+) intersects the union of edges marked
by 0 by at most one segment. Namely, when n = 4k− 4j for some k ∈ N and 1 6
j 6 2k−1. Since such n is necessarily even (in fact, divisible by four), we obtain
by definition of Ψ that every edge of the form ((i, 2j), (i, 2j + 1)) is marked with
0 for (i, j) ∈ Z+ × Z+.

Let (i, j) ∈ Z+ × Z+, (i, j) 6= (0, 0) be a branching point for maximal paths,
i.e., both edges ((i, j), (i + 1, j)) and ((i, j), (i, j + 1)) are marked by 1. Since
((i, j), (i, j+1)) does not belong to Ψ, we conclude that either i = 0 or ((i−1, j+
1), (i, j + 1)) belongs to Υ. In the latter case, j + 1 is even. By construction,
all the edges of the form ((l, j + 1), (l, j + 2)), l ∈ Z+, are marked with 0. Thus,
any maximal path passing through (i, j + 1) may continue only along the line
y = j + 1 to infinity without any further branching possible. We obtain that any
maximal infinite path may contain at most two branching points. Since for any
two branching points, only two maximal infinite paths might pass through both
of them, there are only countably many maximal infinite paths.

The following proposition about the measure of minimal and maximal infinite
paths is true from general observations for other diagrams (see [13, Lemma 2.7]),
and was proved in [22, Proposition 2.1]. To illustrate the ideas, we present here
direct calculations for the Pascal–Bratteli diagram.

Proposition 4.3. Let B be a Pascal–Bratteli diagram. Then for any ordering
on B and any non-atomic probability ergodic invariant measure µ, the set of
minimal infinite paths Xmin and the set of maximal infinite paths Xmax have
µ-measure zero.

Proof. Let µ = νp, where p ∈ (0, 1) (see Section 3), be any non-atomic ergodic
probability invariant measure on B, and ω be any order on B. We say that a
cylinder set is a minimal cylinder set of length n if it corresponds to a minimal

finite path of length n. Let X
(n)
min be a union of minimal cylinder sets of length n.

Then

X
(n)
min ⊃ X

(n+1)
min and Xmin =

∞⋂
n=1

X
(n)
min.

Since for every n ∈ N and every vertex w ∈ Vn there is a unique path which joins
w with V0, for p < 1

2 , we have

µ(X
(n)
min) =

n∑
k=0

pk(1− p)n−k = (1− p)n
n∑
k=0

(
p

1− p

)k
≤ (1− p)n 1

1− p
1−p

= (1− p)n 1− p
1− 2p

→ 0

as n tends to infinity. By switching p and 1 − p, we obtain that µ(X
(n)
min) tends

to 0 as n tends to infinity for p > 1
2 . We also have

µ
(
X

(n)
min

)
=

n∑
k=0

1

2n
=
n+ 1

2n
for p =

1

2
.
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Thus, for all p ∈ (0, 1), we have

µ(Xmin) = lim
n→∞

µ
(
X

(n)
min

)
= 0.

Similarly, µ(Xmax) = 0.

Remark 4.4. In [23], the authors study the so-called polynomial shape Brat-
teli diagrams, which are generalizations of a Pascal–Bratteli diagram. They show
that for such diagrams, the sets of minimal infinite and maximal infinite paths
have measure zero for a fully supported ergodic invariant probability measure
(see [23, Proposition 3.6]). It is also shown that under some mild conditions,
the orbits of the sets of minimal infinite and maximal infinite paths are meager
(see [23, Proposition 2.3, Remark 2.4]).

5. Stationary generalized Pascal–Bratteli diagrams

In this section, we consider generalized Bratteli diagrams that are formed by
countably many overlapping Pascal triangles. To the best of our knowledge, these
diagrams have not been considered before.

5.1. One-sided stationary generalized Pascal–Bratteli diagram.
First, we focus on a one-sided stationary generalized Bratteli diagram B that
has infinitely many Pascal–Bratteli diagrams as vertex subdiagrams and the N×
N incidence matrix

F =


1 0 0 0 . . .
1 1 0 0 . . .
0 1 1 0 . . .
0 0 1 1 . . .
...

...
...

...
. . .

 .

Fig. 5.1: A stationary generalized Bratteli diagram with infinitely many Pascal subdia-
grams

To be consistent with other papers on generalized Bratteli diagrams, we draw
it so that the vertices of consecutive levels are aligned one below another, see Fig.
5.1. Diagram B is stationary, and this property allows us to use the techniques
from the papers [5], [10]. For any i ∈ N, denote by Xi the set of all paths in
XB that start at vertex i on level V0. The sets {Xi}i∈N form a clopen partition
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of XB. Note that Xi is also the path space of a vertex subdiagram Bi of B
that is supported by the set of vertices W = (Wn)∞n=0, where Wn = {i, . . . , i +
n}. Obviously, each diagram Bi is the classical Pascal–Bratteli diagram. It is
well known that there are uncountably many ergodic probability tail invariant

measures ν
(i)
p , 0 < p < 1, on Bi (see Section 3). In the proposition below, we

describe the invariant measures on B given by eigenpairs for the incidence matrix
(see, e.g., [3, Theorem 2.3.2]) or [5, Theorem 6.6]).

Proposition 5.1. Let λ > 1 and ξλ = (ξi) be the vector such that

ξi = (λ− 1)i−1, i ∈ N.

Then F T ξλ = λξλ and the eigenpair (ξλ, λ) defines a tail invariant measure µλ.
If 1 < λ < 2, then µλ is finite. The measure µλ is infinite for λ ≥ 2.

Proof. First, we find a non-negative vector ξ = (ξi) satisfying F T ξ = λξ. It
is easy to see that if ξ1 = 0, then ξi = 0 for all i ∈ N. Set ξ1 = 1. Then ξ1 + ξ2 =
λξ1 and ξ2 = λ − 1. Similarly, ξ3 = λ(λ − 1) − (λ − 1) = (λ − 1)2 and one can
prove by induction that for all i ∈ N,

ξi = (λ− 1)i−1.

Hence ξ = ξλ is the eigenvector corresponding to λ. Set

µλ[e(n)(i)] =
ξi
λn

=
(λ− 1)i−1

λn
,

where [e(n)(i)] is a cylinder set corresponding to a finite path e(n)(i) which ends
at a vertex i ∈ Vn. Clearly, if 1 < λ < 2, then µλ is finite and

µλ(XB) =
∞∑
i=0

(λ− 1)i =
1

2− λ
.

If λ ≥ 2, then µλ is infinite.

Lemma 5.2. Let i ∈ N and λ > 1. Then the measure µλ|XBi
(after normal-

ization) coincides with ν
(i)
p .

Proof. Let m
(i)
λ be the normalized measure µλ|XBi

, that is,

m
(i)
λ =

1

(λ− 1)i
µλ|XBi

.

We claim that m
(i)
λ = ν

(i)
p , where p = 1

λ . Indeed, let e(n)(j) be a finite path from
i to j ∈ Vn. Then

m
(i)
λ ([e(n)(j)]) =

(λ− 1)j−1

(λ− 1)i−1λn
=

1

λn
(λ− 1)j−i =

1

λn−j+i

(
λ− 1

λ

)j−i
.
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Let j − i = k. Then

m
(i)
λ ([e(n)(j)]) = pn−kqk,

where

p =
1

λ
, q =

λ− 1

λ
.

This means that m
(i)
λ = ν

(i)
p for p = 1

λ .

In the following theorem, we show that all ergodic invariant probability mea-

sures on B can be obtained as extensions of the measures ν
(i)
p (see Section 2).

Theorem 5.3. For any i ∈ N, the set of measures {ν̂(i)p , p ∈ (12 , 1)} is (after
normalization) the set of all ergodic probability tail invariant measures on B.

Proof. Let µ be any ergodic invariant measure on B. Without loss of gen-
erality, assume that µ takes the value 1 on a cylinder set Xu = [e(0)(u)] formed
by infinite paths that start at a vertex u ∈ V0. Notice that each cylinder set of
B is a standard Pascal–Bratteli diagram. Hence, the restriction of µ onto Xu

must coincide with one of the measures νp. Because the measure µ|Xu coincides
with νp on a set of positive measures, and both measures are tail invariant, the
extensions of these measures must also coincide on the saturation of Xu with
respect to the tail equivalence relation. Thus, µ = ν̂p.

The following result is a corollary of Theorem 4.1.

Corollary 5.4. There exists a stationary generalized Bratteli diagram to-
gether with a (non-stationary) order such that both the set of minimal paths Xmin

and the set of maximal paths Xmax have the cardinality of the continuum.

Proof. By Theorem 4.1, there exists an ordering of a (standard) Pascal–
Bratteli diagram such that it has continuum minimal infinite paths and contin-
uum maximal infinite paths. Let B be a stationary generalized Bratteli diagram
with infinitely many Pascal subdiagrams. Pick any of its Pascal subdiagrams of
level 0 and enumerate the edges of the subdiagram using Theorem 4.1. All other
edges of B can be enumerated in an arbitrary way such that the order is well
defined. Then the obtained order on B has continuum infinite number of both
minimal paths and maximal paths.

The following result is a corollary of Theorem 4.2.

Corollary 5.5. There exists a stationary generalized Bratteli diagram to-
gether with a (non-stationary) order such that the set of minimal paths Xmin has
the cardinality of the continuum and the set of maximal paths Xmax is countably
infinite.

Proof. By Theorem 4.2, there exists an ordering of a (standard) Pascal–
Bratteli diagram such that it has continuum minimal infinite paths and count-
ably infinitely many maximal infinite paths. Let B be the one-sided stationary
generalized Bratteli diagram with infinitely many Pascal subdiagrams. Pick its
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leftmost Pascal subdiagram, i.e., the Pascal subdiagram which starts at the ver-
tex 1 of level 0, and enumerate the edges of the subdiagram using Theorem 4.2.
Enumerate all other edges of B from left to right. Then the obtained order on
B has continuum minimal infinite paths and infinitely countably many maximal
infinite paths.

Note that for every order on B, the leftmost vertical path is simultaneously
a minimal infinite path and a maximal infinite path, hence there is no order on
B such that the sets Xmin and Xmax are empty. Even if a generalized Bratteli
diagram has a unique minimal and a unique maximal path, it does not necessarily
follow that the corresponding Vershik map is a homeomorphism [5, Theorem
4.7]. In the following, we consider a two-sided stationary generalized Pascal–
Bratteli diagram B̃ and show in Proposition 5.6 that there is an order on B̃
such that Xmin = Xmax = ∅, and hence the corresponding Vershik map is a
homeomorphism.

5.2. Two-sided infinite stationary generalized Pascal–Bratteli dia-
gram. We can also consider a two-sided generalized Bratteli diagram B̃ which
has infinitely many Pascal–Bratteli diagrams as subdiagrams. Diagram B̃ has a
Z× Z incidence matrix (we use the boldface to indicate the entries on the main
diagonal):

F̃ =



. . .
...

...
...

...
... . .

.

· · · 1 0 0 0 0 · · ·
· · · 1 1 0 0 0 · · ·
· · · 0 1 1 0 0 · · ·
· · · 0 0 1 1 0 · · ·
· · · 0 0 0 1 1 · · ·

. .
. ...

...
...

...
...

. . .


.

Diagram B̃ is both vertically and horizontally stationary (see [4]). Corollaries
5.4 and 5.5 also hold for the two-sided generalized Bratteli diagram B̃. Indeed,
to prove Corollary 5.5, it is enough to pick any Pascal subdiagram B′ of level 0
and enumerate the edges of the subdiagram using Theorem 4.2. All other edges
of B̃ which are to the right of B′ should be enumerated from left to right, and
all edges to the left of B′ should be enumerated from right to left.

In the following proposition, we show that there is an order on B̃ that does
not admit any minimal or maximal infinite paths.

Proposition 5.6. There exists an ordering on B̃ that does not have minimal
infinite or maximal infinite paths.

Proof. Fix an injective map G from Z × {0, 1} to N. For each (n, i) ∈ Z ×
{0, 1}, set K = K(n, i) = 3G(n,i). For n ∈ Z, k ∈ Z+, let n(k) be the n-th vertex
of the k-th level of the generalized Bratteli diagram B. Let S(n, i) be the set
of all the edges of the form ((l + n)(K+l), (l + n)(K+l+1)) and of the form ((K +
n)(K+l), (K + n + 1)(K+l+1)), where 0 6 l 6 K = K(n, i). Mark all the edges
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from S(n, i) with i. It is not hard to see that the sets S(n, i), (n, i) ∈ Z× {0, 1},
are pairwise disjoint. Therefore, the above operation is well defined. Number all
the other edges in an arbitrary consistent way to obtain an ordering on B̃.

For any top vertex n(0), n ∈ N, of the diagram B̃ and any i ∈ {0, 1}, any
infinite path starting at n(0) passes through an edge of S(n, i). It follows that
there are no minimal or maximal paths.

K

K+1

K+2

K+3

2K

2K+1

n n+1 n+2 n+3 K+n K+n+1

Fig. 5.2: Illustration to the proof of Proposition 5.6: edges from S(n, i) are in bold

For the two-sided generalized Bratteli diagram B̃, for every p ∈ (0, 1), there
is a positive right eigenvector (the boldface indicates the zero coordinate of the
eigenvector):

xT =

(
. . . ,

(1− p)2

p2
,

1− p
p

, 1,
p

1− p
,

p2

(1− p)2
, . . .

)
of Ã = F̃ T which corresponds to the eigenvalue λ = 1

p . In other words, we have

x = (xi)i∈Z and xi = pi

(1−p)i for i ∈ Z. Indeed, for every i ∈ Z, we have

(Ãx)i =

(
p

1− p

)i−1
+

(
p

1− p

)i
=

1

p

(
p

1− p

)i
= λxi.

In particular, for p = 1
2 , we obtain λ = 2 and xT = (. . . , 1, 1, 1, . . .) . Note

that for every p ∈ (0, 1), the corresponding eigenvector x has an infinite sum of
coordinates and hence generates an infinite σ-finite measure.
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Мiри та динамiка на дiаграмах Паскаля–Браттелi
Sergey Bezuglyi, Artem Dudko, and Olena Karpel

Ми вводимо та дослiджуємо динамiчнi системи та мiри на стацiонар-
них узагальнених дiаграмах Браттелi B, якi представленi як об’єднання
злiченної кiлькостi класичних дiаграм Паскаля–Браттелi. Ми описує-
мо всi ергодичнi мiри на B, iнварiантнi вiдносно хвостового вiдношення
еквiвалентностi. Для кожної ймовiрнiсної iнварiантної мiри νp на класи-
чнiй дiаграмi Паскаля–Браттелi, ми апроксимуємо носiй νp простором
шляхiв пiддiаграми. Розглядаючи рiзнi порядки на ребрах B, ми ви-
значаємо динамiчнi системи з рiзними властивостями. Ми показуємо,
що iснують порядки, для яких множини нескiнченних максимальних та
нескiнченних мiнiмальних шляхiв порожнi. Це означає, що вiдповiдне
вiдображення Вершика є гомеоморфiзмом. Ми також описуємо порядки
як на B, так i на класичнiй дiаграмi Паскаля–Браттелi, якi генерують
або незлiченну кiлькiсть мiнiмальних нескiнченних шляхiв та незлiченну
кiлькiсть максимальних нескiнченних шляхiв, або незлiченну кiлькiсть
мiнiмальних нескiнченних шляхiв та злiченну нескiнченну кiлькiсть ма-
ксимальних нескiнченних шляхiв.

Ключовi слова: борелiвськi динамiчнi системи, моделi Браттелi–
Вершика, iнварiантнi мiри, хвостове вiдношення еквiвалентностi, дiа-
грама Паскаля–Браттелi
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