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Approximate Controllability Problems for

the Heat Equation in a Half-Plane
Controlled by the Dirichlet Boundary
Condition with a Bounded Control

Larissa Fardigola and Kateryna Khalina

In the paper, the problems of approximate controllability are studied for
the control system w; = Aw, w(0, z2,t) = u(z2,t), 1 € Ry = (0,400), 25 €
R, t € (0,T), where u is a control belonging to a special subset of L (R x
(0,7)) N L3(R x (0,T)). It is proved that each initial state belonging to
L?(R, xR) is approximately controllable to an arbitrary end state belonging
to L2(R; x R) by applying these controls. A numerical algorithm of solving
the approximate controllability problem for this system is given. The results
are illustrated by an example.

Key words: heat equation, controllability, approximate controllability,
half-plane

Mathematical Subject Classification 2020: 93B05, 35K05, 35B30
1. Introduction
We consider the heat equation in a half-plane
wy = Aw, r1 €Ry, 29 €R, t€(0,7),
controlled by the Dirichlet boundary condition
w(O, (-)[2],15) =u((")ig 1), x2 € R, t € (0,7),
under the initial condition
w(()pp, (), 0) = w”, 1 € Ry, 22 €R,
where Ry = (0,+00), T > 0, A = (0/0x1)? + (0/0z2)?,
u e U[0,T]

is a control,

Ulo,T) = {gp e L®(R x (0,T))
te[0,T]

sup [p(-, 1) € LQ(R)}
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(1.3)

(1.4)
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is the set of admissible controls. The subscripts [1] and [2] associate with the
variable numbers, e.g. (+);;) and (-)g) correspond to x1 and z2, respectively, if we
consider f(z), z € R%. This problem is considered in spaces of the Sobolev type
(see details in Section 2).

Controllability problems for the heat equation were studied both in bounded
and unbounded domains. However, most of the papers studying these problems
deal with domains bounded with respect to the spatial variables (see [1,7,8, 18—
21,23,26-28, 30, 36] and the references therein). Note that each initial state of
the heat equation in a bounded domain which belongs to a Sobolev space of
non-positive order can be driven to the origin in an arbitrarily small time by an
L? boundary control (see, e.g. [21,27]). Although there are quite a few papers
considering domains unbounded with respect to the spatial variables [2—6,12-16,
24,29, 31-33, 35, 39,40], there are much less papers (see, e.g. [14,17,32]) where
the boundary controllability of the heat equation was studied in a half-plane.

For a bounded domain © C R” with the boundary 9 of class C? (which
is considered instead of the domain Ry x R), it is well-known that the control
system of the form (1.1)-(1.3) is null-controllable for a given time 7" > 0. This
result was obtained by using Carleman inequalities (see, e.g. [21,27]).

For unbounded domains, the situation is essentially different. There exist
pairs of initial and target states where the initial state can be driven to the
end state by means of control system (1.1)—(1.3), and there exist those where
the initial state cannot be driven to the end state by means of this system. For
instance, there is no initial data in any negative Sobolev space that may be driven
to zero in finite time (see [32]).

Although the statement of approximate null-controllability for control system
(1.1)—(1.3) is considered known, there is no papers containing direct and clear
proof of it. E.g. in [32], the authors assert that “one can easily prove the ap-
proximate controllability directly both in the case of bounded and unbounded
domains”, but they give neither a proof of this fact nor a reference for it.

In this paper we prove the approximate controllability for control system
(1.1)~(1.3). In particular, we construct controls solving the approximate control-
lability problem and give a numerical algorithm of solving this problem.

In [32], the lack of the null-controllability property for the linear heat equation
on the half-space R, x R™ with an L? Dirichlet boundary control is studied. By
rewriting system on the similarity variables and separating of variables, the multi-
dimensional control problem is reduced to an infinite family of one-dimensional
control systems in weighted Sobolev spaces. Due to results obtained for one-
dimensional control system (see [31]), it was shown that controllable data have
Fourier coeflicients that grow exponentially for large frequencies. So, any initial
state from Sobolev spaces cannot be driven to the origin by an L? Dirichlet
boundary control in a time 7" > 0. In [14], control system (1.1)—(1.3) was studied
with a control of the form wu((-)g,t) = d((-)2])v(t) (9 is the Dirac distribution,
v € L*>(0,T)), which is not bounded in contrast to the present paper. In fact,
the control §((-)jg))v(t) is a distribution of the class H ~1(R) with respect to 5.
That is why the control system was considered in the Sobolev space H!(R, x
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R) in [14] in contrast to the space HY(R; x R) = L?(R; x R) in the present
paper. In addition, the spaces H® and Hs based on functions of the form f(|x|)
were constructed and studied to investigate the controllability problems in [14]
because the states of the control system which could be approximately steered
to the origin had the form w°(z) = %w0(|x|). So, under the control of the form
u((-)p2),t) = 8((-)2))v(t), the set of states which can be approximately driven to
the origin is not coincide with H~'(R; x R) in contrast to the case of bounded
controls in the present paper, where this set is equal to H*(R; xR) = L?(R; xR).
In [14], both necessary and sufficient conditions for controllability and sufficient
conditions for approximate controllability in a given time T under a control u
bounded by a given constant were obtained in terms of solvability of a Markov
power moment problem. In addition, orthogonal bases were constructed in special
spaces H® and H, of the Sobolev type in that paper. Using these bases, necessary
and sufficient conditions for approximate controllability and numerical solutions
to the approximate controllability problem were obtained in [14]. In [17], the
results of [14] were extended to the case of the Neumann boundary control, i.e.
to the case where condition (1.2) is replaced by the condition wy, (0, (-)i,t) =
6((-)27)v(t). The boundary controllability of the wave equation in a half-plane
R4 x R with a pointwise control on the bound was studied in [9-11].

In the present paper, the approximate controllability problem for system
(1.1)—(1.3) is studied in Sobolev spaces under controls from U[0,T], in partic-
ular, w® € L?2(R; x R) and w(-,t) € L?>(Ry x R), t € [0,T]. We show that
L?(R x (0, T))-controls are not appropriate to consider approximate controllabil-
ity property for w® € L?(R; x R) and w(-,t) € L2(Ry x R), t € [0,7], because
there exists a control u € L%(R x (0,7)) (with compact supports) for which the
end state w(:,T) of the solution to (1.1)-(1.3) does not belong to L?(R, x R)
for the initial state w® = 0 € L?(R; x R) (see Example 3.4 in Section 3 below).
This is why we consider the narrower set of controls U|0, 7], which provides the
condition w(-,t) € L}(Ry x R), t € [0,T], for any w® € L*(R; x R) (see The-
orem 3.3 in Section 3 below). Roughly speaking, we consider a specific subset
of bounded controls in L?(R x (0,T)). We prove that each initial state w® &
L*(R; x R) of system (1.1)—(1.3) can be driven to an arbitrary neighbourhood
of any target state w?! € L?(R; x R) by choosing an appropriate control u €
U[0,T], in other words, a state w’ € L?(R; x R) is approximately controllable
to a target state w’ € L?(R; x R) in a given time T (see Theorem 4.1 in Section
4 below). The method of proving this assertion is constructive. This allows to
provide a numerical algorithm of solving the approximate controllability problem
for system (1.1)—(1.3). To this aid, we consider the odd extension of w and w®
with respect to z; and obtain control problem (3.1), (3.2) in Section 3. Then
we develop the state and the control in this new system in the Fourier series
with respect to a basis generated by Hermite functions that allows us to reduce
the 2-d problem to a family of the 1-d ones. Since we consider the approximate
controllability, we can solve only a finite number of these 1-d problems. To con-
struct controls solving them, we apply the method introduced in [12] for solving
the approximate controllability problem for the 1-d heat equation controlled by
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the Dirichlet boundary condition. We should note that similar development was
used in [32] to reduce the 2-d problem to a family of the 1-d ones, but the basis
of the eigenfunctions of the differential operator had been obtained after using
similarity variables and weighted Sobolev spaces. In our paper, we use develop-
ing in the Fourier series directly in L?(R?) without using similarity variables that
simplifies the numerical method. Moreover, we apply the Fourier transform and
its inverse to analyse the solution to control problem.

The paper is organized as follows: in Section 2, some notations and definitions
are given; in Section 3, the controllability problem is formulated for the control
system (1.1)—(1.3), and preliminary results are given; in Section 4, the approxi-
mate controllability results are obtained; in Section 5, a numerical algorithm of
solving the approximate controllability problem for system (1.1)—(1.3) is given;
in Section 6, the results are illustrated by an example.

2. Notation

Let us introduce the spaces used in the paper. Let n € N. By | - |, we denote
the Euclidean norm in R™.

Let . (R™) be the Schwartz space of rapidly decreasing functions [37], ./ (R™)
be the dual space.

Let D = (—i0/0x1,...,—i0/0xy,), D* = (—i(0/0x1)*, ..., —i(d/0x,)*"),
where a = (aq,...,a,) € Njj is multi-index, |a| = a1+ -+ ap, ol = a1l ay],
No = NU {0}.

For s = 0, 2, consider
HYR™) = {p € L*(R")|Va e N§ (la] < s= D% € L*(R"))}

with the norm
' 1/2
S S: 2 S n
lell® = Z Gt (HD el 2 Rn) , @€ H*(R"),

laf<s

and H*(R"™) = (H*(R"))* with the norm ||-|| " associated with the strong topol-
ogy of the adjoint space. We also have HO(R") = L?(R") = (H" (R”)yk
For m = —2,2, consider

Hon(R") = {0 € LE,.(R")

L+ 2)™y e L2(R")}
with the norm

el = || (141 1)

m/2 ‘

H,,(R™).
ey V€ (R™)
Evidently, H_,,,(R") = (H,,(R™))".
Let (f, ) be the value of a distribution f € .#/(R™) on a test function ¢ €
Z(R™).
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By .7 : Y'(R") — '(R™) denote the Fourier transform operator with the
domain .#’/(R™). This operator is an extension of the classical Fourier transform
operator which is an isometric isomorphism of L?(R"™). The extension is given by
the formula

(Zfe)={f,F7l9), feI'[R"), pc IR
The operator .% is an isometric isomorphism of H™(R") and H,,(R"), m =
—2,2, [22, Chap. 1].
A distribution f € .’ (]RQ) is said to be odd with respect to x1, if for all ¢ €
S (R?), we have (f,o((n}, ) = —(Fre( = Oy O))-
Let m = —2,2. By H™ (R?) <0r H,, (R2)>, denote the subspace of all distri-

butions in H™ (RQ) (01" H,, (R2), respectively) that are odd with respect to x;.
Evidently, H™ (Rz) (or H,, (R2)> is a closed subspace of H™ (RQ) (or H,, (Rz),

respectively) .

For s = 0,2, consider
Hy={p e LR, xR)‘(VaeNg (a1 + a2 < 5 = D% € L*(R; x R))

/\(Vk:O 1 DRDp(0%, () = o)}

\/

with the norm
1/2

lelip= | g (T N
© (s — (a1 + a2))laglas! L2(R+ xR) ’ o

a1+02<s

and Hg® = (H @) with the norm ||-[|g’ associated with the strong topology of
the adjoint space. We have

Hy=L*(R; xR).

Remark 2.1. Let p € HE”@, s =0,2. Let ¢ be its odd extension with respect
to x1, i.e. (x1,22) = @(x1,22) if 21 > 0 and p(x1, x2) = —p(—x1, z2) otherwise.
Then ¢ € Hs (RQ), s = 0,2. The converse assertion is true for s = 0,1, and
it is not true for s = 2. That is why the odd extension with respect to x; of
a distribution f € H@Z may not belong to H2 (RZ). However, the following
theorem holds.

Theorem 2.2. Let f € Hé)@ and there exists f(()*,(~)[2]) € H°(R). Then

forz € H@Q can be extended to a distribution F € H~2 (Rz) such that F' is odd
with respect to x1. This distribution is given by the formula

F= J?mm - 2f(0+a (')[2])5((')[1])/7 (2'1)
where f is the odd extension of f with respect to x1, § is the Dirac distribution.

In the case f € H él/ 2, corresponding theorem has been proved in [11]. The
proof of Theorem 2.2 is analogous to the proof of the mentioned theorem.
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3. Problem formulation and preliminary results

e. (%)Sw [0, 7] —

We consider control system (1.1)—(1.3) in H@l, 1=0,2,1i
H@QS, s=0,1, w’ € Hé)@.

Let w® w(-,t) € HY, t € [0,T]. Let WY and W(-,t) be the odd extensions
of w® and w(-,t) with respect to 1, respectively, t € [0,T]. If w is a solution to
control system (1.1)—(1.3), then W is a solution to control system

Wy =AW — 2“((')[2]>t)5((')[1]),a te (Oa T)v (3'1)
W(()pps (p2,0) = W°

according to Theorem 2.2. Here (%)SW [0, 7] — H2 (]Rz), s=0,1, W e
HO (R?). The converse assertion is also true. Let WO W (-,t) € HO (Rz)

[0,T). Let w® and w(-,t) be the restrictions of W9 and W (-,t) to (0, +00) Wlth
respect to xy, respectively, t € [0,7]. If W is a solution to (3.1), (3. 2) then w is

a solution to (1.1)—(1.3) because
W (0", (). t) = u((-)pg,t) for almost all t € [0,7] (3.3)

according to Lemma 3.6 (see below). Assume that w! € H%) Evidently,
w((pp, O T) = wh it W(()p, () T) = WL Here W7 is the odd ex-
tension of w’ with respect to x; and W7 € HO (Rz).

Thus, control systems (1.1)—(1.3) and (3.1), (3.2) are equivalent. Therefore,
basing on this reason, we will further consider control system (3.1), (3.2) instead
of original system (1.1)—(1.3).

Let T >0, W ¢ HO (Rz). By %Zr (WO), denote the set of all states W7 €
HO (]R2) for which there exists a control u € UJ[0,7T] such that there exists a
unique solution W to system (3.1), (3.2) such that W((')[l}v (-)[2],T) =wT.

Definition 3.1. A state W9 € H° (RQ) is said to be controllable to a target
state W1 € H° (R?) in a given time T' > 0 if W' € 2 (W?).

In other words, a state W0 ¢ HO (RQ) is controllable to a target state W7 €

H° (R?) in a given time 7" > 0 if there exists a control u € U[0, T such that there
exists a unique solution W to system (3.1), (3.2) and W ((-)p}, (1), T) = WT.

Definition 3.2. A state W° € H° (]R2) is said to be approximately control-
lable to a target state W7 € HY (R?) in a given time T > 0 if W' € 27 (W),
where the closure is considered in the space H° (IR{2).

In other words, a state WO ¢ HO (RQ) is approximately controllable to a
target state W7 € HO° (RQ) in a given time T > 0 if for each € > 0, there exists
ue € UJ[0,T] such that there exists a unique solution W, to system (3.1), (3.2)
with u = u. and ||[W((-) g O T) — WTHO <e.
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Using the fundamental solution to the heat operator (see, e.g. [38, Chapter
7]), we obtain the unique solution to system (3.1), (3.2)

W(z,t) = Wo(z,t) + Wy(z,t), = cR? tec[0,T], (3.4)
where
L —le2/at) 0 2
Wo(z,t) = e « W (z), zeR* tel0,T], (3.5)
7

t
1
Wa(z,t) = f:/o 4—§2e—‘9”|2/(4§) s u(ze, t — &) dé, xR te[0,T]. (3.6)

Here « is the convolution with respect to = and %) is the convolution with respect
to xa.
Theorem 3.3. Let u € U[0,T], W° ¢ HO (RQ). Then,

(i) Wol-t) € H(R?), t € [0,T);
(i) Wo(-t) € C> (R?), t € (0,T7;

(i) (W 0)]° < 264/

supregor [uC 0|, o 1€ O.T)
Proof. Denote V° = ZW° Vy(-,t) = FoyoWo(-, 1), We have
Vo(o,t) = e 1PV0(0), o eR2, te0,T). (3.7)
Therefore,
IVo( )1 = Vol )llo < VP llo = WPI°, ¢ €[0T, (3.8)

i.e. (i) holds.
Let a = (a1, a2) € N3. We have

o152 Vo, t)[* < (14 Py Ferteze17E (1 4 o) 7N VO (o) 2,

o € R, te (0,7

Since "
gme=hE < <m> , €20, 8>0, meN,
Be
then
1+a1 +O[2 (1+041+02)/2
Da . OZH'al'a2 . H<t -t e 0
[ D“Wo(-, 1) ()[1]()[2]VO(7t) 0=°¢ ote HV H—l
1+OZ1+OZ2 (1+a1+a2)/2
< ot 0
<ot (FEGEe) IVl
(1+a1+a2)/2
— ¢t <1+3;€+O‘2> Iwe||°, ¢ e (0,1, (3.9)

i.e. (ii) holds.
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Set

g(x2) = sup |u(za,t)], xz2€R.
t€[0,T]

Since u € U[0,T], we have g € L?(R). Set G = .%g. Then we have

= llgll2®) = Gl L2 (w)- (3.10)
L2(R)

sup |uf(-, )|
t€[0,T]

Taking into account (3.6), we get

z7/(4€) oo
Walz,t) = f:/o GT / e~ @2y (¢ — ) dpde, x € R?, t € [0,T).

Therefore,

—z?/(4¢)
Wz, t)] < |$1|/ ! / (wz—u)z/(%)g(ﬂ) dp de
— ‘fj’ /0 @e-w‘*@ *) 9(x2) d = Wy(,1)], =€ R? t€[0,T]. (3.11)

Here, we have again applied (3.6) to the last equality. Setting Vgy(-,t) =
FWy(-,t), t € [0,T], we obtain

9 t
= —\/72'0'1/ €_§|U|2G(0'2) d¢, oeR? tel0,T).
T 0

Then, for t € [0,7T], we have

(IVs(- m::/// HmwjewW%%M@mw

Since

0o 0o /
2 _ay2 — _i _ay2 = — z = 7\/7?
/_ooye dy = da/_ooe dy < a) 50372 a >0,

we obtain

V0o < = (161w [ [ s e

L
2 ! !
J(mmmy/Qm—ﬁ+Jw

B (G, e

Taking into account (3.10) and (3.11), we conclude that (iii) holds. O
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It follows from Theorem 3.3(iii) that W,(.T) € H°(R?) < L?(R?) if
U[0,T) € L*(R x [0,T]) N L= (R x [0,T]). The following example shows that
the boundedness of a control u plays a significant role for W, (-, T") to belong to
L2 (R2).

Example 3.4. Consider

L (H<x2+2\/ﬁ)—ﬂ(:¢2—2\/ﬁ)), 2 €R, te (0,T],

u(xa,t) = T =05

where H is the Heaviside function (H(v) =0 if v < 0 and H(r) = 1 otherwise).
Evidently, u ¢ L (R x [0,7]), but v € L? (R x [0, T]) because

2 1 —3/4 1/4
u = drodé =4 d¢é = 161 < 0.
(H HL2(R><[O,T])) \/0‘ §5/4 /_2\/g 2 € /0 E é.

Let us show that W, (-, T') ¢ L* (R?). With regard to (3.6), we get

x T e—|$‘2/(4§)
Walz,T) = ;/0 ez (H(mz +2\/§) - H(acg - 2\/5)) d¢, xeR2
(3.12)
First, we calculate and estimate the convolution in the right-hand side of (3.12).
We have

z2+2vE
e~/ (46) *2] (H(xg + 2\/5) — H(azg — 2\/5)) = / 2 e e /140 du
To—
z2/(2v8)+1
—oVE [T ey, meRee (0],
z2/(2v8)—1

where y = 11/(2y/€). Since

2o P (|2 ? 3 _ 3

we get

09 sy (B (s 4+ 2E) — H (22— 2VE) )| 2 ‘ggew%/@@,
x9 € R, € € (0,T].

Taking this into account, we obtain from (3.12) that

2 T o—(af+223)/(4€) 2 T o—lxl?/(2€)
Wate, 1| > 22 [ S 2 e . zeR:
e2r Jo £1/8 2¢ e2r Jo €18 2¢2
Replacing |z|2/(2¢) by y in the integral, we get
29/8
Wa(z,T)| > 1] e Yy Bdy, xeR2 (3.13)

7 (a4 Jopary
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Setting

o
F=/ e vy'/ dy,
0

we conclude that there exists € > 0 such that

00 F
Yy By > — <e.
/|x2/<2T> CWT Az e ol

Therefore (3.13) yields

F
>
(W, T)| > 2 2|94

// ‘W .TT‘d:E // |$1|2 = 00
eAr? ) ) jp<e !$|9/2 7

ie. Wy(-,T) ¢ L* (R?).

lz| <e.

Hence,

This example demonstrates that the set of admissible controls U0, T being
considered in the present paper cannot be extended to L? (R x [0,7]) if we want
each control from the set of admissible controls to generate the end state belonging
to 2 (R?).

According to (3.4), we have

G (WO = {WT e H° (R?) ‘ Jue U0, 7] W =Wo(-,T) + Wu(-,T)},

(3.14)

in particular,
%r(0) = {WT e H° (R?) (au culo,7] W7 = Wu(-,T)} . (3.15)

Taking into account (3.4) and Theorem 3.3, we obtain the following theorem.

Theorem 3.5. Let T > 0. We have f € Zr(Wy) iff (f = Wo(-,T)) € Zr(0).
We also have f € Zpr(Wy) iff (f —Wo(-,T)) € %1(0).

Lemma 3.6. Let u € U[0,T] and W° € H° (R?*), t € [0,T]. Let W be a
solution to (3.1), (3.2). Then (3.3) holds.

Proof. According to Theorem 3.3(ii), Wy(-,t) is continuous on R? for each
€ (0,T]. Moreover, Wy(-, t) is odd with respect to z1, ¢t € [0,T]. Hence,

Wo(0T, (')[2],t) =0, te(0,7]. (3.16)

Let us calculate W, (0%, (1)), ), t € [0,T]. Tt follows from (3.6) that

u(@?) ml/ / 4e2¢ @) )y (g — iy, t—€) dE dpra, © € R?, £ € [0, T).
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2
Changing variables in the integral: £ = Z%(1 +n?), p2 = |z1|n, we get

Walart) = 2 [ [ Plast, ¢ dcan (317)
—o0 J0
where

F(x,t,¢,n) = H ( '“'ﬁ)

2
(a:z— |z1|n,t — e s (L4 ))

x€R2, t€ (0,T], (€Ry, n €R.
With regard to (1.4), we obtain

2¢
e
1+ n?

|F(2,t,¢,m)| <

[[wll oo (R (0,7))
for a.a. z € R% t € (0,T], C€Ry, n€R. (3.18)
On the other hand, for a.a. o € R, t € (0,7], ¢ € Ry, n € R, we have

2¢

2
W@ Culzo,t) asxp — 0T (3.19)

F(x7 t? C? 77) —>

Taking into account (3.18) and (3.19), passing to the limit as x; — 07, and
applying Lebesgue’s dominated convergence theorem to the right-hand side of
(3.17), we obtain

1 © d & 2
Wu(0+7 ()[2}7t) = ﬂu($27t)/ 7 P /0 2C€_C dC

—s0 L+ 7
=u((-),t), foraa. xzg€R, te(0,T] (3.20)
Taking into account (3.4), (3.16), and (3.20), we obtain (3.3). O

4. Approximate controllability
In this section we prove the main theorem.

Theorem 4.1. Each state W° € H° (R2) s approximately controllable to a
state WT € H° (R?) in a given time T > 0, i.e. H® (R?) = %27 (W0).

First, consider the Hermite polynomials [34, 18.5.5 (and Tables 18.3.1, 18.5.1),
18.5.13]

n p? d\" ||ﬂ/2J 1)k n—2k
Ha(p) = (—1)" o Z _% (20", ey, (41)

where | -] denotes the floor of a number (i.e. the integral part of a number).

Let ¢ () = Ho(n)e /2, p € R, n € Ny. Tt is well known [34, 18.2.1, 18.2.5
(and Table 18.3.1)] that

/00 U () (p) dpp = /72" 60mn,  n € Ny, m € Ny, (4.2)
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where 6,y is the Kronecker delta, and {1, }5°, is an orthogonal basis in L*(R).
It is easy to see that

~

wn = f}\wn = (_Z)nwru ne NO- (43)
Let oo > 0. Set
() = ! a ) R, n €N 1.4
vy (1) (%2%!)1/2%(@ , meER, neNy, (4.4)
PN = (F¥2) (), AER, neN. (4.5)
Then
P(A) = 20\ ! iw (V2a)), AeR, neN (4.6)
n - T (2nn')1/2 n ) ) 0- .
According to (4.2), we get
< g:¢%> = <1Zg7{b\%> = 5mn7 n € Ng, m € Np. (47)

Thus, {¢;’;}°° . and {1//1\3}00 are orthonormal bases in H'(R) = Hy(R) = L(R).

n= n=0

o0 o~ oo ~
In addition, {wg‘p +1} . and {Wj‘p +1} , e orthonormal bases in HY(R) =
p= p=

Ho(R). These bases were considered in [12].
Let T > T be fixed. Set

O (s 1) = Yo () ¥t (D), n € No, m € No. (4.8)

Since {15}, is an orthonormal basis in H°(R) = L*(R) (for any o > 0), we
obtain that {@TT"1°0 is an orthonormal basis in H° (R2) CL? (RQ).

nm Jnm=0
Consider an auxiliary control system for the heat equation on R:

Yt = Yzyz — 21)5((-)[1])/, te [O’T]v (4'9)
y(-,0) =0, (4.10)

where (%)Sy 2 [0,T] — I:I/'*QS(R), s =0,1, v : [0,7] — R is a control, v €

L=(0,T).
Set z(+,t) = Fp,—0,y(+, t), t € [0,T]. Then problem (4.9), (4.10) is equivalent
to the problem

2
2 = —01z — \/72'0171, o1 €R, te€0,T], (4.11)
™
2(-,0) =0, (4.12)

where (%)Sz :[0,T] — H_55(R), s = 0,1. Set

2 t
2(o1,t) = _\[{""1 / e~ =091y (&) de, oy €R, te[0,T). (4.13)
0
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Then z(-,t) € Ho(R), and it is a unique solution to (4.11), (4.12). Let ¢ be a
polynomial. Set

flo2,6) = e*”**”@f’%q(a ), o2 €R, £€[0,7T], (4.14)
(o2, &) = v(€) f(02,€) = v(&)e™ T " TH% g (5y), oy €R, £ €[0,T], (4.15)
\[wl/ ~=0loP gy, £)de, o €R2, t€0,T). (4.16)

With regard to (4.13)—(4.16), we have

( \/710_1/ —(t— 5011) df) —(T*—T+t) 02(](0'2)

= 2(01,t)f(09,t), o €R% t€0,T). (4.17)
Since z(-,t) € Hy (R) and f(-,t) € L2(R), we have V(-,t) € Hy (R?), t € [0,T7).
Moreover,
V(o,T) = 2(01,T)f(02,T) = 2(01, T)e” T %¢(03), o€ R (4.18)
It follows from (3.6) and (4.16) that
FesaV (1) =Wa(t), te0,T], (4.19)
where u(-,t) = Z,. L, (-, t) and u € U0, T].

Theorem 4.2. Let T* > T >0, n € Ng, and m € Ng. Then ©OL1" € %1(0).

Proof. It follows from [12, Theorem 7.2] that there exists a sequence
{Ul"}fil C L*(0,T) such that the solutions y;* to (4.9), (4.10) with v = v}
satisfy the condition

Hyl ¢2n_’_1H —0 asl— oo. (420)
Setting 2] (-, t) = Fu, -0y (+, ), t € [0,T], we conclude that z}'(-,t) € Hy(R), t €

[0,T], and it is the unique solution to (4.11), (4.12) with v = v}, | € N. Taking
into account (4.5) and (4.20), we get

‘ zf(-,T)—z/p\gnHHO —0 asl— oo. (4.21)

Set
f(02,6) = TG (05), a2 €R, £€0,T), (4.22)
aﬁzm(O‘?a{) - U?( ) ( )7 o2 € Ra 5 € [O>T]7 le Na (423)

t
Vi (o,t) = —\/Zwl/ —=OlPEL (0y,€)dE, o €R2, t€[0,T], | €N.
0
(4.24)
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Note that fn(-,&) is a polynomial multiplied by e —(T"=T+)()? ¢ ¢ [0,T]. With
regard to (4.15)—(4.17), we have V! (-,t) € Ho(R?) and

Vi (o,t) = 201, t) fm(o2,t), o €R? t€[0,T], I €N. (4.25)
According to (4.7) and (4.21), we get
n T
2l ('7T) - @nJrlHo H m ||,
- Hzl”(-,T) —@THIHO—>0 as | — oo, (4.26)

Jotz -t -

where
O = FOIL = (Faioo 1) (O) (Fazooathy ) ((p)
= b (Ou)PE (())- (4.27)

Here (4.5) and (4.8) are taken into account. Due to (4.19), we have
TokaVim () =W (1), t € [0,T], where uj,, (8) = F5, 10, U (1), L €N
Therefore, (4.26) yields

0
H@TT*—W%M(-,T)H S0 asl— oo (4.28)

Finally, let us calculate ul,, to ensure u!,, € U[0,T],1 € N. Let | € N be
fixed. Set AT =T* —-T. We have

. <6(ng>(.)2 Aﬁ) (2)

g2—T2

_ <2T*)1/4( (—=2)™ F (Hm(\/ﬁ(_))e—(AT-ir{)(Y) (2)

T 2mm!)1/2

_(2r N\t (= o (a0 e—a3/(4(AT+E)
( " (9.1‘2

™ 2mm!)1/2 2(AT +¢€)
B <2T*>1/4 (—=1)™m! 1
= - (Qmm!)1/2 2(AT +€)

[m/2] F\m—2k m—2k
— KR! 2

k=0
x2 €R, £€[0,T]. (4.29)

From (4.1), it follows that
d p 2 2
o e = (=1D)PHy(ne ", peR, peNg. (4.30)

Therefore,

a\! _,2 (—1)P x 2
=) emm/(WAT+E) — ey 2 > o~ 3/ (AAT+E))
2 VAT + &P " \2/AT +¢ ’
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9 €ER, £ € [O,T], p € Npy. (4.31)

With regard to (4.29), we obtain

-1 (41’—5)(-)%@*) (2)

02—>T2

27\ /4 mI\ /2 1
:< m ) <2m> 2(AT + 6)
[m/2) —a3/(a(aT+e) - o+ \ ™2k
R T I R (avare) (are)

o\ V4 1 emmb/UATE) ey g\ ™/ o \™/?
( ) @mm)2 " /2(AT + €) < AT +¢ ) <T+T—€>

X

/2] T +T—¢ k m! T
X 1-— Hm—2k o A ¢ |0
Zf 2T K(m — 2k)! o0/AT 1 ¢
r9 €ER, £ € [O,T].

Taking into account the multiplication theorem for Hermite polynomials (see,
e.g. [34, 18.18.13)):

lm/2] k
m! 1
m =" 1- m— ) Ra 3
Hin(An) = A gzo k!(m_%)!< /\2> Hm—2k(p), peER, A#0

and setting A = ‘/%’;—E’ W= 2\/Z72T7+’ we get
_ EYAY *
Sty (79T (o

02—T2
<2T* > 1/4 1 e—u3/(4AT+6) <T* +T— g)m/z
2mm)1/2 \J2(AT +¢) \ AT +¢

™

T*
X Hm <$2\/2(AT+§)(T*+T—§))7 r9 ER, £ € [O,T]. (4.32)

Due to (4.23), we have

U (€2,6) = F, b, (¢TOUTGT) (@20 (€)

_ (QT*>1/4 op(€) e T/ (WATHE) <T* +T —£>m/2
(2mm)/2 | S2(AT + €) AT + ¢

™

X Hon <x2\/2(AT+€)(T;*+T_§)> CmER, £€[0,T]. (4.33)

Evidently, u!,,, € U[0,T], I € N. The theorem is proved. O
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Proof of Theorem 4.1. With regard to Definition 3.2 and Theorems 3.3, 3.5,

it is sufficient to show that H° (R?) = Z%r(0) to prove the theorem. Set T* > T.
Since {@ngﬂ nom—o is an orthonormal basis in H 0 (Rz), each f € H° (]RQ) can be
approximated in this space by the sums

N M
SN famOrLh

n=0m=0

where N € N, M € N. With regard to Theorem 4.2, we conclude that f € Z1(0)
that was to be proved. ]

5. Numerical solution to the approximate controllability prob-
lem

In this section, we construct controls approximately steering to a state W7 e
HO (RQ) from a state WO € H° (RQ) by using the proof of Theorem 4.2.

Set W = WL —Wy(-,T), Vi = FW{. According to Theorem 3.3, W{ €
HO (RQ), hence VDT € ﬁg (R2). Due to Theorem 3.5, we have to construct controls
{ur}32, C U[0,T] such that

[WE =W (T = 0 as k — oc. (5.1)
Set T™ > T'. Since {@ZZ{‘ }fmzo is an orthonormal basis in H° (]R2), we have
W = Wn|” =0 as (N, M) = oo (5.2)
for
N M
Wy =Y Wum®I", NeN, MeN, (5.3)
n=0m=0

where Wy, = <WOT, @ZZ;*% n € Ng, m € Np.
Let an arbitrary € > 0 be fixed. Then there exists N € N and M € N such
that
IWE = Wau||® < /2 (5.4)

Let us construct controls {uy}3>, C U[0,T] for which

Wiar = W (- T)|I° = 0 as k — oc. (5.5)

To this aid, we use the method proposed in [12] to construct controls for the heat
equation on a half-axis. With regard to (4.27) and (5.3), we have

N M

n=0m=0

M
= > wn(Op)em (), NeN, MeN, (5.6)
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where
N
wl = Z Wom¥ani1, m=0,M. (5.7)
n=0
Set
papr1(N) = AP LTV N e R, pe Ny, (5.8)

s [N 1 pt
1 - —TA -
opr1(A) = iN2PtlLg ()\2/1 ) , AR peNg, [ €N,

(=17 (p)l”“, £e ‘ZT) , i=0.p
v (€) = g b1 , peNg, lEN. (5.9)
0, ¢¢ (o, z)

Note that vf — (—1)P5®) as | — oo in H~(R) for each p = 0,00. Due to [12],
we get

Vp € Ny Hg@pﬂ—golgp“HO%O as | — oo. (5.10)

Let p € Np, I € N, and let y} be the solution to (4.9), (4.10) with v = v’ Set
z) (-, t) = Fy](-,t), t € [0,T]. Then zJ is the solution to (4.11), (4.12), and (4.13)
holds. It is easy to see that

2
z)(01,T) = —\/;goépﬂ(al), o1 € R. (5.11)

Taking into account (5.10), we get
—0 asl— oo

2
2/ (-, T) + \/;902[)—0—1
0

Set Vvyr = Fosoe W It follows from (5.6) and (5.7) that

M
Vvm = Z @%((')[1})%*((‘)[2]% NeN, M eN, (5.12)
m=0
where
N
ON = Wamtg, 1, m=0,M. (5.13)

n=0

Using (4.1), (4.5), (4.6), and (5.8), we obtain

N _
SN (o) = S W oman (2T\Y* €T Uy 1 (V2T o)
Wy (01) = Z nm (—1) —

vt ™ 220+1(2p + 1)

1/4
= —1 = /e_TU%
T
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>< 2” + 1 Z ]. J 2\/ 2T0-1)27’L+1—2j
V 22n+l J'2n +1—25)!

o1\ /4 X (2n +1)! 2\/2T 2p+1
— el E Wom (2n + E : ig 2P+l ~To?
T 922n+1 2p+ ) 1
p=0

N
ZQPQP-FI g1 Z anhn - ngm(ﬁQp—i-l(Ul), g1 (= R7 m = 07 M’
p=0 n=p p=0
where
Gom = > Wamhi, p=0,N, m=0,M, (5.14)
T 1/4 (_1)p+1(2 /2T)2p+1 (27’L+1)'
g ( 4 ) n—pepr il Vo o PON m=p N (5.15)
Thus
M N
Vi = D gpmpeps 1 () P (()pz)- (5.16)
m=0 p=0
Set
Vivar = Z ngm%pﬂ ) om (), 1EN. (5.17)
m=0 p=0

Taking into account (5.10), we see that there exists [ € N such that

M N
Vvm — Vi < Z ‘ggj)vm‘ Pap+1 — @lzp+1 DIl < e/2. (5.18)
07 Lo 0 0

Using (5.11), we get

VNM \/7 gpmzf(al,T)@ZZ;* (02), o€ R2. (5.19)

Set

(- \f Zzg V(6. €T, (5.20)

uar(58) = Fo i (1 €), £ €10,T), (5.21)

where f, is defined by (4.22). With regard to (4.14), (4.15), (4.18), (4.19), and
(4.22), we conclude that

F W =Wa (7). (5.22)

UN M
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Taking into account (5.18), we have

HWNM — W, (-,T)HO - HVNM - v}VM(.,T)HO <e/2. (5.23)

NM
With regard to (4.32) and (5.21), we obtain
U{NM('I27 5)
A\ VA M N e~ 3/ (AAT+E) e 4 ¢ \™/?
() S S e (M)

m=0 p=0

T*
X Hom <$2\/2(AT—|—§)(T*+T—§)) , 2 €R, £€[0,T], (5.24)

where AT = T* — T, gévm is defined by (5.14), v} is defined by (5.9), p = 0, N,
m=0,M,l €N, NeN, M eN. Due to (5.4) and (5.23), we conclude that

HWT—(Wo(-,T)+WuzIVM(-,T)>“O:HWO W (T)

UN M

<, (5.25)

therefore the controls uﬁ\,M, N € N, M € N, [ € N, solves the approximate
controllability problem for system (3.1), (3.2).
Note that we have found the approximate end state in the form

Wo( T) + Wy (~T), 1€N, NeN, M €N, (5.26)

and the control ulN s solving the approximate controllability problem for consid-
ered system in the form (5.24).

6. Example
Example 6.1. Let T =2, 1 > 0, 3 € R,

1/4
wo(x):_9e5/8< ! ) el /GT)

8 87T

1 1/ 2 / T x 2

Let W9 and W7 be the odd extensions of w° ‘and w’ with respect to x1. Consider
system (3.1), (3.2). We can see that W° € H? (R?) and W' € H° (R?). Due to
Theorem 4.1, we conclude that the state W0 is approximately controllable to the
state W7 in the time T = 2. Let us find controls ulN M approximately steering
the state W0 to the state W7 and the approximate end states associated with
these controls.

Set W = WT —Wy(-,T) (see (3.5)), Vil = FoseW{. One can easily obtain

Wo(z,T) = —e /8 L v I olef?/12T) reR?, (6.1)
’ 83 2 ’ ’
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1\ A4
Wi (z) = —e /8 <87rT3) e~ lel?/UT) =22/ VT iy (233?) , = €R?

Consider any T* > T. Let N € N and M € N be fixed, and let Wy be
determined by (5.3), where Wy, = (WI,0IT") n € Ny, m € Np. Let us find
the coefficients. We have

sy (1 e —23/(4T) g 1 r
Wom = —e o3 » e " sinh ﬁ 1/12n+1($1) day
X / e~/ (D) =22/ VT YT (1)) dwy, € Ny, m € Ny. (6.2)

Using (4.1) and (4.4), we obtain

/ —23/UT) ginh < T/T> @Dzn—s—l(ffl) dxy
1/4
() VG [ (55)
( 1) 5 2n—2k+1
% Z (2n ok T D) <\/>x1> dxy
Ly ER iy
=\57 o2ntl \/ T = 2p+ Dl(n—p! \T

% aptl__a?/(21) . 21 >
X T e sinh dxy, n € Np. 6.3
/OO 1 <2 7 ) 40 0 (6.3)

Taking into account the integral representation ([34, 18.10.10]):

(—2i)e”” [

—t2,4 2ixt .
e "te™dt, xeR, je Ny, (6.4)
ﬁ —00

Hj(x) =
for j =2p+ 1, we get

% optl__a2/(2T) . x1 )
x e 1 sinh dx
/oo ! (2\/T !

—1)p+lp+1

. )
= zﬁel/S()QI)ng+1 (M) , p=0,n, n€Np.

Continuing (6.3), we have

& T
/ —;tl/(4T) sinh <2\/1T> 2/)2Tn+1($1) dxq
1/4 |
— (1> VorTie /8 (—1)"+ (@2n+1)!

27T 22n+1

n

Z Hopi1 (Z)
—~ 2p+1 n—p)! 2v/2
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(2n+1)!

= (@nT) Vet S(-1)" Y [ S

. 1 i
n+1— - /= | Np.
8 kzo Kl(2n+1— 21e)!fH2 L2k <2\/§> me o
Using the connection formula ( [34, 18.18.20])
[n/2] nl
22" = I —". R
( $) ; l|(n_2l)|Hn 2l($)7 r € R, n € Ny,

we get

/ e~=H/UT) ginhy <2$T> Yan i (@1) doy

; 2n+1
= (27T)Y4ie! /B (— 1)t (2n + 1)l 220+l L\
22041 (2n+ 1) \ 22

(27TT)1/461/8
© 22t S(2n £ 1)!

, mn € Np. (6.5)

Using again (4.1) and (4.4), we obtain

[ e e VT () o,

B 1 1/4\/WL§/:2J (—1)k \/7 m—2k
-\ 2nT+ 2m £ kl(m — 2k)! T+

% /OO x72n—2k:efge§(T*+T)/(4TT")7362/\ﬁd:CQ7 meNy. (6.6)

Taking again into account (6.4), we have

/oO :L,g@kae—m%(T*+T)/(4TT*)—m2/\/T dzs

T m—2k+1 T
_ T/ T) <2 ) (\/E/Hm_% (z >

T +T —2¢)m—2k T +T

m—2k-+1
_ g mer/an COME (] TT H N
im T +7T R W VO A o

k=0,|m/2], m € Ny.

Continuing (6.6), we get

e e VTG (0)

T (=)™ [ml!

(T /AT /(T4 T) m!
(8rT7) e T+T m \am
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S o7\ i
8 Z Kl(m — 2k)! (\/T*+T> Hm‘Q’“(Z T*+T>’ m € RNo-
(6.7)

Using the multiplication theorem ( [34, 18.18.13])

/2l
Ho(Ap) = A"

Jj=0

m(l — A Mn2j(n), AER, peR, neN,

and setting A = i1/ 25 and p =i %, we obtain
m m—2k
w2l 2T " T
_ 1

2 F(m — 2k)! VT +T me2 \ N T

IR S FV A NPT

S \T*+T mlim \ 2 AT

[m/2]
. T*
. kz_o El(m — 2k)! —Zk ( > ) -2t <Z T*+T)
H

AT \™?2j-m 27T .
= m — |, m .
T*+T ml (T*)2 — T2 0

Continuing (6.7), we have

m m/2
:(87TT*)1/46T*/(T*+T) T (71) < AT >

T+ T \Jamm \T* + T
207T™
X Hm ( W) , m € Np. (68)

Thus, using (6.5) and (6.8) and continuing (6.2), we get

. Nors V2 ey (—1)m+1
e \e(TF+T) 2201, /(2n + 1)1 V2mm!

AT \™? 2T T*
m N2 792 | o ’ No. .
X (T*—i—T) H ( (T*)Q—T2> n € Ny, m € Ny (6 9)

Taking into account (5.14), (5.15), and (6.9), we obtain

N ( 2\/T*T3> o G Vi ( AT >m/2

Jom =\ o(T* + 1) V2l \T*+T
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2TT* \ (—1)P(8T)P 1
X Hom < (T%)2 — T2> 2p+1)! nzz;o 5 (n— p)l’

p=0,N, m=0,M. (6.10)

For | € N, let us construct a control uly,, in the form (5.24) with gI])Vm defined
by (6.10). Then we obtain the end state of the solution W to (3.1), (3.2) with

W(‘vT) = WU('? T) + Vvul]\,lb

1

('7T)7 (6.11)

where Wy (-, T') is given by (6.1), W, is determined by (3.6).
Let us obtain estimate (5.25) in explicit form. We have

Vi =" WOl = > G () O () (6.12)
n=0m=0 m=0
where .
B () =D Wam®3, 11 (D), m € No. (6.13)
n=0

Substituting (4.1), (4.6), and (6.9) into (6.13), we obtain

1/2 N
O (o1) =i 2VIT /-3 D)™ (AT /2
T\ T T VI \T 4 T

2TT™
XHm ( (11*)2—7'2> €_TU% sin (\/Tgl) s mGNO, (o} e R.

00 2
/ ‘e_TU% sin (\/fm)‘ do1 < ”217

" 1/2 o
@mlly < (‘/ﬁ> /()-8 L < AT > /

Since

we have

T*+T Vomm! \T* +T
27T™

Let Vs be determined by (5.12). Taking into account (6.12), we get

Y Gn(Om)vn ()
m=M+1
M

Y @) &N () P ()

m=0

V6" = Vivaa|lp <

0

+ : (6.15)

0
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where @Y is determined by (5.13). Taking into account the following estimate

( 34, 18.14.9))
1
/2 |Hn(z) <1, z€R, neNp,
2nn!

we conclude that

20T*

Using (6.14) and (6.16) we obtain

< V2l T /(TD?=T%) -y e N, (6.16)

3 Gn(On) 95 ()

m=M+1

‘ [eS)

0

1/2
< (V 27TT*> T /(T*4T)-3/8
“\NT*+T

2\ 1/2
> 1 AT \™ 2TT*
X Z m ( * > </Hm ( %) 2 2>>
(mM+12 m! \T*+T (T*)? -T

1/2 ) m 1/2
< V 2’7TT* e(T*)Q/((T*)Q*TQ)fzS/S Z AT

m=M+1

1/2

_ V 2nT* e(T*)Q/((T*)Q—TQ)—3/8
T+ T

AT O\ (M+1)/2 1 1/2
“\T T 1— AT/(T* + 1)

2T\ V4 (T2 ((T7)2=T7%)-3/8 AT O\ (M+1D)/2
(7)) Y )

We have taken into account that 7% > T', hence AT/(T* +T) < 1.
With regard to (5.13), (6.9), (6.13), and (6.16), we have

(6.17)

M M oo 1/2
> @nl(Ow) =35 (Om) dn(O)|| < (Z > \ang)
m=0 0 m=0n=N+1
v\’ . M AT \™
_ (e(T* +T)> /(T+T) (7;0 e (T* +T)

2 1/2
2TT* > 1
X\ Hm * Z n
< ( (T )2_T2>> i ¥ +1(2n+1)!)

1/2 00 m\ 1/2
< V 27'('1”< e(T*)Q/((T*)2_T2) Z AT
“\e(T*+ 1) = \T*+T
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N X 1/2
X (sinh(1/4) — Z 42”“@”"‘”')

n=0

1/2
< V 27'('1”< e(T*)Q/((T*)Q—T2)
“\e(T*+ 1)

% <1 - AT/l(T* ¥ T))l/2 (42535?2(11\7/? 3)!)1/2

o 1/4

2 el 22N+3, /(2N + 3)!’

Then, continuing (6.15) and taking into account (6.17) and (6.18), we get
T ) /4 (1T%)?/((T*)*~T?)

v = vioal < (

2 JT
v AT O\ MHD/2 n cosh(1/4) 1 (6.19)
T*+T e  22N+3, /2N +3))

Let Vi, be determined by (5.17). Then (5.22) holds. Taking into account
(5.16) and (5.17), we have

M N
[vavar = Viead| | < 32 3 [l [zt = e - (6.20)
m=0 p=0

Let us estimate Hcpgpﬂ — gol2p +1H 0 for p € Ng. Applying the Tailor formula for
the function ((e* — 1)/x)P* at z = 0, we get

x _ 1\ Pt! Y _I\P ey —e¥ + 1
(6 > :1+(p+1)x<e ) ol a0, (6.21)
x Yy Yy

for some y € (0,z). Using again the Tailor formula for the function ye¥ — e¥ at

y = 0, we obtain
2
ye¥ —e¥ = -1+ %(1 +2)e*, y>0,

for some z € (0,y). Since |(1 + 2)e™?| <1, z > 0, we have

< %e”vﬂ y > 0.

ye¥ —e¥ +1 )
Y2
Since (e¥ —1)/y < e¥ < e*, x > 0, continuing (6.21), we get

r_ 1 p+1
(=)
x
Then, for | > 2(p + 2)/T, we have

PHIN [ 0 23 o (paa) 2
gr- (\?) e 2(T=(+2)/DX? gy
0

1
< §(p+ DazePt22 2>,

\V)

2
!
(H‘””“ - ‘PQP“HO) = 9



Approximate Controllability Problems for the Heat Equation in a Half-Plane 59

1\ [~
< (p;l> 2 / (A2)7PF9 o= TX g

0

_ <p+ > () / e TR g\
9 T ;

:ﬁ<p+ 1>2 (4p + 5)!! (6.22)

21 22p+3T2p+7/2 '

Let us estimate \/(4p + 5)!!. Taking into account the Stirling formula (see, e.g.
[25, 6.1.38)):

V2rn" 1 2e7m < pl < en™/2e7™ ne N, (6.23)
we obtain
(4p+5)11 = (4p + 5)!1(4p + 6)!! _ (4p +6)!
po)n (4p + 6)!! 220+3(2p + 3)!
2~ (3P 3) (4p + 6)*P 6~ (0+6) — C 923 (gp 4 3)2H3—(20t9)
VT (2p+ 3)2t3e=(2pH3) /7 b ’
Therefore,
/2
Vp +B)IL < 2P TR (2p 4 32
22p+3 1 p+3/2
_ 1)P+H1+1/2,—(p+1) (1 .
7r1/4(p+ ) € +2p+2

Applying again the Stirling formula (see (6.23)), we get

V(4p+ 5l < (%)3/4 22 5/2(p 4 1)1 (6.24)

- V(1
(raa) er((e)n (o)

p+3/2 3/4
< Z TR )< )
= <2(p+1)> =

because

Continuing (6.22) and taking into account (6.24), we obtain

z e/ 2P (p+1)(p+1)!
HW”“ - *"QPHHO =2 reriA

p € Np. (6.25)

Using (6.10) and (6.16), we get

1/2 m
o) < 2V/T+T3 sy (AT /2
pl =\ e(T*+ 1) T+ T

TT*/((T*)Q_TQ) (8T)p > 1
e (2p+1)!;;8p+jj!
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1/2
_ (2 V T*T3> e(T*)Q/((T*)2_T2)_3/8

T +T
AT \™?% v . _
=0.N =0,M. 2
(7r7) @y P=0N.m=0 (6.26)

0.005
0.004
0.003
0.002
0.001

-0.001
-0.002
-0.003
-0.004
-0.005

(a) N =M =3, 1=10. (b) N = M =6, 1 = 200.

Fig. 6.1: The difference W7 — (Wo(-,T) + W, (-T)) with T =2 and T* = 6.

0.002 1 0.025 1
2 — 2 —
0 0.02
-0.002
0.015
-0.004
-0.006 oot
-0.008 0.005
-0.01 0 w\/ \/
0012 -0.005
-0.014
-0.01
-0.016
20,018 -0.015
-0.02 -0.02
0 2 4 6 8 10 -15 -10 -5 0 5 10 15
x1 x2

() ) N=M=31=10,2) N=M=6, (b)1)N=M=31=10;2) N=M =6,
1 = 200. 1 = 200.
Fig. 6.2: The difference W7 — (Wo(-, T) + W, (- T)) with T'= 2 and T* = 6 (vertical

section for zo = —3 and horizontal section for x; = 2.2).

Therefore for | > 2(N +2)/T, continuing (6.20) and taking into account
(6.25) and (6.26), we obtain

2 (T*)1/463/8 e(T*)Q/((T*)2—T2)
(T +T) Ti

M m N P
XZ( AT ) /2 2(p+1)(p+ 1

|
L \T*+T = (2p+1)!

l
[V Ve <

(6.27)
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() N=M=3,1=10 (b) N =M =6, 1 =200

Fig. 6.3: The controls ul;,, defined by (5.24) and (6.10) with 7' = 2 and T* = 6.

For the first sum in (6.27), we have

MosoAT & AT\ V- +T
Z(T*+T) SZ(\/T*+T> = Vst —var W

2
For the second sum in (6.27), taking into account that (2p + 1)! > ((2p)!!> =

2
(2pp!) , we have

2@ VP D! g e} (e Uptdp ]

! ! !
= (2p+ 1) = 2rp! = 2Pp!
1 1 3 — 1 = 1 11
s +2% -3 = e (6.29)
—2(pn —2)! —1(p—1)! !
4 = 22(p—2)! 2 = 2r=1(p—1)! = 2rpl 4
Substituting (6.28) and (6.29) in (6.27), we get
111(T*)1/4e7/8 T2/ ((T)*=T?) 2(N +2)

|Vavar = Vi = (6.30)

el . 1>

L 2TV2r T*+T — VAT T

Taking into account (6.19), (5.22), and (6.30) for [ > 2(N + 2)/T, we have
. 0 . 0

o= G )| < )

< IV = Vaowrll + |

l
Vs = Vi,

- aT* 1/4 e(T*)Q/((T*)Q—TQ) 6_3/8 AT (M+1)/2
2 VT T+ T

cosh(1/4) 1 ! 11€7/8
e 2NN +3)1 L T(2573)1/4 (m _ \/ﬁ)
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Thus, we have constructed the control ul;,,, determined by (5.24) and (6.10),
and the approximate end state, determined by (6.11). Let us recall that 7' = 2.
Put T* = 6. Then, we have

I

HWT _ (Wo(-,T) +WuzNM(~,T))

G (e (LM _eosh(1/4)e?®
<G

_|_

1 11e2
2 22N+3 /2N +3)! L (2U7r3)1/4 (V2 —1)

1

M/2
_ 9 699851155438146 () n 2.350732202502537  15.31493739172921

+ ;
22N+3, /(2N + 3)! !
2(N +2)
=

2

l>

The difference W71 — (Wo(-,T) + Wuva("T)) is shown in Fig. 6.1 and Fig. 6.2

for the cases of N =M = 3,1 =10and N = M = 6, [ = 200. The controls uﬁVM
are given in Fig. 6.3 for the same cases.
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IIpoGiemn HabJIM>KEHOI KEPOBAHOCTI AJisi PiBHAHHS
TeNJIONPOBIJHOCTI HA MiBILIOIIMHI K€POBAaHOIO
KpaiioBoio ymoBoio /lipixjie 3 oOMe>KeHUM KepyBaHHSAM

Larissa Fardigola and Kateryna Khalina

Y poborti pocimkeno npobsemu HAOINKEHOI KEPOBAHOCTI JJIsi KEPOBAHOT
cucremun wy = Aw, w(0,xa,t) = u(ze,t), x1 € Ry = (0,+00), z2 € R, t €
(0,T), e u € KepyBaHHSM, IO HAJIEXKUTH JIO JEsIKOI CIIEIiaIbHOL I IMHOXK Y-
un L (R x (0, 7)) N L2(R x (0,T)). oBeeno, Mo KOKeH MOYaTKOBUI CTaH,
o namexuth L2(Ry x R), € HaO/IMKEHO KePOBAHUM 3a JIOTIOMOTOI0 TAKUX
KepyBaHb y Oy/ib-AKWil Kinmesuit cran, mo #ajexuts L2 (R, x R). TTo6ymo-
BAHO YNCJOBUI aJTOPUTM PO3B’I3aHHS MPOOIeMn HabIMKEHOI KEPOBAHOCTI
Juts 1€l cucremu. Pe3yspraTu mpoiiocTpOBAHO IIPUKJIAIOM.

KirrodoBi csioBa: piBHsIHHSI TEIJIOMPOBITHOCTI, KEPOBAHICTb, HADIMKEHA
KEpPOBaHICTh, MiBIIOITAHA
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