Journal of Mathematical Physics, Analysis, Geometry, 22 (2026), No. 2, 115-157
doi: https://doi.org/10.15407/mag22.02.01

A Nonlinear PDE with Two Hardy—Sobolev
Critical Exponents with One-Dimensional
Singularity

Abdourahmane Diatta and El Hadji Abdoulaye Thiam

For N > 4, we let Q be a bounded domain of R and T be a closed curve
contained in 2. We study the existence of positive solutions u € Hj () to
the equation

—Au+ hu = pp* a4 pp2u®e Tt in Q, (1)

where h :  — R is a continuous function, A is a positive real parameter,
0 < s9 < s1 < 2, and pr is the distance function to I'. In this paper, we prove
the existence of mountain pass solutions for the Euler-Lagrange equation (1)
depending on the local geometry of the curve and the potential h. We also
study the existence, symmetry and decay estimates of the positive global
solutions of (1) with = R and T being the real line.
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1. Introduction

For N > 3, the famous Caffarelli-Kohn—Nirenberg inequality asserts that
there exists a positive constant Cy . depending only on IV, a and b such that

2/q
CnN.,ab </ |x]bq|uqd:r> < / |:c\*2a|Vu\2dx, u € CSO(RN), (1.1)
RN RN

where —oc0 < a < %,0 <b—a<landgq= ng(b_a). We refer to Caffarelli—

Kohn—Nirenberg [5]. Note that in the case b= a+1 and ¢ = 2, (1.1) corresponds
to the following classical Hardy inequality:

N -2)? —2), 12 2 1,2 (pN
—_— |z| ™ |u|* dz < \Vu|®dz, we D" (RY),
2 RN RN

where D2 (RN ) is the completion of C° (RN ) with respect to the norm

U — / |Vu|? dx.
RN
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The constant (%)2 is sharp and never achieved in DV2(R"). The case a = b =

0 and g = % corresponds to the famous Sobolev inequality

2/2*
SN0 (/ Jul* da;) < / \Vul?dz, ueDY(RY),
RN RN

where the best constant
N (N — 2) 2/N
4N

is achieved in DM?(RY). Here wy = |[SV~1| is the volume of the N-sphere and

2% := 2; = 2% is the critical Sobolev exponent.

By the Holder inequality, we get the interpolation between the Hardy and the
Sobolev inequalities, called the Hardy—Sobolev inequality given by

Sno =

2/2;
SN.s (/ \x]_s\u|2; dx) < / |Vul>de, ue Dl’Q(RN), (1.2)
RN RN
where, for s € [0,2], we have that 2% = 2(}{7\/_—25) is the critical Hardy—Sobolev

exponent. We refer to [11] for more details about the Hardy—Sobolev inequality.
The value of the best constant is
2—s
UUV1IQ(DJ“QES)] M
_ 2(N—
2—s F(%)

—S8

)

Sn.s = (N = 2)(N — ) [

where T" is the Euler gamma function. It was computed by Lieb [22] when s €
(0,2). The ground state solution is given, up to dilation, by

2-N
w(z) = Cns (1 + \x!Q_s) 2=s

for some positive known constant C s depending on /N and s.

The Caffarelli-Kohn—Nirenberg inequality on domains and related problems
have been studied these last years. For instance, we let Q be a domain of RV
and consider the equation

{ — div(|z|2Vu) = |z| 4", w>0 inQ, 13)

u=20 on 0.

To study (1.3), one could let w(x) = ||~ *u(x). Direct computations show that

/ ]a:|72“]Vu|2 dr = / |Vw|2dx —a(N —-2— a)/ |x|’2w2 dz.
Q Q Q

Then the solutions of (1.3) can be obtained by minimizing the following quotient:

/|Vw\2da:—a(N—2—a)/ |lz| " 2w? dx
. Jo Q

2/q
(/ \x|_bq\u|qu>
Q

L(w) (1.4)
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in u € Dy*(Q) \ {0}, where Dy?(Q) is the completion of C2°() with respect to

the norm
u— \// || 2| Vul?dz.
Q

The question related to the attainability of the best constant Sgb(Q) = inf L(u)
in (1.4) has been studied by many authors. For more developments related to
that, we refer the readers to [2-4,6,7,9,11,12,17,22,24,25] and references therein.

For 0 € 09, the existence of minimizers for SN »(Q) was first studied by
Ghoussoub and Kang [11] and Ghoussoub and Robert [12]. Later, Chern, and
Lin [6] proved the existence of minimizer provided the mean curvature of the
boundary at the origin is negative and (¢ < b < a+1 and N > 3) or (b =
a>0and N > 4). The case @ = 0 and 0 < b < 1 was first studied in [12]
before the generalization given in [6]. More generally the questions related to
Partial Differential Equations (PDE) involving multiple Hardy—Sobolev critical
exponents have been investigated these last decades. In particular, we let 2 be a
domain of RV such that 0 € 9Q and consider the equation

u2:171(x> u2;271($)

—-A =A in €,
B N (15)
u(z) >0 in Q,
where 0 < sp < s1 < 2, A € R and for i = 1,2, the 2], := 2%:;” are two

critical Hardy—Sobolev exponents. If so = 0 and A < 0, then equation (1.5) has
no nontrivial solution. For A > 0, 0 < s1 < 2 and s = 0, by using variational
methods, Hsia, Lin, and Wadade [18] proved the existence of solutions provided
N > 4 and the mean curvature at the origin is negative. For the case N =3, A €
R and 0 < s2 < s1 < 2, equation (1.5) has a least-energy solution provided the
mean curvature at the origin is negative, see [23].

Concerning the existence and nonexistence of a solution related to equation
(1.5) in the half-space Q = RY, we refer to Bartsch, Peng, and Zhang [2] for the
case0<82<51—2and)\<( ) to Musina [26] when N >4, so =0, s1 =
2and 0 < A < (T) and to Hsia, Lin, and Wadade [18] when s3 =0, 0 < s1 <
2 and A > 0.

In this paper, we are concerned with the effect of the local geometry of the
singularity I' on the existence of solutions of the following nonlinear partial differ-
ential equation involving two Hardy—Sobolev critical exponents. More precisely,
letting h be a continuous function and A be a positive real parameter, we consider

uZ:l—l(x) U2;2_1($)

—Au(z) + hu(z) = \— S in Q,

() + ha) = A" -
u >0 in €, ’
u=20 on 012,

where pr(z inf,cr |y—x| is the distance function to the curve I', 0 < s < 51 <
2(

) =i
2,25 = % . 1) and 25, = % are two critical Hardy—Sobolev exponents.
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To study equation (1.6), we consider its associated functional J : H&(Q) — R
defined by

= dz+ = | h(z)u?ds — 2 S dz.
I(w) 2/QV“' “2/9 (@t de=o- | w5 o2 ™

It is easy to verify that there exists a positive constant r > 0 and ug € Hg ()
such that [[uol| g1 () > 7 and

inf  J(u) > J(0) > J(up),

”uHHé(Q):T

see Lemma 4.4 below. Then the point (0,.J(0)) is separated from the point
(uo, J(up)) by a ring of mountains. Set

¢" := inf max J(v),
PeP veP

where P is the class of continuous paths in H{(£2) connecting 0 to ug. Since 2%, >

25, the function ¢ —— J(tv) has the unique maximum for ¢ > 0. Furthermore,

we have
¢ = inf maxJ(tu).
ueH(Q) t=20
u>0

Due to the fact that the embedding of H&(Q) into the weighted Lebesgue spaces
L% (9, pr Sida:) is not compact, the functional J does not satisfy the Palais—Smale
condition. Therefore, in general, ¢* might not be a critical value for J.

To recover compactness, we study the following nonlinear problem:

Let x = (y,2) € R x R¥=1 and consider

2% —1 2 —1
W) )
|2]51 |2]52 (1.7)
u(z) >0 in RY.

To obtain solutions of (1.7), we consider the functional IT : D}2(RV) — R defined

1 A X 1 .
II(u) = / Vul? de — */ |27l dae = o [ 2| uf?e de
2 RN 281 RN 252 ]RN
and set
* :
8 = uel)llr’l?{;RN) I?Zaox II(tu).
u>0

Then we get compactness provided
¢t < B,

see Proposition 4.2 below. So it is important to study the existence, symmetry
and decay estimates of the nontrivial solution w € DM2(RY) of (1.7). Then we
have the following results.
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Theorem 1.1. Let N > 3, 0 <53 <51 <2, A € RY. Then the equation

2: —1 2 —1
v @) wm RN,
EERRTE (18)
u(z) >0 in RY

—Au =\

has a solution w € DY2(RYN). Moreover, w depends only on |y| and |z|. In other
words, there exists a function 6 : Ry x Ry — Ry such that

w(z) = 6(lyl, |2])-

Next, we have the following decay estimates of the solution w and its higher
order derivatives.

Theorem 1.2. Let w be a solution of the Euler—Lagrange equation (1.8).
Then

(i) there exist two positive constants c; < ¢z such that

) —

T IN—2 — v c RY;
T faf¥=2 = 5 2 T ©

(i) for |z =|(t,2)| <1,
Vw ()] + |2]|D*w(z)| < Caf '~
(iii) for |x| =|(t,2)| > 1,
[Vw(z)| + |z||D*w(z)| < Cy max(1, |2| =) |~

These two theorems will play a crucial role in the following which is our main
result.

Theorem 1.3. Let N > 4, 0 < s9 < 51 < 2, and 2 be a bounded domain of
RN. Consider a smooth closed curve T' contained in Q. Let h be a continuous
function such that the linear operator —A + h is coercive. Then there exists a
positive constant AQSQ, depending only on N, s1 and sy with the property that if

there exists yo € I' such that
AQ,SQW(?/O)\Q + h(yo) <0  for N >4,

then
¢t < B,

where k : T — RN s the curvature vector of T'. Moreover, there exists u €
H}(Q)\ {0}, a nonnegative solution of

u2:1—1(x) u2;2—1(x)
S1 S2

—Au(z) + hu(z) = A 12) + ()

i ).
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The effect of the curvature in the Hardy—Sobolev inequalities has been in-
tensively studied in the recent years. For each of these works, the sign of the
curvature at the point of singularity plays an important role for the existence
of a solution. The first paper, to our knowledge, is the one of Ghoussoub and
Kang [11] who considered the Hardy—Sobolev inequality with singularity at the
boundary. For more results in this direction, see the works of Ghoussoub and
Robert in [13,14], Demyanov and Nazarov [8], Chern and Lin [6], Lin and Li [23],
Fall, Minlend, and Thiam in [10], Ciss, Diatta, and Thiam [31] and references
therein. The Hardy—Sobolev inequality with interior singularity on Riemannian
manifolds was studied by Jaber [20] and Thiam [28]. Here also the impact of the
scalar curvature at the point singularity plays an important role for the existence
of minimizers in higher dimensions N > 4. The paper [20] contains also the
existence result under positive mass condition for N = 3. We point out that the
3-dimensional version of this paper is presented in [30]. The existence of solutions
does not depend on the local geometry of the singularity but on the regular part
of the Green function of the operator —A + h.

The proof of Theorem 1.3 relies on test function methods. More precisely,
on building appropriate test functions allowing to compare ¢* and g*. While it
always holds that ¢* < 8*, our main task is to find a function for which ¢* < 5%,
see Section 5. This then allows to recover compactness and thus every minimizing
sequence for ¢* converges to a minimizer up to a subsequence. Building of these
approximate solutions requires sharp decay estimates of a minimizer w for g%,
see Section 2. Section 3 is devoted to the local parametrization and computation
of the local metric.

2. Proofs of Theorems 1.1 and 1.2

Let N >3,1< k<N —1. Consider the problem

2% —1 2% —1
u-s1 u-s2
—Au =\ , = (y,2) € RF x RNV,
¢ EEREE 7= (2.1)

ueDl’Q(RN) and w>0 inRY,

where A € R, 0 < s < 51 < 2, and fori = 1,2, the 2§, = 2(%:;‘) are two Hardy—

Sobolev critical exponents. In this section, we establish the existence, symmetry
and decay estimates (when k& = 1) of solutions to problem (2.1). The argument
relies on the existence of solutions to an approximating problem (introduced
below in (2.2)) which converges, as the regularization parameter tends to zero, to
a solution of (2.1). The overall approach and computations are largely inspired
by those in [32, Section 3]. For readers convenience, we provide a brief outline of
the proof.

2.1. Existence of a solution to the associated approximating prob-
lem. Welet N >3, 1<k<N-1,0<s3<s <2, €€ (0,51), and X be a
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positive parameter. Consider the problem

—Au = Aac(2)utr Tt 4y 2|72 in RV,
12N N (2.2)
ueD(RY), u>0 in R,
where ) )
ae(z) = flz<1} {lz[=1} (2.3)

= Tefer

and = = (y,2) € R¥ x R¥N=F_ Note that the sequence (ac)o<c<s, is well defined
and strictly decreasing, where we have set
1

ao(z) = W

The energy functional corresponding to problem (2.2) is given by

1 A . 1 ul*2
\Ile(u) = 2/ ’Vu‘Qd:U — QT a€<2)|U/’281 dr — QT ‘ |52
RN s1 JRN 5 Jry 2]

dx. (2.4)

We consider the Nehari manifold
N == {u e D2 (RN)\ {0} : (L(u),u) =0}.
Then we start by the following.

Lemma 2.1. For any u € D2 (]RN) \{0}, there exists tc,, positive, depending
only on € and u, such that te,u € Ne. Further, te,, is strictly increasing with
respect to € € (0,s1) and N is bounded away from 0.

Proof. Let u € DV2(RM)\ {0} and ¢ > 0. Then we have

t2 ‘[jz;l * t2:2 2:2
U (tu) = — / |Vu|?dz — A ” / ac(z)u*n do — - / u—s dx
2 RN 2 RN 282 RN |Z| 2

51

By direct computation and using the fact that ¢t > 0, we obtain
d
dt

2
ge(t) == / |Vu|*dx — t2:12)\/ ac(z)u® dx — t2:22/ Y g = 0. (2.5)
RN RN R

N 2]

U (tu) =0 iff

Since the map ¢ — g¢.(t) is continuous, strictly decreasing and

limge(#) >0 and  lim ge(t) = oo,

we get the existence and uniqueness of ¢, , > 0 thanks to the Intermediate Value
Theorem. Further, by the classical Sobolev inequality and (2.5), for all u €
DV2(RY), we obtain that

2
Cn </ |u|%0 d:):) k S/ |Vu|? d
RN RN
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2% 1
2% 2 25,2 52

=tenu / ae(z)|u]2§1_1dac + tes / [ul dx,

RN Ry 252

for some positive constant Cy depending on N. Therefore there exists 5. > 0
such that

te,u > Be:

and hence N, is bounded away from the origin. For the monotonicity, we let 0 <
€1 < €2 < 51. Then there exist ¢, , and t.,, positive such that

Ger (tel,U) = Ge (tez,u) =0.

Since the sequence (a). is strictly decreasing, it easily follows that

gez (tezu) = 0= ey (ter 1) < geo (teru)-
By the fact that the function t — g¢(t) is strictly decreasing, we obtain
teyu < teyu-
Hence the sequence (). is strictly increasing. O
Lemma 2.2. Any Palais—Smale sequence for U, is bounded in D2 (RN).

Proof. Let (uy)n, C DM2(RY) be a (PS). sequence for ¥.. Then, as n — oo,
we have

1 A o 1 |y, | %52
== YV |? de — =— s1dr — — d 1
o= [ Vel 2, o et 2%, Jav o U

and

2;
/ Vi, |? dz — )\/ ae(2)|un)®1 da —/ ‘I‘LZ“S; dx = o(1).
RN RN RN

Therefore,

11 11 |up |32
=(=-—=— Vu,|?d — - d 1).
- <2 2:1>/RN’ ol “(2;: 222>/RN e el

Since the quantity (21 — 21 ) is positive, we get
Sl S2

1 1
ce> |z — / |V, |* dz + o(1).
2 2;1 RN

Consequently, the sequence (uy,), is bounded in D2 (]RN ) O

Remark 2.3. Define

ce = inf U, (u) and 0. := inf/ \Vu|? da.
u€eNe ueNe JRN

By Lemmas 2.1 and 2.2, we have:
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1) for any € € (0,s1), it holds

> 1 1 Oc > 1 1 6o >0
c i 1 1 1 .
‘T\2 2z ) " 2 2 0 ’

2) any (PS). sequence for U, |y is a (PS). sequence for U..
Lemma 2.4. The sequence (cc)o<e<s, S strictly increasing.

Proof. Let u € D*(RY) \ {0} be fixed. Then for all € € (0, s1), there exist
e > 0 implicitly given by

* « * 2:
/ IVl do — Moo 2/ ae(2)[uf%r do — £ 2/ ™ 0. (2.6
RN RN R

N |22

Thanks to the Implicit Function Theorem, the map e — () := t, is of class C*.
Moreover, by Lemma 2.1, we have

d

= (We(teu) > 0.

Differentiating ¥.(t.u) with respect to € and using (2.6), we obtain

d A o2r o d «
2o (Teltew)) = T e /RN ac(2)[u|*1 dz > 0.
Hence the sequence (c¢), is strictly increasing. O

We are now in position to prove the following.

Proposition 2.5. Let N >3 and 0 < sy < s1 < 2. Then for any € € (0, s1),
problem (2.2) admits a ground state solution having the least energy

1 1) 55
Ce < 5 - ? SN,SQ s (27)
52
where Sy s, is the cylindrical Hardy—-Sobolev best constant given by
/ |Vu|*dz
inf RY .
ueD12(RN)\{0} )2
([ o)

Proof. Let U be the least energy solution of

1 | *
B(u) = / IVl dz — / 2|52 %2 da.
2 RN 2* RN

52

SN sy 1=

We have

ce < max U (tU)
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t? 2 % 2 %52 —s2 (77|28
= max [ — |VU|" dz — A ac(2)|U["1 dx — —— |z|7%2|U|"2 dx
t>0 2 RN 2 RN 252 RN

S1

x 2
2 25 . 11 5o
< max / VU do — — / |22 |U P2 da | = (‘ " > S]i/i;-
>0 \ 2 JrNn 23, JrN 22, ,

Therefore,

1 1 2*:32
Ce < <2 - 222) SN;2 . (28)

Next, we let (uy,), be a Palais—Smale sequence of ¥, with

*
25

25y
Q<<<;-£;>Sﬁg”.
Up to a subsequence, we may assume that
U, —ug in DM?*(RY) and wu, - uy a.e. in RV,
Assuming by contradiction that u, - ug in DY? (RN ), we have

%52

*
2%,

2 , 425, "
Ce = — |Vuy|* de—A— ae(2)|un|™1 dx—
N r JrN

2 Jr 2 /RN 2|72 un|*2 daz +0(1)

S1

and, for all ¢ € C°(RY), we have

Vun'Vgodx—)\/ aﬁ(z)|un|2:1_2un<pdm—/ 2] 752 Jup |**2 2 upp da = o(1).
RN RN RN

Thanks to the weak convergence of the sequence (uy,), into ug, we have

/]W%—WWM:/‘W%WM—/\WMMMWQ. (2.9)
RN RN RN

Further, by the Brezis—Lieb lemma, we have

/ 2|72 |, — uo| 2 da = / 2172 |2 da / 2|7 |uo|**2 dav + o(1),
RN RN RN

(2.10)
as n — 00. The embedding of D?(R") into L% (RY, ac(2) dz) is compact (see,
for instance, [32, Lemma 14]). Then we have

/ ae(2)|un |1 dz = / ae(2)|ug)®1 dz + o(1). (2.11)
RN RN
Therefore, combining (2.9)—(2.11), we obtain

ce = We(up) + ®(upn —up) +0(1) as n — oo.
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Since U’ (ug) = 0, we have W.(ug) > 0. Then it immediately follows that

*

1 1 o2
2% 2
Ce 2 (2 - 2*> SNfgz )

52

which contradicts (2.8). Thus
Uy — ug  in DYH? (RN),
which ends the proof. O
Next, we let € € (0,s1) and define the mountain pass value

C. ;= inf Y
Ce:= Inf max c((1)),

where
Pe:={v:[0,1] — D2 (RN) continuous : ¥(0) = 0 and ¥(y(1)) < 0}.
It is well known that
Ce = ée. (2.12)

As an immediate consequence of Lemma 2.1, Proposition 2.5, and (2.12), it follows
that

lim ¢, = ¢y = ¢p.
e—0

Proposition 2.6. Let N > 3, 0 < sy < s1 < 2, and € € (0,s1). Then any
solution of (2.2) satisfies

2% 23
/ D)% g, :/ LW)L e
B0y |2[517¢ RM\B(0,1) |2[517€

Proof. We define P : RV x R — R by

Plau = R LI
2%, 25, |2
We have
2N )dz + 2 Ydz = (N —2 Vu|? dz,
o P(x,u)dx + Z/ axzxua: ( )/RN|u|:L‘

see [21, Proposition 2.1]. In other words,

5 N
o a2 [ 1 25 D ol
d do + — < 5 d
> ol de + 25 Ju o2 T Z; | iy, lac)][ul* do

9 Y o [ 1

2% 2
— E i=— s2dx = (N —2 dzx. 2.1
" 25, i=1 /IZQNCC Ox; |:|Z’82:| fuf s dr = ( )/]RN [Vul do (2.13)
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Direct computations lead to

N
1 1
i fau(2)] = 20D RO (),
T
i=1

‘Z|Sli6 ‘Z|31+6
N
0 1 S9
e ke | = % 2.14
S [ s (2.14)
=1
Replacing (2.14) into (2.13), we get
2* 2*
* s 2 *
(N — 2)/ ae(z)|u’251 dr + (N _ 2)/ ‘U| 2 da + Te ‘UL _16
RN RN ’2‘52 281 B(0,1) ’z’ 1

e |u) 1
ook ) ’2’81+6

— dx = (N—Q)/ \Vu|>dz.  (2.15)
25, JrRM\B(0,1 RN

Next, we multiply (2.2) by v and integrate by parts to get

.
[ul 2

(N—2) /RN ae(2)]uf% d:v+(N—2)/R

Hence, by (2.15) and (2.16), we obtain the desired result. O

dr = (N—2) /RN |Vu|? dz. (2.16)

N [z]

2.2. Existence of a global (i.e., defined on the whole R") solution
in RY. We let € > 0. There exists uc € D*(RY) \ {0}, a positive solution of

2, -1
—Au, = )\ae(z)\ue\Qzl_l + ‘ui‘w in RV,

Then u, satisfies

1 A . 1 s
o=y [ ulae -2 [ aoluPhae- o [ M a
2 RN 2;1 RN 2;2 RN |Z’82

23
Vuel?dz = A ae(2)|Ue %y dx + [uel ™2 dx
RN RN RN |2[%2
Therefore,

11 1 1 %2
Ce = < — *> / ‘VU€|2dl' + ( . *> / |U/ |S dx
2 2t ) Jan 2t 2t ) Jen 2]

Since the quantity (5 — 5~ ) is positive, we have
%, 2,

1 1
co>C>|=—— / |Vu6|2dm.
2 2:1 RN

Consequently, (uc). is bounded in DY2(RY). Thus, there exists a subsequence
(still denoted by u.) and ug € DV2(RY) such that

and

Ue — ug  in DY? (]RN) and ue = up  a.e. in RY. (2.17)
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Lemma 2.7. We have
Wo(uo) = 0.

Proof. Let ¢ € D2 (RN) such that ¢ > 0. By the Fatou lemma, we have

21 -2 .
/ %uo@ dzr = lim ae(2)|ue|*1 " 2ucp da. (2.18)
RN [2[* =0 JrN
By (2.3), we have
1 .
ac(z) < P R\ {0}

such that for all ¢ € DV?(RY) \ {0} with ¢ > 0, we get

/ ae(z)]u€2:1_2u€godm§/ Luegod:r. (2.19)
RN Ry 2]

By (2.17), we have

. |“e|2;1_2u630 |U0‘221_2u0@
lim — T dzx = —————dx. (2.20)
e—=0 JpN |Z|S1 RN ’Z‘Sl
By (2.19) and (2.20), we obtain
: 25 —2 T
lim sup ae(2)|ue|* 1 “ucpdr < ——dx. (2.21)
e—0 JRN RN ‘2’81

Hence, by (2.18) and (2.21), we get

2 —2 )
/ Mum@ dr = lim/ ae(2)|ue*1 2ucp da,
RV [2[ =0 JrN
¢ € D2 (RY) with ¢ > 0. (2.22)
Next, for any test function ¢ € DV2(RY), we write
p=p"—¢7,

with ot = max(p,0) and ¢~ = max(—¢,0). Since both ¢ and ¢~ are nonneg-
ative, they satisfy (2.22). Then, by summing the corresponding identities, we
obtain

21 2 .
/ Muoso de =1im [ ac(2)|ucl* Pucpdr, o DY(RY).
RN

|2]*1 =0 JpN
This then ends the proof. O

Lemma 2.8. We have 0 < Wo(ug) < ¢o. Moreover, if uy # 0, then we have

\Ifo(’u,o) =cy > 0.
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Proof. By Lemma 2.7, we have
Wi (uo) = 0.

If ug = 0, it is obvious that
Wo(uo) = 0.

Next, we assume that ug # 0. By (2.23), we have
(W (uo), uo) = 0.

Therefore
Wo(ug) > co > 0.

Recall that, up to a sequence, we have

(2.23)

(2.24)

(2.25)

11 11 |ue|?2
=V (u)={=—— Vu|?d S— d
‘o= el <2 2:1>/RN b “(2; 2;;>/RN B

Using the Fatou lemma, we get

Uo(ug) < lim inf e = ¢p.
e—0t

Then the result follows directly from (2.24)—(2.26).

(2.26)

O]

In the sequel, we will prove that ug # 0 so that the following existence result

is immediate.

Proposition 2.9. Let N > 3, 0 < s9 < 51 < 2. Then the problem

2r —1 2 —1
_ut u2 N
—Au =\ P + FE mn R,

we DYRY) andu>0  inRY

has a least-energy solution.
The proof is mainly based on several lemmas.

Lemma 2.10. We have

lim ae(2)|uc|*1 dx > 0.
e—0t JrN

Proof. We assume (by contradiction) that

lim [ ac(z)|uc® dz = 0.
e—0t JRN

Let ¢ € DV2(RY). By the Holder inequality, we have

2F —1

s1
* 2; * f
< </ ae(z)|ue|251d:v> ! </ ag(z)]cp|251dx> .
RN RN

‘/ ac(2)|uc*1 *ucp do
]RN

(2.27)

1
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Further, the embedding of DV2(RY) into L%1 (RN, a.(z)dz) is compact (see, for
instance, [32, Lemma 14]). Then there exists C' > 0 such that

2

(/ ae<z>rw\2?1dx)2”sc(/ \W!Qd:r), o € D2 (RY).
RN RN

Therefore,

1
) e\ 7
<C </ ae(z)|ue| ™1 dx) , (2.28)
RN

for some positive constant C' independent of e. Consequently, by (2.27) and
(2.28), we obtain

'/ ac(2)|uc*1 Pucp da
]RN

/ ae(2)|ue*1 2ucpdz = o(1) as e — 0. (2.29)
RN

Hence, from (2.27), (2.29), and the fact that (u¢)e is a (PS),
deduce that

sequence for ¢, we

€

D(u) =cc+o(1) and  ®(u)=o(1) in (D2(RN)).
Since lim,_,o+ inf ¢, > 0, the sequence (uc)e does not converge to 0 in D2(RY).

Therefore,

*

1 1 52 .
- — — SJQ\,S2 < lim D(ue) = lm | Ue(ue) —/ ae(2)|ue(z) %1 dz ) = ¢,
2 2;2 )52 RN

e—0+ e—0+

which contradicts (2.7). Hence

lim ac(2)|ue)*1dz > 0. O
e—0t JrRN

Lemma 2.11. For e > 0, let (¢c)c C DV?(RY) be a bounded sequence such
that, as e — 0:

.
[

Lc(pe) ::/ Ve |? da:—)\/ ae(2)| e %1 d:r—/ e dx = o(1).
RN RN Ry |2]*

Let also

@e 0 in L*2(RN,|2|7*2dz) and lim inf/ ae(2)|@e|*1dz > 0.
RN

e—0t

Then, up to a subsequence, we have

lim ¥ > i = 0.
lim Ue(pe) > Jm e =co >
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Proof. By the cylindrical Hardy—Sobolev inequality, there exists a positive
constant Cl s, independent of € such that

2
|‘P€‘2z2 #2 2
CN.s, dx < |[Voe|® dz, (2.30)
’ RN 2] RN

see, for instance, Fabbri, Mancini, and Sandeep [15]. Since the sequence (¢¢)e
does not converge to 0 in L%2(RY,|z|~%2 dx), we have

pe - 01in DI’Q(RN).

Further, (¢,). is bounded in D%2(RY). Then there exist two constants 0 < d; <
do such that

dy < / |V |? da < da. (2.31)
RN

Using the fact that ¢, - 0 in L%2 (RN, |z|~52dz) and by (2.30), there exist two
constants 0 < d3 < d4 such that

|‘P6’2:2
ds < /]RN FE dr < dy. (2.32)

Therefore, up to a subsequence, we can assume that

2
lim Vo|?de =a* >0 and lim o™ dx =b* > 0.
e=0t JRN e—0t Jry  |2]%2
Set
n := lim inf/ ac(2)]e 1 dz > 0. (2.33)
e—0 RN
We have
a®*—n—>b"=0. (2.34)

By Lemma 2.1, there exists ¢, > 0 unique such that t.p. € N. Therefore,

.
%

2% -2 * 2% _9 €
/ ’v¢e|2 dx — cte™ / ae(2)|80e|251 de —t™ / ‘80 dr = 0. (2.35)
RN RN RN |Z|s2

By (2.31)—(2.33) and (2.35), we can easily see that (t¢) is bounded and, up to a
subsequence, we obtain

limt. =tg > 0.

e—0

By the identity Lc(tc¢.) = 0 and the fact that (p.)c is bounded in DV2(RY), we
deduce that
lim L(tope) = 0.

e—0F

Therefore,
2r -2 2r -2
CL* - nt031 - b*tos2 — 0.



A nonlinear PDE with two Hardy—Sobolev critical exponents 131

Next, we define
g(t) == a* —nt*1 72 — b2 2,

By the classical Intermediate Value Theorem, there exists £ > 0 unique such that
g(t) =0.
Then, by this and (2.34), we deduce that
to = 1.
By the boundedness of (¢.) in DV2(RY), we easily obtain

lim U (p) = lim W (tepe).

e—0t e—0+
By the definition of t., we have t.p. € N.. Then
U (tepe) > cCe.
Therefore, we conclude that

lim Y. (p.) > lim ¢ = cy > 0. ]
e—0t (90 ) T e—0t 0

Proof of Proposition 2.9. Let (u¢)e and ug be given by (2.17). By Lemma 2.8,
we only need to prove that ug # 0. We assume by contradiction that ug = 0. By
Lemma 2.10, we have

lim ae(2)|ue/*1 de =: 7 > 0.
e—0t JrN

By Proposition 2.6, we have

lim ac(|u.|?1 de = lim ac(2)|u.|?1 d:c:z. 2.36
dm [ el de = I [ @ de=5 (230

Next, we let 71,72 € C3°(RY) such that
m=1inBy, m =0imnRY\B;, m=1inB;, and 7y =0in RV \ Bs.
Define
Ze:=mue+ (1 —n2)ue and  ve :=ue — Ze = (N2 — 11 ) Ue.

Then supp(ve) C Q with  := By\ By 5. By the Rellich-Kondrachov compactness
theorem, we have
ve — 0 in L%1(Q, ac(2) dx).

Then (ve). is a Palais—-Smale sequence for ®. By the Brezis-Lieb lemma, we have

Ue(ue) = Ve(Ze) + P(ve) +0(1) ase— 0.
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Moreover, ¥/ (u.) = 0. Then we deduce that
&' (Z) =o0(1) ase— 0. (2.37)

Therefore,
®(Z) > 0. (2.38)

Now, if ve + 0 in DV2(RY), then we get
. 1 1 2% -2
e1_1}1’(I)1Jr (I)(Q}e) Z <2 — 2*> ;Sv]\[;2 . (239)
By (2.37)-(2.39), we obtain
: 1 1) 55
el—l>r<§l+ Ce 2 <2 o oox ) Sns

which contradicts the result in Proposition 2.5. Hence v, — 0 in D2 (]RN). By
the Brezis—Lieb lemma, we get

U (ue) = We(Ze) +0(1) = We(mue) + Ye((1 — m2)ue) +0(1)  ase—0.

Since U’ (ue) = 0, we have
<\I/2(u€)7771u5> =0.
Then v — 0 in D12 (RN) so that

(Ul (mue), muey =o(l) as e — 0. (2.40)

Next we have
/ aﬁ(z)|n1u6|2:1 dz = / ae(2)|771ue|2:1 dx.
RN B,
Therefore, by this and (2.36), we obtain

lim inf/ ac(2)|mue|*1 do = i (2.41)
RN 2

e—0F

Hence, by (2.40), (2.41), and Lemma 2.11, we get

. < 1 _ ‘
ll_% inf ®(niue) < E1_13[2[)1+ ce=cog>0

Using the same arguments as before, we obtain

lim inf & ((1 — n2)ue) < lim ¢, = ¢y > 0.
e—0 e—0t

Hence
co = 2cy,

which is false since ¢y > 0. Consequently, we obtain that

Ug 7é 0)
which ends the proof. ]
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Next we will establish symmetry and decay estimates properties of positive
solutions u € D2 (RN ) of the following Euler-Lagrange equations:

B N
—Mu=ATo+ T R (2.42)

where for N > 3, we have z := (y,2z) € R x RN-1 0 < s9 < s1 < 2 and
2, = %, 1= 1,2, are two Hardy—Sobolev critical exponents. Next, rewrite

equation (2.42) as follows:

pu F@) 0@
EERRAREE

N

where f,g € LY (RN) for some p > -

loc
from [15, Lemma 3.2 and Lemma 3.3].

Then the following result follows

Proposition 2.12. Let u be a solution of (2.42). Let also
I
si<l+~ N4,

3
51<§ ZfN:3

Then u € C™® in the z variable while in the y variable, it is CY* for all o < 1 —
s1ifs1 <1 andCO’O‘(RN) foralla <2 —s1if 1 <s1<2.

This then allows us to prove the following symmetry and decay estimates
result.

Proposition 2.13. Let u be a solution of the Euler—Lagrange equation (2.42).
Then

(i)  the function u depends only on |y| and |z|,
(ii) there exist two constants 0 < c¢1 < ca such that

a1 < u(x) < Ca

S — = zeRV.
R L

Proof. The proof of the symmetry is based on the moving plane method (see,
for instance, [6,27]). We let = = (y,z) € R¥ x RVN=*_ For ;4 > 0, we define

Q, = {x: (y,2) € RF x RV=F . g >u}
and for all x € Q,,, we set

xNZ(QM_y17y2)°"aykuz) GQ/J,

and define
wy(z) = uu(x) —u(r) =u(r,) —u(x) in Q.

Then w, € H(Q,).
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Step 1: We first prove that
wy, >0 in ),
for p large enough. Thanks to (2.42), we have

~ Aw,(z) = A <“2;1_1(w) - Uf}l_l(w)> N (u%‘fl(x) - Ui:Q_l(az)>

ke Elle |22 |2

We multiply (2.44) by w, := min{wy, 0} and integrate by parts to get

9% 1 2, —1
I N O O
/Q|Vw#\dx—>\/Q w“(:p)< e dx

% %

2% _q 2: -1
_ u2" ()  w,®  (x)
— d
+/Q wy, ($)< e BE x

©w

< /\/Q i (@) (uzé‘l—l(x) —ufffl(x))dx

|2[*1

N /Q w () (6271 @) — w2 (@) d

2%
©w

/J, Y
function ¢ — %% (i =1,2) on (0,00), we get

On the support of w

w (@)~ (@) < (2 - Dt @) (u(e) — w(e)

= (1 -2 )0 *(2)w, (z) in Q.
Therefore,

— 2
/ |vw;|2 dr S )\(2:1 _ 1)/ M|u(x”2§1*2 dr
Qu

Q. |2

; jwy ()] <
+ (282 - 1)/Q |MZ’S2 ’u(gy)’zsg 2dl‘-
n

Next, by the Holder inequality, we have
— (]2
w, (x .
/ | I (S)‘ ’u(x)’23i72 dax
Q. |2]%

X
25, -2

([l ()
“ o, 27 Mune, 2]

where ¢ = 1,2 and M, .= {z € Q, : u(x) > u,(z)}. Since

23 23
lim L(m)] i dr = lim L(m)] ’

z =0
n=0 Jarn, 125 n=o0 Jarnq,  12]%2 ’

)

(2.43)

in €.

(2.44)

we have u,(z) < u(x). Then, using the convexity of the
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we deduce that

N—2
2N
/ |Vw;|2 dx < SN,() (/ |w;|1\?§‘2 d.T) ,
Q Qu

©w

where Sy is the Sobolev best constant. As a consequence, for p large enough,
we have w, = 0, and hence u,(z) > u(x), which proves (2.43).
Now we let

p'=inf{p > 0: uw(@) <wuy(z) forall z € Qy and all ' > p} < oo.

Step 2: Then we will prove that 4* = 0. By contradiction, we assume that
w* > 0. Then
—Awu* (x) = Cyx (m)w#* (:L') in Q#*,

where

2% 1 * 2% 1 *
() - w1 (z) w,?(x) — w271 (2) -

_ w . if wy # 0,
= | 2|51 | 2|52 a g

u

0 if w,~ = 0.

Clearly, ¢, € L*(£,+). Moreover, w,+ > 0 in 9Q,+. Then, applying the maxi-
mum principle, we have
wu* >0 in Q;U'* .

Let D be any smooth compact set in £« such that |, \ D| is sufficiently small
for any p near p*. Since

wy(z) >0 >0 in D,

by continuity, we have
wy(r) >0 inD

for all y near p*. In particular,
wy(z) >0 on d(2, \ D).
Using again the maximum principle, we have
wy(z) >0 inQ,\ D,

and thus wy,(z) > 0in 2, contrary to the definition of u*. We therefore conclude
that p* = 0. Consequently,

u(_y17y27--'7yk72)Zu(y17"' 7yk7z)7 (a1 > 0.
Applying the same arguments as before to the function

U(y,Z) :u(_y17y27"'7yk72) in ]RN
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leads to
u(—yl,yQ, v s Yk, Z) S u(yl,yg, vy Yk, Z).
Therefore,
w(=y1,Y2, -, Yk, 2) = w(Y1,92, .- -, Yk, 2) In RV,

Hence the solution u of (2.42) is symmetric with respect to y;.
Step 3: Repeating the same arguments as before to the functions

z+— w(Rry,z) and z+— w(y, Rny_k2),

where Ry, € O(k) and Ry_ € O(N —k) are respectively k-dimensional and (N —
k)-dimensional rotations, allows us to conclude that w depends only on |y| and
|z| and w is strictly decreasing in |y|. This then ends the proof of (i).
For the decay estimate, we write the Euler-Lagrange equation (2.42) as fol-
lows:
—Aw(z) = A(z)w in RY,

where

*

w251_2(:€) w2:2_2(:v)

EEREE

A(z) =\

For z # 0, let v(z) = |z|*"Yw(z|z|?) be the Kelvin transformation of w. It also
satisfies (2.42). Therefore, using the fact that the solution of (2.42) is bounded,
we can find two constants 0 < ¢y < ¢o such that

Cc1 C2 N
— < < — e RY.
a2 =YW S T
This then ends the proof. O

To close this section, we assume that £k = 1 and we will prove the following
decay properties of w involving its higher derivatives.

Proposition 2.14. Let N > 3 and k = 1. Let also w be a positive solution
of (2.42). Then there exists a positive constant C, depending only on N and sy
and ss, such that

(i) Forfz[ =|[(y,2)| <1,
[Vw(z)| + [zl D*w(z)| < Cl2|' 7.
(ii) For [z = [(y, 2)| = 1,
[Vw(z)| + [z]| D*w(z)| < Cmax(1, |2|7)[a]'~".
Proof. Let 6 : Ry x Ry — Ry be a function such that
w(z) = w(y,z) = 0(lyl, |2])-
Using polar coordinates, the function 6 = 6(y, p) satisfies

PPN 202)a 4+ 011 = Ap 0% T 4 p20% T fory,pe Ry, (2.45)
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where 61 and 6, are the derivatives of 6 with respect to the first and the second
variables. Then, integrating this identity in the p variable, we therefore get that
for every p > 0,

1P A [P .
baly,p) = — / 20, (g, )+ / PN =262y 1) dy
P 0 P 0
1 P "
+ N2/ T‘N_Qr_529252_1(y,r) dr.
P 0

Next, differentiating with respect to the first variable, we get

1 (P
012(y, p) = pNQ/ N 720001 (y, r)dr
0

p *
15\72 / PN (y, 1) 0% P (y, ) dr
0
1 p N-2 2% 2
b [ PG g ar
1Y 0

By Proposition 2.12 and the fact that 23, > 2% > 2, we obtain

102(y, p)| + [012(y, p)| < C (p+ p' 5 + p'%2) < Cp' ™' for |(y,p)| < 1.

(2.46)
Now, using this in (2.45), we get
|022] < Cp™  for |(y,p)| < 1. (2.47)
By (2.46) and (2.47), we obtain
102y, p)| + 1012(y. p)| + plb2a| < Cp'~=.
Therefore, it easily follows that
\Vw(z)| + |z||D?*w(z)| < C|z|' ™ for all |z| = |(y,2)| < 1
and
|Vw(z)| + |z||D?*w(z)| < Cmax(1,|z|~*1)|z[*N  for all |z > 1.
This then completes the proof. O
3. Local parametrization and metric
Let T' ¢ RY be a smooth closed curve. Let (Fy;...; Ey) be an orthonor-

mal basis of RY. For 9 € I' and 7 > 0 small, we consider the curve 7 :
(=r,7) — T, parameterized by the arc length such that v(0) = yo. Up to a
translation and a rotation, we may assume that 7/(0) = E;. We choose a smooth
orthonormal frame field (F2(y);...; En(y)) on the normal bundle of I' such that
(Y (y); Bo(y);...; Ex(y)) is an oriented basis of RN for every y € (—r,r), with
E;(0) = E;. We set

Qr = (—7’, T) X Bwal(O,T’),
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where Bgn-1(0,7) denotes the ball in RN~! with radius 7 centered at the origin.
Provided r > 0 small, the map Fy, : @, — €2, given by

N
(Y,2) = Fyo(y,2) i=7(y) + > _ zEiy),
=2

is smooth and it parametrizes a neighborhood of yg = Fy,,(0,0). We consider pr :
I" = R, the distance function to the curve given by

= min |y —7|.
pr(y) yeRle vl

In the above coordinates, we have
pr (Fy(z)) = |z|  for every = = (y,z) € Q- (3.1)

Clearly, for every t € (—r,r) and i = 2,..., N, there are real numbers x;(y) and
7/ (y) such that

N
Ej(y) = ki)Y' (v) + >_ 7 (W) E;(y)-
2

J
The quantity x;(y) is the curvature in the E;(y)-direction while Tz-j (y) is the torsion
from the osculating plane spanned by {+v/(y); Ej(y)} in the direction E;. We note
that provided r > 0 small, x; and Tij are smooth functions on (—r, 7). Moreover,
it is easy to see that

Tg(y):—T}(y) fori,7=2,...,N.

The curvature vector s : I' — RY is defined as

with the norm

In the sequel, we set
N
11
By = i
1=2

Now we derive the expansion of the metric induced by the parameterization Fy,
defined above. For z = (y, z) € Q,, we define

g11(x) = Oy Fy, (z) - OyFy, (),
q1i(x) = Oy Fy, (z 02, Fy, (z),
gij(w) = az]-Fyo@) : az-Fyo(m)-

7

).
).

Then we have
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Lemma 3.1. There exits r > 0, depending only on I' and N, such that for
every = (y,2) € Qr,

N N
gri(x) =1+2 Z ziki(0) + QyZ 2k (0) + Z 2i2ki(0)k;(0)
=2 ij=2
N
+ Y 2i2i8:5(0) + O (=),
ij=2
N N y
g1i(z ZZ]T; sz (TJZ) (0)+ 0O (\x|3) ,
J= Jj=2
(9ij (%) = 0ij.

As a consequence, we have the following result.

Lemma 3.2. There exists r > 0, depending only on I' and N, such that for
every x € Qr, we have

N N 1 N
Vigl) =14 ziki(0) +y Y | zik5(0) +3 Zzzzgm 0)r;(0) +O (|z°) . (3.2)
=2 =2 =2

Here and in what follows, |g| stands for the determinant of g. Moreover, the
components of the inverse metric g~ are given by

N N N
Yo)y=1- Qszi(O) — 2yz 2k, (0) + 3 Z 22k (0)5(0) + O (|z]?)
i=2 i=2

ij—2

N N
—szT;(O)—ysz (TJZ +22zlz]m +O(|x!3)

=2

g9 (z) = 6;; + Z 212 T 7(0)7! 1(0)+ 0 (|z?) .

\ l,m=2

We will also need the following estimates result.

Lemma 3.3. Let v € DL2(RN), N > 3, satisfy v(y,z) = 0(|yl, |z|) for some
function 0 : Ry x Ry — R. Then for 0 < r < R, we have

/ |Vv|3\/|g|dx:/ V|2 dz
QR\Qr

QR\Q?"

2
+ ";\Ex_(])l' / 121% 18,0 da
QR\QT

2
+|’€(950)’/ 12|?|Vv|? dz + O (/ \x|3\VU\2daﬁ> :
2(N =1) Jorp\a Qr\Q-

For the proofs of Lemma 3.1, Lemma 3.2 and Lemma 3.3, we refer to the
paper of Fall and Thiam [16] and Ijaodoro and Thiam [19].
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4. The existence result in domains

We recall that

g = inf  maxII(tu) and ¢":= inf maxJ(tu) (4.1)
weDL2 (RN) >0 ueH}(Q) t20
u>0 u>0

1 A ) 1 .
(u) = = Vu|? de — — 2|7 u|? dx — 2|72 )% da
2 ]RN 2* RN 2* RN

1 1 A % 1 %
:/ \Vu]Qda:—i-/ z)u? da:—T ™ dr — — / ‘ZJ " dx
2 Jo 2 Ja 2% Jo pr(z) 25, Ja i (o)

The aim of this section is to prove the following compactness result.

Proposition 4.1. Let N > 4, 0 <59 < 81 <2, A > 0 and let 2 be a bounded
domain of RN . Consider a smooth closed curve T' contained in Q. Let h be a
continuous function such that the linear operator —A + h is coercive. Let also

ct < pr.
Then there exists a positive function u € H&(Q) which s a solution of
— Au+ hu = Apfsluzglfl + pf‘”uz;fl in . (4.2)

The proof of Proposition 4.1 is divided into various preliminary results. We
start by the following.

Lemma 4.2. Let a < $* and let (up), C HL(Q) be a Palais—Smale sequence
for J at level a. Then, up to a subsequence, there exists u € H&(Q) such that

Uy —> U N H&(Q)7

J(u) = a,
J'(w) = 0.

Proof. Let (up)n, C HE(2) be a Palais-Smale sequence for J at level o

1 1 A .
:2/Q|Vun|2dx+2/hu dﬂs—Q— ngsl\un]QSl dx

S1
1
o [t de—as o) (43)
232 Q

and, for all ¢ € H}(Q2) as n — oo, we have

(J (un), ¢ /Vuanodx—l—/hungpd:c—)\/Qprslun]2§1_2uncpdx
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- / p;&’unyz%izun‘P dz = on(1). (4.4)
Q

Combining (4.3) and (4.4), we obtain

a= (—)/\V%ﬁdx%—( ! )/hu%dw
2 2 ) Ja

1 1 _ *
*( : >/ o uale dz + 0,(1).  (4.5)
251 252 Q

Since both 2% — 2% and % — 2% are positive and the operator —A + h is coercive,
s1 52 s1

we obtain

- > 2 2 >
(% - 21 ) +o(1) _/Q]Vun] dw+/@hun dr > cHunHH&(Q)
S1

for some positive constant ¢ independent of n. Consequently, up to a subsequence,
there exists u € Hg () such that

u, — u weakly in Hg (),
Up — u  a.e. in

u, — u  strongly in L*(€). (4.6)

Set the defect v, := u, —u. By the Brezis—Lieb lemma and the weak convergence
above, we have

/|Vun|2da;:/\Vu|2d:c+/wvn\2da:+0(1)
Q Q Q

and for i = 1,2,

/prsi’un’% dm:/prsi]u\gzi dx—i—/pr‘”\vn\%i dz + on(1).
Q 0 @

Therefore,
J(up) = J(u) + Jmod(vn) + on(1)
with
2 —5 1 —5 2%
Tnoa(0) =5 [ (Vo do =5 [ ppmtofide = 5 [ prtlof da.
282 Q
Moreover,
J(w)=0 and J  4(v,)=o0(1) in (H}(Q)). (4.7)

For small r > 0, define the concentration functions

Qn,i(z,T) ;:/ pr o de, i =1,2.
Fo (Qr)NQ2
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We have three alternatives.
Alternative 1: Vanishing. Let r > 0. We have

lim sup Qni(z,7) =0, i=1,2.

n—-+4o0o zeQ

Since ) is compact, we can cover it by a finite number of open sets
(sz (QT))lgjgm' Consequently,

QC UL Py (Q):

Therefore,

m
/ prion [ de <Y / P |vn]* dz < msup Qui(z,r) = 0n(1).
Q =1 7 Fej (Qr)nQ2

) €
J

Thus
1 S 221 = | =
nhm /QpF |op|*i dz =0, i=1,2.

By this, (4.6) and the second identity in (4.7), we obtain

/(\an\z + hv?) de = /\/ ,01?31]1)”]2:1 dx —I—/ p552]vn|232 dx = o,(1).
Q Q Q
Since the operator —A + h is coercive, we immediately obtain that
U, — u strongly in Ha ().
Alternative 2: Compactness. There exist ¢ € Q and r¢ > 0:
vn — v 20 in L% (F (Qry(20)) ,ppdx).

Hence v, — v # 0 in H}(Q) thanks to local compactness and the Euler—
Lagrange residual in (4.7). Thus we are already done.

Alternative 3: Concentration. There exist g > 0, sequence points
(Yn),, C 2, and r > 0 such that

Iminf Q. 1(yn,7) > €0 or lLminf @y 2(yn,r) > €o. (4.8)

Since Q is compact, then (up to a subsequence) y, — o in Q. It is obvi-
ous that yg € I'. Indeed, otherwise pr(yg) > 79 > 0 for some ry > 0. Then
pr”t is bounded on B, /Q(yo) and the usual Rellich compactness yields strong

*

L% (BTO/Q(yO),pITs"da:) convergence of v,. Thus @ i(yn,7) — 0, contradicts
(4.8). Hence yp € T.

In the sequel, we will assume that concentration occurs. Without loss of
generality, we may assume that

lim inf Q.1 (yn, ) > 0.
n—oo
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The argument is the same if we assume that liminf,, o Qpn 2(yn,7) > €0. Let R >
1 and let n € (0,e09/2) be fixed. Since the map r —— @y 1(yn,r) is continuous,
there exists r, > 0 such that

/ Pt va| Fr da = 1. (4.9)
Fyn (Qan

Define the rescaled functions

W@ =" on (B () x (§)

where x € C2°(Q2) is a cut-off function with y =1 on @;. In Fermi coordinates
along I" (near y, ), we have

pr (Fy, (r€)) = ralz|  and  dz=ry (1 +0,(1)) d¢ (4.10)
uniformly for |¢] < 2R with & = (y,2) € R x RV~ see Section 3. Combining
(4.9) and (4.10), we obtain

[ Prde = [ g e+ o) = 1+ 0u(0)
Qr Yn R?"n)

In particular, the sequence (wy,), is bounded in D?(Qgr). Consequently,

2N
wy, — w in D?(Qr), wyp — win L _(RY) for 1 < ¢ < 2 = ~ 3

and
w, — w a.e. in Qg.

Moreover, the sequence <|z|_31 ]wn\2;1> is uniformly integrable on Qr. We use
n
the Vitali theorem to obtain

0<n= lim 2| 75w %1 da = 2|75 Jw|*1 da.
"7 JQr Qr

Therefore w # 0. Taking the limit as R — oo, we obtain w € DV?(RV).
Next, we let ¢ € C°(RY) and define the rescaled test functions

=N F Y (x) F Y(x)
on(T) =m0 <yrn> X(yR> .

By the change of variables formula x = F,, (r,£), (4.10), and letting n — oo
then R — 0o, the metric errors vanish by the Dominated Convergence Theorem
and the smallness of the cut-off gradient region, we get

/ Vo, - Vo, dr = / Vw - Vedr + o,(1)
Q RN
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and
/pfsi\vnl2§i2vngondx:/ 2| 7% lw|® 2w dz + 0p(1), i=1,2.
Q RN

Combining these two identities and taking ¢, as a test function in the second
identity of (4.7), we obtain

Vw-Vgpdx:)\/ |z|_31]w|2;1_2w90dx+/ 2| 752 |w|*2 " 2we dz. (4.11)
RN RN RN

We recall that the functional IT : DM2(RY) — R is given by

1 A x 1 x
w— I(w) = / \Vw|? dz — */ 2|~ w]*1 da — — || 752 jw|*2 da,
RN 231 RN

2 2:2 RN
whose mountain-pass level is §*.
Hence, thanks to (4.11), w is a nontrivial weak solution of the Euler-Lagrange
equation for the functional II.
Next, we claim that
lim inf J,,0q(vn) > B*
n—oo
with §* as in (4.1). To prove the claim, we fix ¢ > 0. For R > 1, we set xg(x) =

x

X(E) and define a localized bubble as

2-N -1 T -1 "
wer- () (52)

where the cut-off function y is defined as above. By the change of variables
formula, we have

/ Vi pl? dz — / G (€)0: (5r 0 Fy,) ()0, (i 0 Fy,) (€)v/19](6) d.
Q Q2r

Using

N-2

(Prw)(E) =7mn? Un,r (Fy,(£)),
we have

N—-2

Vfﬂ(q)Rw)(x) =’ DFyn (x)Tvm@n,R(Fyn (f))’ DFyn (5) =Tn (In +0 (Tn|£|)) .

Therefore,

/|V@H,R2d:ﬁ=/ ]V(I)Rw]2d£+on(1)/ (IV(®gw)|* + R™%|®pw|?) dé.
Q

Q2r Q2R

Now, ®r =1 on Qr, V®r is supported in Ar := Q2 \ Qr and |[VOr| < % for
some positive constant C'. By the Hardy inequality on Ag, we have

/ wzdngQ/ |Vwl|? dé.
Ap Ap



A nonlinear PDE with two Hardy—Sobolev critical exponents 145

Thus

'/ Vi, gl dr — / |V (®pw) Pd{' <on(1)+C |Vw|?d¢. (4.12)
Q RN RNM\Qr
By the change of variables formula, (4.10), we have
Jo et tonlde = [l e+ ou(V) [ g de,
Q Q2r Q2r

Therefore,

‘/ﬂﬂmﬂ%ﬁ—/ m“@mﬁwﬂﬁ%m+/ |25 |w |21 de.
Q Q2R RN\Qr

(4.13)
The same computation gives

\/wﬂmM%m—/ mwmwﬁmqg%m+/ 2] =52 w25 de.
Q Q2r RN\QR

(4.14)
From (4.12)—(4.14) and the definition of J,,,,q and II, we obtain

|Jmod(77n,R) - H(@Rw)‘ < On(l) +C \Vw|2 d€
RN\Qr
A 1

o [ el o [ el de
25 Jrev\Qr 25 JrM\ar

Since w € DY2(RYN) and |2|~%|w|*i € LY(RY) thanks to the limiting equation
and Hardy—Sobolev, the three tail integrals go to zero as R tends to co. Hence

Jmod(ﬁn,R) - H(@Rw) = OR(l) + On(l).
Now, for each R, define the Nehari scaling t,, g > 0 by
Enr(t) :=(J} oq(tonR), tonr) =0 at t =t,R.

Since the map ¢ — Ej, g(t) is continuous, Ej, r(0) = 0, and E], p(0) > 0, while
E, r(t) = —oo ast — oo, such a t,, p exists and it is unique. By the convergence
of coefficients under blow-up, we have

tn,R —tp > 0,

where tg is the Nehari multiplier for II and the truncated profile ¥ gw. Further-
more, the maximal value satisfies

1?38( Jmod(tflmR) = Jmod(tn,R’Dn,R) > T(tgVrw) —e for all large n.

After choosing R so large and then n large, we get og(1) < £/2 and 0,(1) <
£/2. We obtain the desired estimate.
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Since ¥ pw —» w in D22(RY) and in the weighted L% (RY, |2|~# dz) spaces
as R — oo, the Nehari multiplier tg — t., where ¢, maximizes II(tw), and

Jrn (trRY Rpw) — max Jrn (tw) > B

Combining the previous displays and letting first n — oo, then R — oo, and
finally € — 0, yield the localized lower bound

lim inf max Ji,0q(t0n, ) > 5.
n—oco t>0 ’

It remains to relate Jyod(v,) to max Jmod (t0n,r). For R fixed, choose n-
dependent cut-off x, r € C°(2) such that

Xn,r =1 inF, (Qrr,) and xpr=0 outside F,, (Q2rr,)-

Consider the split

Un = Xn,RUn + (1 - Xn,R)'Un = Zn,R + Wn,Ra

where we have set
Zn,R ‘= Xn,RUn and Wn,R = (1 - Xn,R)Un~

By construction, for any & > 0, there exist ng € N and Ry such that for all R >
ROa
‘Jmod(Zn,R) - Jmod(vn)‘ < 6 foralln > no,

and the interaction terms between Z,, r and W), r are 0,(1) because the supports
are separated and the weights are locally integrable.
Comparing Z,,r with v, r, we get

lﬂgf Jmod('l)n) > lﬁgigof Jm0d<Zn,R) -0 > légigof r£1>ag< Jmod(tén,R) —6>p"—0.

Since § > 0 is arbitrary, we conclude that

. . > 3
Bl oo (0) 2 5,

which proves the claim. Recall that
a = lim J(u,) = J(u) + lim Jpod(vy).

If a nontrivial bubble occurs, then limy, Jymod(vn) > 8" +0(1), so that o > J(u)+
B* > p*. This contradicts the hypothesis a < g*. Thus, no nontrivial bubble can
appear, and necessarily v, — 0 (so u, — u) in H} (). O

Next, we will need the Mountain Pass Lemma of Ambrosetti-Robinowitz,
see [1].
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Lemma 4.3 (Mountain Pass Lemma). Assume that (X, || -|x) is a Banach
space and ¥ : X — R is a functional of class C'. Assume also that
1) ¥(0)=0;

2)  there exist Ao, > 0 such that ¥(u) > Ao for all u € X satisfying ||ul|x =73
3) there exists up € X such that

lim sup ¥ (tugp) < 0.
t—-+o00
Consider to > 0 sufficiently large such that |[toug||x > r and ¥ (toup) < 0. Define
B8 < Xy as
8= inf sup W(y(t)),
YEP tefo,1]

where
P={ve C°([0,1]; X) such that v(0) = 0 and v(1) = touo } -

Then there exists a sequence (uy), C X such that V(u,) — B and V'(u,) — 0
strongly in X'. Moreover, we have

B < sup ¥(tup).
>0

Lemma 4.4. Let Q be a bounded domain of RV, T be a closed curve included
i Q, and let h be a continuous function such that the linear operator —A + h is
coercive. Let ug € HY(Q)\{0}. Then there exists a positive constant cy depending
on ug and (un), C H(Q), a Palais—Smale sequence for J at level cg. Moreover,

co < sup J(tug).
>0

Proof. We let t € R. Recall that for all u € H}(Q), we have

2

t 2 2 £ 2t |t 2%
J(tu) = /(\Vu] +hu®) dr — A /p;“]u\ tdr — — /p;”\u] s2 dax.
2 Q 281 Q 282 Q

Then J € C1(H(Q),R). Since 0 < so < 51 < 2 and taking into consideration the
fact that the function

2(N —s)
— 25 = —————=
TS TN 2
is decreasing, we have
lim J(tu) = —oc.
t—o0

Moreover, using the fact that 27,27 > 2, then there exist positive numbers Ao, 7
such that
inf J(u) > /\0.

HUHHé(gD:T'

Therefore, by the Mountain Pass Lemma 4.3, we get the desired result. O
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Proof of Proposition 4.1. Let ug € Hg({) be a nonnegative, nonvanishing
function such that

sup J(tug) < 5*.
£>0

Then, by Lemma 4.4, there exists ¢g > 0 depending on ug and a Palais-Smale
sequence (u,)n, C HE(Q) for J at level ¢y such that

co < sup J(tug) < B*.
£>0

By Lemma 4.2, there exists u € H}(2) \ {0} such that, up to a subsequence,
U, — u  strongly in H}(Q) as n — oo and J'(u) = 0.

The last equality corresponds exactly to the Euler-Lagrange equation (4.2). This
then ends the proof. O

5. Proof of Theorem 1.3
Let w € D'2 (]RN) satisfy
— Aw = Nz T 4 2720w in RV, (5.1)

We recall that

1 A . 1 .
B = / \Vw|? de — / 2|75 Jw|*1 da — / | 2| 752 jw|*2 d.
2 RN 2:1 RN 2:2 ]RN

In what follows, AY _ is defined such that for all N > 5, we have

51,52

1
2(N —1)AY 32/ w? da ::/ 2|20y w|*dx + / 122 |Vw|? dz
’ RN RN 2 RN

A * ]. *
o [P de = o [P (52
281 ]RN 252 RN
and
Aj ., =3/2. (5.3)

Lemma 5.1. Let N > 4. Then we have

N

s1,s0 > 0-
Proof. The function w satisfies
2% 2%
w w2 .
—Aw =\ in RV,
2|50 |25

We multiply this equation by |z|?w and integrate by parts to get

0= —/ (‘z|2w) Awdx — )\/ |z’2—81w2:1 dz _/ |Z’2—52w2§2 de
RN RN RN
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1
:/ z\2yv1uy2dx—2/ A(|22)u? dz
RN RN

- A 2|21 do — / 2|2~ 52w da
RN RN

:/ z|2]Vw|2dx—(N—1)/ w? dx
RN RN

— )\/ 2|25 w da —/ 2|2 %2 w2 da.
RN RN

Therefore,

/ |Z|2|Vw|2d$ — )\/ |Z|2—S1w2:1 dx _/ \z|2_52w2:2 dx
RN RN RN

= (N—l)/ w? dx > 0.
RN
It immediately follows that

1 A * 1 .
/ |2|?|Vw|? do — / 2|21 dx — / 2|27 52w%2 d > 0.
2:1 RN 2* RN 2:1 RN

51
2%\[__28) is decreasing on [0,2], and 0 < s3 < s1 < 2.

The function s — 2§ =
Consequently, we obtain

1

A . 1
2/ 22| Vw|? do — =— 2|2~ w do — —
RN

” - 2275202 dx > 0.
281 RN 232 RN

We finish by adding a positive term which yields

1 A .
21?10, w|? dz + = 22|\ Vw|? de — — 2251?51 da
Yy *
]RN 2 RN 281 RN

1 «
|22~ %2w%2 dz > 0.

_ g .
The result follows directly from this, (5.2) and (5.3).
Then we have the following result.
Proposition 5.2. For N >4, let Q be a bounded domain of RN . Let also

AN s |5(o) P + h(yo) < 0 (5.4)

at some point yo € I'. Then there exists u € H}(Q) \ {0} such that

= J(tu) < B*.
c* = max J(tu) <

Let Q be a bounded domain of RY and T' C  be a smooth closed curve. We
let n € C° (Fy, (Q2r)) be such that

0<n<1 and n=1 inQ,.
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For € > 0, we consider the test function u. : 2 — R given by

ue(y) :==¢ 2 n(F y)w (€ Fl(y)) - (5.5)

In particular, for every 2 = (y,2) € R x RVN~! we have

e (Ffa)) = ) (2,21 (5.6)

€ €

It is clear that u, € H{ (). Moreover, for ¢ > 0, we have

2

t 2 .
It =5 [ (Ful+ ha)ad) do =N [ ppfud® da

To simplify the notations, further we will simply write F' instead of F},,. Recalling
(5.5), we write

ue(y) = ez n(F~ ' (y))We(y), (5.7)

where We(y) = w (m)

€

Lemma 5.3. Ase¢ — 0, for N > 5, we have

2
/!V%]de—k/ h(z)u?(z) da::/ \Vw]de+62Wy())|/ 122 |0,w|? dx
9] 9] RN N - 1 ]RN
2 ”i(yow 2 Vw2 d 2y 202\ d O (V-2
—|—672(N_1) RN|Z|| w|”dx + €“h(yo) RNw(x) T+ (6 )

If N =4, then there exists C' > 0 such that
/ \Vue\2dx+/ h(x)u(x) dx
Q Q
3
< [ 1vuitds s 0 (Jnm) + i) ) (@) + 0
RN
Proof. By (5.7), we have
1
|Vu|? = &N <n2|vwey2 + [ VIW)? + 5vw3 : vn2> .
Integrating by parts, we get

/]Vu€\2dx:e2_N/ VW |? dz
Q FQ27‘)

+ 62_N/ w2 <|V77|2 — 1A172> dx
F(Q2r)\F(Qr) 2
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= eQ_N/ n?|VW,|? dx — ez_N/ W2nAnda
F(QQT) F(QQT)\F(QT)

= EQ_N/ P INW|* dz + O 62_N/ W2 da:) .
F(Qar) F(Q2r)\F(Qr)

By the change of variables formula ey = F'(x), Lemma 3.3 and (5.6), we get

/Q]Vug\Qd:c—/Q Vwl? /g da
r/e

+0 <€2/ w? dac/ \Vw\%lm)
QQT/C\Q’I‘/E QQT/&\QT/E
2
:/ \Vw]Qda:—I—eQ“;\;y_o)l/ 2210, w|? dx
RN Qr/e

P 2
e [, VRl a0 ),

where

ple) = 63/ ]$|3Vw|2d:c+62/ |w|? dx
QT‘/E QZT/E\Qr/e

+/ |Vw|2dx+e2/ |2)?|Vwl|? d.
RN\QT‘/E QQT/G\QT‘/E

By Proposition 2.14, for N > 4, we have
ple) = O(eN2).

For N > 5, we use polar coordinates to obtain

/ w? da:+/ 1220, w]|? da:+/ |22 Vw|? dz = O(eN ).
RN\Qr/s RN\QT’/E RN\QT’/E

Therefore,

2
/\Vu€|2dm:/ |Vw\2dx+62m<y0)’/ |22 8,w|? dz
(9] RN N— 1 RN

+62M |22 Vw|?*dz + O (V72), N>5 (58)
2N —1) Jpn ’ = ‘

If N =4, then we have
2
/ |Vu|? de < / |Vwl|? dx + 62|’€(y0)|/ 122 |Vw|? dz + O (). (5.9)
0 R4 2 Q'r/e

Next, by the change of variables formula ey = F(x), (5.6) and the continuity of
the function A, we have

/Q h(@)2(z) dz = 2h(yo) /

w?(x) dx + € / w? () de.
Qr/e

QQT‘/E\QT/(
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By the estimate in Proposition 2.13, we can easily prove that

/ w?(z)dz = O (6N72) .
QZT/E\QT/E
Moreover, for N > 5, we have

/ w?(x)dr = O (eN_Q) .
RN\Q, /e

Therefore,
/ u?(z) dr = th(yO)/ w?(x)dx + o (62) . (5.10)
Q RN
If N =4, we have
/ u?(z) dx = €2h(yo) / w?(z) dz + O (62) . (5.11)
Q Qr/e

Next, we assume that N = 4 and we let n(x) = n(ex). We multiply (5.1) by
|z|?n.w and integrate by parts to get

)\/ nelz)? 5w da + / nelz|> 2 w2 da = / Vw -V (ne\z|2w) dx
QQr/e 2r/e 2r/e
1
:/ 77€|z|2\Vw|2d:L"—|—/ Vw2-V(|z\2776) dx
2Jq
2r/e 2r/e

1
- / ne\z|2\Vw|2d3: - / w?A (|z|2ne) dx
QQr/e 2 2r/e

:/ nel2|?| Vw|? dx — 3/ w?n, dx
Q2r/e QQr/e

1

= —/ w?(|z|*Ane + 4V, - 2) dx.
2 Q27‘/6\Q7‘/6

We then deduce that

)\/ |22~ 1w da —I—/ 2272w da
Q2'r/e Q2'r/e
_/ 22| VawPdz — (N — 1)/ w? do
Q'r/e Qr/e
+0 (/ 2> w dx—i—/ |z|2|Vw|2d:L‘+/ w? dx)
Q2r/e\Q7‘/e QZT/E\QT/E QQr/e\Qr/e

+0 (e/ |z|\Vw|dx+62/ |z\2w2dx> :
Q2T'/€\QT‘/€ Q2T'/€\Q7'/6

By Proposition 2.13, we have

A/ |22~ w? d:v+/ |2|27%2w%2 do = O(1)
QQT/E Q27‘/e
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and

/ |2~ Sw?s da:—f—/ |z|2\Vw|2d:c+/ w? da
QQr/e\Qr/e QQT‘/G\QT‘/G QQ'I‘/G\QT‘/E

+e/ |ZHVUJdZE—|—E2/ |z*w? dx = O(e?).
QZT‘/E\Q’!‘/G Q2r/e\Qr/e

Therefore,

/ yz\2|Vw|2dx:3/ w? dz + O(1). (5.12)
Q'r/e QT/€

To end the proof, we use Proposition 2.13 and polar coordinates to get

TE
2 3
widr < C = \S|/
/;r/e Q/1+||4

for some positive constant C'. Thus the result follows immediately from (5.8)—
(5.13). O

t3d

<C(+|In(e)])  (5.13)

Lemma 5.4. Let N > 3 and s € (0,2). Then we have
/ o ue® do = / 2| "Sw? dx + eQW/ 12|~ *w* dz 4+ O (eN79).
o b RN 2(N = 1) Jpn
Proof. By the change of variable y = F(f), (3.1) and (3.2), we have
[ottiae= [ utiglds o [
Q Qr/e Q
2
_/ ‘z’—stj; dr + &2 ‘H(yo)’ / |Z’2—sw2;‘ dr
Qr/e 2(N B 1) Qr/e
+0 (63/ 23] 2| S w?s da +/ 2| Sw? dx)
Q'r/e QQT/E\QT/E
s, o |k (y0)[? 25, 2
= 2| 5w da 4 2 |z|* 7w dx
/RN ’ 2(N - 1) Q'r/e
+0 63/ 23| 2| Sw?s dx
Qr/e

+ / 2| "Sw? da —I—/ 2| ~Sw?s dm) .
RN\Q'I”/S Q2r/e\Q7"/e

By Proposition 2.13, we have

63/ |z[3) 2| S w dx—l—/ 2| Sw?s dx—l—/ 2| ~*w? do = O (V%)
Q'r/e RN\QT/E QQT/E\QT/G

2 (n(er)w) d:c>

27‘/E\QT/E
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and
/ 2|2 Sw? dx = O (N727%), N >4 (5.14)
RN\Q’I‘/E
Thus,
/ prolue|® dx = / 2|~ w? dx + GQ,W/ 122" *w? dx 4 O (eNfs)
9] r RN 2(N - 1) RN
(5.15)
as € — 0, which ends the proof. O

Proof of Proposition 5.2. We let t > 0 and u € H}(Q). We have

t? 2 t? 2
J(tu) = 5 Q|Vu| dx + Bl Qh(:v)u dz

A u 2‘:1 « 1 u 2;2
— % 9% |s1| dx — t282 9% |82’
2% Ja pr(z) 2%, Jo pi ()

dz.

By (2.4), Lemma 5.3 and Lemma 5.4, we have

J(t _ 2,2 |/‘5(y0)|2 215 wl?d 1 2 24
(tue) = I(tw) + €7t AN -1 2|7 [Oywl Tt 2" Vw|“dz
o Qr/e Qr/e

t2;1 2 *
+ €2t2h(yo) / w? dx — EQATM / 2|25 w? da
Qr/e 251 2(N - 1> Q7'/e

2*
_ ot Jn(y)P

v 1z|2*2w®2 dz + O (éV72)  for N > 5.
e )

For N =4, we have
J(tue) < TI(tw) 4+ Ce*t? <§]/<;(yg)|2 + h(y0)> |In(e)| + O(?).

Since 2% > 2* | J(tue) has a unique maximum, we have
52

817

max I(tw) = (w) = B*.

Therefore, the maximum of J(tue) occurs at te := 1+ 0¢(1). Next, we set

S 242 |K(yo)|? / 2 2 1/ 2 2
Ge(tw) : = €t AN =1 Uax |z|* |Opw]” dz + 3 Jo |2|*|Vw|* dx

+62t2h(y0)/ dex—eQ/\t2sl !m(y0)|2 / |z|2*51w2§1 da
RN 2;1 2(N— 1) RN

21752 |K(yo)[?
2%, 2(N —1)

/ |Z|2—82w2:2 dx + 0(62) for N > 57
RN

and
G (tw) = Ce*| In(e)|t? <2\/€(y0)\2 + h(y0)> +0(e®) for N = 4.
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Due to assumption (5.4), we have

Ge(w) < 0.

Therefore,

max J(tue) := J(teue) < I(tew) + €G(tew) < M(tew) < I(w) = B*.

We thus get the desired result. O

The proof of Theorem 1.3 is a direct consequence of Proposition 4.1 and

Proposition 5.2.
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HeuniniiiHe piBHsSIHHSI 3 YaCTUHHUMH HOXIJHUMHA i3
aBoMa KputnuHumu nokasuukamu Lapai—CobosieBa Ta
O/THOBUMipHOIO OCOOJIMBICTIO

Abdourahmane Diatta and El Hadji Abdoulaye Thiam

g N > 4 nexaii € obmexxenoio obnactio B RV, a I' € samkHenoro kpu-
BOIO, 110 MicTuThes B §2. Mu goc/iizKyeMo iCHyBaHHs JOJATHUX PO3B’SI3KiB
u € H} () piBusnns

—Au+hu =\~ Tu? 57 4 pm2y2 2l 5 Q, (1)

e h: ) — R € HenepepBHOK (DYHKINE, A € IOJATHUM JIHCHUM Iapame-
tpoM, 0 < s9 < s1 < 2, a pr € dyskiieo Bigcrani g0 I'. YV miit pobori mu
JIOBOJIMMO ICHYBaHHsI PO3B’$I3KIB THILY IipCbKOro mepexoiy (mountain pass
solutions) must pisastaus Eitnepa—Jlarpamxka (1) 3ameskH0 BiJ1 IOKaIbHOL reo-
MeTpil KpuBol Ta moTenmiaay h. Mu Takok BUBYAEMO iCHYBaHHSA, CUMETPIIO
Ta ONIHKM CHajanHs raobagbaux gojaTHux poss’askis (1) npu Q = RN, ne
I" € psimoro.

Kurouosi ciioa: jnBa nokasuuku [apai—CobosieBa, KpuBHHA, PO3B’sI30K
THUITy TIPCHKOTO TEPEXOJLY, OCOOIUBICTh Ha KPUBIiit
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