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In this paper, we study the existence and controllability of Hilfer frac-
tional differential inclusions with noninstantaneous impulses in Banach
spaces. The analysis is conducted using various mathematical tools and the
set-valued version of Mönch’s fixed point theorem, which relies on several
properties of the Kuratowski measure of noncompactness. To demonstrate
the applicability of our results, we conclude the study with a detailed exam-
ple.
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1. Introduction

Fractional calculus is a branch of mathematical analysis that generalizes the
principles of classical integer-order calculus to encompass derivatives and integrals
of arbitrary real or complex orders. Its distinguishing feature lies in fractional
operators, which inherently capture memory and hereditary properties. These
attributes make fractional calculus an invaluable tool for modeling complex real-
world phenomena with greater accuracy. This field has garnered significant atten-
tion of researchers in mathematics, physics and various applied sciences, serving
as a foundation for studying diverse phenomena through advanced mathematical
models [4–8,16,30,38,48]. For more details on the applications of fractional cal-
culus, readers are referred to the works of Baleanu et al. [14], Kilbas et al. [33],
Samko et al. [42], and Zhou [50]. Additionally, Abbas et al. [1, 2] studied sev-
eral problems involving advanced fractional differential and integral equations
presenting various applications. Benchohra et al. [17, 18] demonstrated the ex-
istence, stability and uniqueness of solutions for diverse problems using various
fractional derivatives and different types of conditions.

Impulsive fractional differential equations and inclusions were studied and
developed by several researchers, see Bainov and Simenov [12], Benchohra et
al. [19], Samoilenko and Perestyuk [43] and Lakshmikantham et al. [34] and ref-
erences therein.
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Recently, a number of works were published about differential equations and
inclusions with noninstantaneous impulses [10,20,36] as well as those that study
fractional differential equations involving Hilfer derivatives [25,27,30,32].

In order to propose new results on the field of controllability of fractional
differential inclusions, Antonov and Debbouche [21] introduced a new concept
called impulsive control inclusion condition of the following system:

Dρ1,ρ2

δ+
ı

ξ(δ) ∈ Zξ(δ) + ℵ(δ, ξ(δ)) + Z(κ(δ)), δ ∈ Ξ′′ := Ξ′ − {δ1, δ2, . . . , δγ},

I
(1−ρ1)(1−ρ2)
0+ [ξ(δ)]|δ=0 = ξ0,

I
(1−ρ1)(1−ρ2)

δ+
ı

ξ(δ+
ı ) ∈ ξ(δ−ı ) + Ψı(ξ(δ

−
ı )) +Dv(δ−ı ), ı = 1, 2, . . . , γ,

where Dρ1,ρ2

0+ denotes the Hilfer fractional derivative of order ρ2 and type ρ1 such
that 0 ≤ ρ1 ≤ 1, 1

2 < ρ2 < 1, the state ξ(·) takes its values in a Banach space
∇ with the norm ‖ · ‖ and ξ0 ∈ ∇, Z is the infinitesimal generator of a strongly
continuous semigroup S(δ), δ > 0. The control functions κ and v are given in
L2(Ξ, U), with U as a Banach space, Z and D are bounded linear operators from
U into ∇.

In [24], Du et al. investigated the approximate controllability of the following
impulsive fractional differential inclusions involving the Hilfer fractional deriva-
tive: 

Dρ1,ρ2

0+ ξ(δ) ∈ Zξ(δ) + ℵ(δ, ξ(δ)) + Z(κ(δ)), δ ∈ (0, b], δ 6= δ,

∆I1−ρ3

0+ ξ(δ)|δ=δ = Ψ(δ, ξ(δ
−
 ),  = 1, 2, . . . , γ,

I1−ρ3

0+ ξ(δ)|δ=0 = ξ0 ∈ ∇,

where Dρ1,ρ2

0+ denotes the Hilfer fractional derivative of order ρ1 and type ρ2, 0 ≤
ρ2 ≤ 1, 1

2 < ρ1 < 1, and ρ3 = ρ2 + ρ1 − ρ1ρ2, ξ(·) takes its values in a Banach
space ∇ with the norm ‖ · ‖, Z : D(Z) ⊆ ∇ → ∇ is the infinitesimal generator of
a C0-semigroup {S(δ), δ > 0} on ∇.

In addition, there is another problem studied by J. Wang et al. [49] about
controllability of
Dρ1,ρ2

ζ+
ı

ξ(δ) ∈ Zξ(δ) + ℵ(δ, ξ(δ)) + Z(κ(δ)) for a.a. δ ∈ (ζı, δı+1], ı = 0, 1, . . . , γ,

ξ(δ+
ı ) = ℘ı(δı, ξ(δ

−
ı ), ξ(δ) = ℘ı(δ, ξ(δ

−
ı ), δ ∈ (δı, ζı], ı = 1, 2, . . . , γ,

I1−ρ3

0+ ξ(0) = ξ0 + g(ξ), I1−ρ3

ζ+
ı

ξ(ζ+
ı ) = ℘ı(ζı, ξ(δ

−
ı ), ı = 1, 2, . . . , γ,

where 0 < ρ1 < 1, 0 ≤ ρ2 ≤ 1, ρ3 = ρ1 + ρ2 − ρ1ρ2. Let Ξ = [0, b], b > 0. In
addition, 0 = ζ0 < δ1 < ζ1 < δ2 < · · · < δγ < ζγ < δγ+1 = b, ξ(δ+

ı ), ξ(δ−ı ) are

the right and left limits of ξ at the point δı, respectively, I1−ρ3

ζ+
ı

is the left-sided

Riemann–Liouville integral of order 1−ρ3 with lower limit at ζı, and I1−ρ3

ζ+
ı

ξ(ζ+
ı ) =

limδ→ζ+
ı
I1−ρ3

ζ+
ı

(δ).

In this paper, we present some new results about the controllability of Hil-
fer fractional differential inclusions with noninstantaneous impulses in Banach
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spaces:

HDρ1,ρ2

0+ ξ(δ) ∈ Zξ(δ) + ℵ(δ, ξ(δ)) + Z(κ(δ)), δ ∈
γ⋃
=0

(ζ, δ+1],

ξ(δ) = Ψ (δ, ξ(δ)) , δ ∈
γ⋃
=1

(δ, ζ],

I1−ρ3

0+ ξ(0) = ξ0,

(1.1)

where HDρ1,ρ2

0+ is the Hilfer fractional derivative of order ρ1, ρ2 such that 0 <
ρ1 ≤ 1, 0 ≤ ρ2 ≤ 1, and 0 ≤ ρ3 ≤ 1 with ρ3 = ρ1 + ρ2(1 − ρ1), Z : D(Z) ⊂ ∇ →
∇ is a linear operator, and the infinitesimal generator of a strongly continuous
semigroup (T (δ))δ>0 in ∇ (∇ is a Banach space with the norm ‖ · ‖), ℵ : Ξ×∇ →
P (∇) is a multivalued map satisfying some assumptions that will be specified
later, (P (∇) is the family of all nonempty subsets of the separable Banach space
(∇, ‖ · ‖)), Ψ : (δ, ζ]×∇ → ∇ ,  = 1, 2, . . . , γ are given functions. The control
function κ is given in L[(Ξ, E), [ > 1

ρ1
, a Banach space of admissible control

functions, with E being a real Banach space, Z is a bounded linear operator from
E into E, and ξ0 ∈ ∇, Ξ = [0,=], = > 0, 0 = ζ0 < δ1 < ζ1 < · · · < δγ < ζγ <

δγ+1 := =, I1−ρ3

0+ (·.) is the Riemann–Liouville fractional integral of order 1−ρ3 >
0.

The novelty of this paper lies in the generalized nature of the problem in-
corporating the ψ-Hilfer fractional derivative, thereby extending all previously
referenced works. In particular, we advance the results of [21,24] by introducing
a new framework for impulses and controllability specifically focusing on non-
instantaneous impulses. Furthermore, we build upon [49] by modifying several
conditions and exploring the existence of solutions using the set-valued version
of Mönch’s fixed point theorem, along with the key properties of the Kuratowski
measure of noncompactness. This comprehensive approach underscores the sig-
nificant contributions of this study to the field.

The following is the structure of our paper. In Section 2, we present some
notations and important preliminary definitions concerning multifunctions and
fractional calculus. In Section 3, we study the controllability of (1.1). Then, an
example is given in Section 4 to interpret our main results.

2. Preliminaries

Let C(Ξ,∇) denote the Banach space of all ∇−valued continuous functions
from Ξ into ∇ with the norm

‖ξ‖C(Ξ,∇) = sup{‖ξ(δ)‖ : δ ∈ Ξ}.

Let L(∇) be the Banach space of all linear and bounded operators on ∇, with
the norm ‖T‖ of a bounded linear operator T ∈ L(∇) defined as the least upper
bound of the set {‖Tξ‖ : ‖ξ‖ ≤ 1}. In other words,

‖T‖ = sup
‖ξ‖≤1

‖Tξ‖.
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Let L∞(Ξ,∇) be the Banach space of measurable functions on Ξ which are es-
sentially bounded with the norm

‖η‖∞ = sup{c > 0 : ‖η(δ)‖ ≤ c for a.a. δ ∈ Ξ}.

Let L[(Ξ,∇) be the Banach space of measurable functions which are Bochner
integrable with the norm

‖v‖L[(Ξ,∇) =

(∫
Ξ
‖v(δ)‖[dδ

) 1
[

, [ ∈ [1,∞).

On the other hand, the weighted space of functions ξ on Ξ
′

:= (0,=] is defined
by

C1−ρ3(Ξ,∇) = {ξ ∈ C(Ξ
′
,∇) : δ1−ρ3ξ(δ) ∈ C(Ξ,∇)},

where 0 ≤ ρ3 ≤ 1, C1−ρ3(Ξ,∇) is a Banach space with the norm

‖ξ‖C1−ρ3
= sup

δ∈Ξ
‖δ1−ρ3ξ(δ)‖.

Let Ξ := (ζ, δ+1], Ξ
′
 := (δ, ζ], and Ξ∗ = [0,=] \

⋃γ
=1(δ, ζ]. Now we consider

the Banach space

PC1−ρ3(Ξ,∇) =

{
ξ ∈ C(Ξ

′
,∇) : (δ − ζ)1−ρ3ξ ∈ C(Ξ,∇),

∃ lim
δ→ζ+



(δ − ζ)1−ρ3ξ(δ),  = 0, 1, . . . , γ, and

∃ lim
δ→δ+



ξ(δ),  = 1, 2, . . . , γ

}
,

with

‖ξ‖PC1−ρ3 (Ξ,∇) = max

{
max

=0,1,...,γ
sup
δ∈Ξ

(δ − ζ)1−ρ3‖ξ(δ)‖, max
=1,2,...,γ

sup
δ∈Ξ′

‖ξ(δ)‖
}
.

Consider the following set:

λr = {ξ ∈ PC1−ρ3(Ξ,∇) : ‖ξ‖C1−ρ3
≤ r}.

Notice that for each constant r > 0, λr is a bounded closed convex set in
PC1−ρ3(Ξ,∇).

Let AC(Ξ,∇) be the space of absolutely continuous functions.

Remark 2.1. If ξ ∈ PC1−ρ3(Ξ,∇), then for any  = 0, 1, . . . , γ, the following
hold:

(i) ξ is not necessarily defined at ζ, but limδ→ζ+


(δ − ζ)ξ(δ) and ξ(ζ−+1) exist.

(ii) ξ(δ+1) = ξ(δ−+1) and ξ(δ+
+1) exists. Moreover,

(δ+1 − ζ)1−ρ3‖ξ(δ−+1)‖ ≤ ‖ξ‖PC1−ρ3 (Ξ,∇).
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(iii) If ξτ → ξ in PC1−ρ3(Ξ,∇), then ξτ (δ) → ξ(δ), δ ∈ (δ, ζ],  = 1, 2, . . . , γ,
and

(δ − ζ)1−ρ3ξτ (δ)→ (δ − ζ)1−ρ3ξ(δ), δ ∈ (ζ, δ+1].

Consequently, ξτ (δ)→ ξ(δ), δ ∈ (ζ, δ+1], and hence

ξτ (δ+1) = ξτ (δ−+1)→ ξ(δ+1) = ξ(δ−+1),  = 0, 1, . . . , γ.

Then ξτ (δ)→ ξ(δ) for a.a. δ ∈ Ξ.

After that, the function ηPC1−ρ3 (Ξ,∇) : Pb(PC1−ρ3(Ξ,∇))→ [0,∞), defined by

ηPC1−ρ3 (Ξ,∇)(Y ) = max

{
max

=0,1,...,γ
ηC(Ξ,∇)(Y|Ξ), max

=1,2,...,γ
ηC(Ξ′,∇)(Y|Ξ′

)

}
,

is the measure of noncompactness on PC1−ρ3(Ξ,∇), where

Y|Ξ =

{
ξ
∗ ∈ C(Ξ,∇) : ξ

∗
(δ) = (δ − ζ)1−ρ3ξ(δ),

δ ∈ Ξ, ξ
∗
(ζ) = lim

δ→ζ+


(δ − ζ)1−ρ3ξ(δ), ξ ∈ Y
}

and

Y|Ξ′
= {ξ∗ ∈ C(Ξ′,∇) : ξ

∗
(δ) = ξ(δ), δ ∈ Ξ′, ξ

∗
(δ) = ξ(δ+

 ), ξ ∈ Y }.

Let us define the following subsets of P (∇):

• Pb(∇) = {B ⊆ P (∇) : B is nonempty and bounded},
• Pcl(∇) = {B ⊆ P (∇) : B is nonempty convex and closed},
• Pck(∇) = {B ⊆ P (∇) : B is nonempty convex and compact},
• Pcl,b(∇) = {B ⊆ P (∇) : B is nonempty closed and bounded}.
Let (convB) (respectively, conv(B)) be the convex hull (respectively, the convex
closed hull in ∇) of a subset B.

Definition 2.2 ([23, 26, 31]). A multivalued map H : ∇ → P (∇) is said to
be convex (closed) valued if H(ξ) is convex (closed) for all ξ ∈ ∇. A multivalued
map H is bounded on bounded sets if H(Z) = ∪ξ∈ZH(ξ) is bounded in ∇ for all

Z ∈ Pb(∇), i.e.,

∃ sup
ξ∈Z

{
sup{|y| : y ∈ H(ξ)}

}
.

Definition 2.3 ([23, 26, 31]). A multivalued map H : ∇ → P (∇) is called
upper semi-continuous (u.s.c.) on ∇ if H(ξ0) ∈ Pcl(∇); for each ξ0 ∈ ∇, and for
each open set D ⊂ ∇ with H(ξ0) ∈ D, there exists an open neighborhood D0

of ξ0 such that H(D0) ⊂ D. G is said to be completely continuous if H(Z) is
relatively compact for every Z ∈ Pb(∇). An element ξ ∈ ∇ is a fixed point of H
if ξ ∈ H(ξ).
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Lemma 2.4 ([31]). Let H : ∇ → P (∇) be completely continuous with
nonempty compact values. Then H is u.s.c. if and only if H has a closed graph,
that is,

ξτ → ξ∗, yτ → y∗, yτ ∈ H(ξτ )⇒ y∗ ∈ H(ξ∗).

Definition 2.5. A multivalued map H : Ξ→ Pcl(∇) is said to be measurable
if for every y ∈ ∇, the function

δ → d(y,H(δ)) = inf{|y − ξ| : ξ ∈ H(δ)}

is measurable.

Definition 2.6. A multivalued map ℵ : Ξ × ∇ → P (∇) is said to be
Carathéodory if

(i) ℵ(·, ξ) is measurable for each ξ ∈ ∇,

(ii) ℵ(δ, ·) is upper semicontinuous for almost all δ ∈ Ξ.

ℵ is said to be L1-Carathéodory if ℵ satisfies the following condition:

(iii) For each r > 0, there exists ϕr ∈ L1(Ξ,R+) such that

‖ℵ(δ, ξ)‖P = sup{|H| : H ∈ ℵ(δ, ξ)} ≤ ϕr for all ‖ξ‖ ≤ r and for a.a. δ ∈ Ξ.

For each ξ ∈ C(Ξ,∇), define the set of selections of ℵ by

Sℵ◦ξ = {H ∈ L1(Ξ,∇) : H(δ) ∈ ℵ(δ, ξ(δ)) for a.a. δ ∈ Ξ}.

Let (∇, d) be a metric space induced from the normed space (∇, | · |). The
function Hd : P (∇)× P (∇)→ R+ ∪ {∞} given by

Hd(W1,W2) = max

{
sup

w1∈W1

d(w1,W2), sup
w2∈W2

d(W1,w2)

}
is known as the Hausdorff–Pompeiu metric. For more details on multivalued
maps see the book of Hu and Papageorgiou [31].

Let M∇ be the class of all bounded subsets of a metric space ∇.

Definition 2.7 ([15, 47]). Let ∇ be a Banach space and denote by M∇ the
family of bounded subsets of ∇. The map η : M∇ → [0,∞) defined by

η(M∇) = inf

{
ε > 0 : M ⊂

γ⋃
j=1

kj , diam(kj) ≤ ε
}
, M ∈ M∇,

is called the Kuratowski measure of noncompactness.

Properties: The Kuratowski measure of noncompactness satisfies the fol-
lowing properties (for more details see [15]):

• η(W2) = 0⇔W2 is compact (W2 is relatively compact);

• η(W2) = η(W2);
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• W1 ⊂W2 ⇒ η(W1) ≤ η(W2);

• η(W1 + W2) ≤ η(W1) + η(W2);

• η(cB) = |c|η(W2), c ∈ R;

• η(convB) = η(W2).

Theorem 2.8 ([29]). Let ∇ be a Banach space. Let C ⊂ L1(Ξ,∇) be a
countable set with ‖ξ(δ)‖ ≤ l(δ) for a.a. δ ∈ Ξ and every ξ ∈ C, where l ∈
L1(Ξ,R+).

Then ψ(δ) = η(C(δ)) ∈ L1(Ξ,R+) and verifies

η

({∫ =
0
ξ(s) ds : ξ ∈ C

})
≤ 2

∫ =
0
η(C(s)) ds,

where η is the Kuratowski measure of noncompactness on the Banach space ∇.

Lemma 2.9 ([35]). Let ℵ be a Carathéodory multivalued map and Υ :
L1(Ξ,∇)→ C(Ξ,∇) be a linear continuous map. Then the operator

Υ ◦ Sℵ◦ξ : C(Ξ,∇)→ Pcv,cp(C(Ξ,∇)),

ξ 7→ (Υ ◦ Sℵ◦ξ)(ξ) = Υ(Sℵ◦ξ)

is a closed graph operator in C(Ξ,∇)× C(Ξ,∇).

Definition 2.10. Let ∇ be a Banach space. A multivalued mapping T :
∇ → Pcl,b(∇) is called -set-Lipshitz if there exists a constant  > 0 such that

η(T (W )) ≤ η(W ) for all W ∈ Pcl,b(∇).

If  < 1, then T is called a -set-contraction on ∇.

For completeness, we recall some fundamental definitions of the theory of
fractional calculus.

Definition 2.11 ([22]). Let ρ1 > 0 and H ∈ L1(Ξ,∇). The Riemann–Liouville
integral is defined by

Iρ1

δ H(δ) =
1

Γ(ρ1)

∫ δ

0

H(s)

(δ − s)1−ρ1
ds.

Definition 2.12 ([42,45,46]). The Hilfer fractional derivative Dρ1,ρ2
a+ of func-

tion H ∈ Cτ (a, b) of order τ − 1 < ρ1 < τ and type 0 ≤ ρ2 ≤ 1, is defined
by

Dρ1,ρ2
a+ H(ξ) = Iρ3−ρ1

a+

(
d

dx

)τ
I

(1−ρ2)(τ−ρ1)
a+ H(ξ),

where Iρ1
a+ is the Riemann–Liouville fractional integral.

In order to define the mild solution of the problem (1.1) we recall the following
definition.
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Definition 2.13 ([28]). A closed and linear operator Z is said to be sectorial
if there are constants ω ∈ R, µ ∈ [π2 , π], Φ̂ > 0, such that the following two
conditions are satisfied:

1)
∑
(µ,ω)

:= {λ ∈ C : λ 6= ω, | arg(λ − ω)| < µ} ⊂ ρ(Z), where (ρ(Z) is the

resolvent set of Z;

2) ‖R(λ,Z)‖L(∇) ≤
Φ̂

|λ− ω|
, λ ∈

∑
(µ,ω).

Definition 2.14 ([9]). Let Z be a closed linear operator with domain D(Z)
defined on a Banach space ∇ and ρ1 > 0. We say that Z is the generator of a
ρ1-resolvent family if there exists ω ≥ 0 and a strongly continuous function Sρ1 :
R+ → L(∇) such that {λρ1 : Re(λ) > ω} ⊂ ρ(Z) and

(λρ1I − Z)−1ξ =

∫ ∞
0
e−λδSρ1(δ)ξ dδ, Reλ > ω, ξ ∈ ∇.

In this case, Sρ1(δ) is called the ρ1-resolvent family generated by Z.

Definition 2.15 ([3]). Let Z be a closed linear operator with domain D(Z)
defined on a Banach space ∇ and ρ1 > 0, then we say that Z is the generator of
a solution operator if there exists ω ≥ 0 and a strongly continuous function Sρ1 :
R+ → L(∇) such that {λρ1 : Re(ρ1) > ω} ⊂ ρ(Z) and

λρ1−1(λρ1I − Z)−1ξ =

∫ ∞
0
e−λδSρ1(δ)ξ dδ, Reλ > ω, ξ ∈ ∇.

In this case, Sρ1(δ) is called the solution operator generated by Z. For more
details see [37,41].

Definition 2.16 ([27]). Let H : Ξ×∇ → ∇. By a mild solution of

Dρ1,ρ2

0+ ξ(δ) = Zξ(δ) + H(δ, ξ(δ)), δ ∈ (0,=],

I1−ρ3

0+ ξ(0) = ξ0,

we mean a function ξ ∈ C((0,=],∇), which verifies

ξ(δ) = Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)H(s, ξ(s)) ds, δ ∈ (0,=], (2.1)

where, Rρ1(δ) = δρ1−1Pρ1(δ), Pρ1(δ) =
∫∞

0 ρ1µkρ1(µ)T (δρ1µ) dµ, δ > 0,

k$(µ) =

∞∑
τ=1

(−µ)τ−1/((τ − 1)Γ(1−$τ)), $ ∈ (0, 1), µ ∈ C,

and
Qρ1,ρ2(δ) = I

ρ2(1−ρ1)
0+

Rρ1(δ).

Note that k$(µ) verifies∫ ∞
0
µ=k$(µ)dµ = Γ(1 + =)/Γ(1 + =$) for µ > 0.
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Remark 2.17. From [27], we have:

(i) D
ρ2(1−ρ1)
0+

Qρ1,ρ2(δ) = Rρ1(δ), δ ∈ (0,=].

(ii) When ρ2 = 0, (2.1) reduces to the equation in ([51], Definition 3.1), we have

Qρ1,0(δ) = Rρ1(δ) = δρ1−1Pρ1(δ).

(iii) When ρ2 = 1, (2.1) reduces to the equation in ([51], Definition 3.1). Note
Qρ1,1 = Qρ1(δ), where Qρ1(δ) is defined in [51].

Lemma 2.18 ([27]). Suppose the semigroup (T (δ))δ>0, satisfies the condition

(HT ) T (δ) is continuous for the uniform operator topology for δ > 0, and there
is Φ̂ > 1 such that sup

δ>0
‖T (δ)‖ ≤ Φ̂.

Then we have

(i) Pρ1(δ) is continuous for the uniform operator topology for δ > 0.

(ii) For any fixed δ > 0, Qρ1,ρ2(δ) and Rρ1(δ) are linear bounded operators, and
for any fixed ξ ∈ ∇,

‖Qρ1,ρ2(δ)ξ‖ ≤ (Φ̂δρ3−1/Γ(ρ3))‖ξ‖, ρ3 = ρ1 + ρ2 − ρ1ρ2,

and
‖Rρ1(δ)ξ‖ ≤ (Φ̂δρ1−1/Γ(ρ1))‖ξ‖.

(iii) {Rρ1(δ), δ > 0} and {Qρ1,ρ2(δ), δ > 0} are strongly continuous, which
means that for any ξ ∈ ∇ and 0 < δ1 < δ2 ≤ = we have

‖Rρ1(δ1)ξ−Rρ1(δ2)ξ‖ → 0 and ‖Qρ1,ρ2(δ1)ξ−Qρ1,ρ2(δ2)ξ‖ → 0 as δ1 → δ2.

Theorem 2.19 ([13, 44]). If ρ1 ∈ (0, 1) and Z ∈ Aρ1(µ0, ω0), then for any
ξ ∈ ∇ and δ > 0, we have

‖Qρ1,ρ2(δ)‖L(∇) ≤ Φ̂eωδand‖Rρ1(δ)‖L(∇) ≤ Ceωδ(1 + δρ1−1), δ > 0, ω > ω0.

Let
_
MQ = sup

0≤δ≤=
‖Qρ1,ρ2(δ)‖L(∇),

_
MR = sup

0≤δ≤=
Ceωδ(1 + δρ1+1).

So we have

‖Qρ1,ρ2(δ)‖L(∇) ≤
_
MQ, ‖Rρ1(δ)‖L(∇) ≤ δρ1−1

_
MR.

Denote Aρ1(µ0, ω0) := {A ∈ O : A generates analytic solution operators
Sρ1(δ)(the ρ1-resolvent family generated by Z) of type (µ0, ω0)}, where Oρ1(ω) :=

∪
{
Oρ1(Φ̂, ω) : Φ̂ ≥ 1

}
and Oρ1 := ∪{Oρ1(ω) : ω ≥ 0} .

Theorem 2.20 ([39]). Let D be a closed convex subset of a Banach space E
and L : D → Pc(D). Assume the graph of L is closed, L maps compact sets into
relatively compact sets and that for some ξ0 ∈ U , one has

Y ⊆ D, Y ⊂ conv({0} ∪ L(Y )), Y = C with C ⊆ Y countable

⇒ Y relatively compact. (2.2)

Then L has a fixed point.
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3. Main results

Firstly, based on (2.1), we present the concept of mild solution of the problem
(1.1).

Definition 3.1. A function ξ ∈ PC1−ρ3(Ξ,∇) is called a mild solution of the
problem (1.1) if there is H ∈ S1

ℵ(·,ξ(·)) such that

ξ(δ) =



Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Zκ(s)

)
ds, δ ∈ [0, δ1],

Ψ(δ, ξ(δ
−
 )), δ ∈ Ξ

′
,  = 1, 2, . . . , γ,

Qρ1,ρ2(δ)Ψ(ζ, ξ(δ
−
 )) +

∫ δ

ζ

Rρ1(δ − s)
(
H(s, ξ(s)) + Zκ(s)

)
ds,

δ ∈ Ξ,  = 1, 2, . . . , γ,

Definition 3.2. The system (1.1) is said to be controllable on Ξ if for every
ξ0, ξ1 ∈ ∇, there exists a control function κ ∈ L[(Ξ, E) such that the mild solution
of (1.1) satisfies ξ(=) = ξ1.

The hypotheses:

(F1) For every ξ ∈ PC1−ρ3(Ξ,∇), the multifunction δ → ℵ(δ, ξ(δ)) has a strong
measurable selection, and for almost every δ ∈ Ξ, ξ → ℵ(δ, ξ) is upper
semi-continuous.

(F2) ℵ : Ξ × ∇ → Pck(∇) is a multifunction, and there exists a function ~ ∈
L[(Ξ,R+) and a continuous nondecreasing function Ω : [0,∞) → (0,∞)
such that

‖ℵ(δ, ξ)‖ ≤ ~(δ)Ω(‖ξ‖) for δ ∈ Ξ and for all ξ ∈ ∇.

(F3) There exists κ ∈ L[(Ξ,R+) such that for anyD ⊆ ∇ and any  = 0, 1, . . . , γ,

η(ℵ(δ,D)) ≤ (δ − ζ)1−ρ3κ(δ)η(D) for a.a. δ ∈ Ξ,

and

=1−ρ3Φ̂‖κ‖L[(Ξ,R+)

(
2ζ

Γ(ρ1)
+

2ζΦ2

Γ(ρ1)2

)
< 1, (3.1)

where
ζ = =ρ1−1/[(([− 1)/([ρ1 − 1))([−1)/[,

where [ is a real number such that [ > 1
ρ1

and η is the Kuratowski measure
of noncompactness on ∇.

(HΨ) For every  = 1, 2, . . . , γ,Ψ : [δ, ζ] ×∇ → ∇ is uniformly continuous on
bounded sets, and for any δ ∈ Ξ,Ψ(δ, ·) is compact, and there exists a
positive constant ℘ such that

‖Ψ(δ, ξ)‖ ≤ ℘(δ − ζ−1)1−ρ3‖ξ‖ for all ξ ∈ ∇, δ ∈ [δ, ζ].
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(HZ) The linear bounded operator Z : L[(Ξ, E)→ ∇, defined by

Z(κ) =

∫ =
ζγ

Rρ1(=− s)Z(κ(s)) ds,

has an invertible operator Z−1 : ∇ → L[(Ξ, E)/ ker(Z), and there exists a
positive constant Φ such that ‖Z−1‖ ≤ Φ and ‖Z‖ ≤ Φ.

Theorem 3.3. Let the assumptions (F1), (F2), (F3), (HΨ), and (HZ) hold.
Then problem (1.1) is controllable on Ξ, provided that

Φ̂ζv=1−ρ3

Γ(ρ1)
‖~‖L[(Ξ,R+) +

Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
Φ̂(=− ζγ)ρ3−1

Γ(ρ1)
℘+

vΦ̂

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

+ ℘+
℘Φ̂

Γ(ρ1)
< 1. (3.2)

Proof. By assumption, Z is well defined. Since [ > 1/ρ1, s→ (=− s)ρ1−1 are
in L[/([−1)([0,=],R+), then, by the Hölder inequality, for any κ ∈ L[(Ξ, E), we
have

‖Z(κ)‖ ≤ Φ̂Φ

Γ(ρ1)

∫ =
ζγ

(=− s)ρ1−1‖κ(s)‖ds

≤ Φ̂Φ

Γ(ρ1)
‖κ‖L[(Ξ,E)

(
[− 1

ρ1[− 1

)([−1)/[

=ρ1−1/[. (3.3)

By (F1), for every ξ ∈ PC1−ρ3(Ξ,∇), the multifunction δ → F (δ, ξ(δ)) has a
measurable selection H, and by (F2),

‖H(δ)‖ ≤ ~(δ)Ω(‖ξ‖PC1−ρ3 (Ξ,∇).

Hence,

H ∈ S[ℵ(·,ξ(·)) =

{
w ∈ L[(Ξ,∇) : w(δ) ∈ ℵ(δ, ξ(δ)) for a.a. δ ∈

=γ⋃
=0

(ζ, δ+1]

}
.

Next, we have

‖Qρ1,ρ2(=−ζγ)Ψγ(ζγ , ξ(δ
−
γ ))‖ ≤ (Φ̂(=−ζγ)ρ3−1/Γ(ρ3))℘(δγ−ζγ−1)1−ρ3×‖ξ(δ−γ )‖.

Thus, for all ξ ∈ PC1−ρ3(Ξ,∇) and any H ∈ S[ℵ(·,ξ(·)), by using (HZ), we can

define the control function κξ,H ∈ L[(Ξ, E) by

κξ,H = Z−1

[
ξ1 −Qρ1,ρ2(=− ζγ)Ψγ(ζγ , ξ(δ

−
γ ))−

∫ =
ζγ

Rρ1(=− s)H(s, ξ(s)) ds

]
.

(3.4)
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Therefore, we can define a multifunction S : PC1−ρ3(Ξ,∇) → PC1−ρ3(Ξ,∇) as
follows. For all ξ ∈ PC1−ρ3(Ξ,∇), a function ξ ∈ S(ξ) if and only if

ξ(δ) =



Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds, δ ∈ [0, δ1],

Ψ(δ, ξ(δ
−
 )), δ ∈ Ξ

′
,  = 1, 2, . . . , γ,

Qρ1,ρ2(δ)Ψ(ζ, ξ(δ
−
 ))

+

∫ δ

ζ

Rρ1(δ − s)
(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds, δ ∈ Ξ,  = 1, 2, . . . , γ,

where H ∈ S[ℵ(·,ξ(·)).

Now, using (3.4), we will prove that for any fixed point of S is a mild solution
for (1.1) and verifies ξ(0) = ξ0 and ξ(=) = ξ1.

So, if ξ is a fixed point for S, then from (3.4) we have

ξ(=) = Qρ1,ρ2(δ)(=− ζ)Ψγ(ζγ , ξ(δ
−
γ ))

+

∫ =
ζγ

Rρ1(=− s)H(s, ξ(s)) ds+

∫ =
ζγ

Rρ1(=− s)Z(κξ,H(s)) ds

= Qρ1,ρ2(δ)(=− ζ)Ψγ(ζγ , ξ(δ
−
γ )) +

∫ =
ζγ

Rρ1(=− s)H(s, ξ(s))ds+ Z(κξ,H)

= Qρ1,ρ2(δ)(=− ζ)Ψγ(ζγ , ξ(δ
−
γ )) +

∫ =
ζγ

Rρ1(=− s)H(s, ξ(s))ds

+ ξ1 −Qρ1,ρ2(δ)(=− ζ)Ψγ(ζγ , ξ(δ
−
γ ))−

∫ =
ζγ

Rρ1(=− s)H(s, ξ(s)) ds = ξ1.

Using (2.20), we will prove that S has a fixed point. The proof will be given in
several steps. It is not easy to see that the values of S are convex.

Step 1: Here, let K where S(Π) ⊆ ΠK , where

ΠK =
{
ξ ∈ PC1−ρ3(Ξ,∇) : ‖ξ‖PC1−ρ3 (Ξ,∇) ≤ K

}
.

Suppose the contrary. Then for any K ∈ R+, there are ξK , yK ∈ PC1−ρ3(Ξ,∇)
with yK ∈ S(ξK), ‖ξK‖PC1−ρ3 (Ξ,∇) ≤ K and ‖yK‖PC1−ρ3 (Ξ,∇) > K. Then there is

HK ∈ S[ℵ(·,ξ(·)),K > 1, such that

ξK(δ)

=



Qρ1,ρ2(δ)ξ0

+

∫ δ

0
Rρ1(δ − s)

(
HK(s, ξK(s)) + Z(κξK ,HK (s))

)
ds, δ ∈ (0, δ1],

Ψ(δ, ξK(δ− )), δ ∈ Ξ
′
,  = 1, 2, . . . , γ,

Qρ1,ρ2(δ − ζ)Ψ(ζ, ξK(δ− )) +

∫ δ

ζ

Rρ1(δ − s)
(
HK(s, ξK(s))

+Z(κξK ,HK (s))
)
ds, δ ∈ Ξ,  = 1, 2, . . . , γ.

(3.5)
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Then, if δ ∈ [0, δ1], using the Hölder inequality, we have

sup
δ∈[0,δ1]

δ1−ρ3‖ξK(δ)‖ ≤ sup
δ∈δ1

δ1−ρ3‖Qρ1,ρ2(δ)ξ0‖

+ sup
δ∈[0,δ1]

Φ̂δ1−ρ3Ω(‖ξK‖PC1−ρ3 (Ξ,∇))

Γ(ρ1)

∫ δ

0
(δ − s)ρ1−1~(s) ds

+ sup
δ∈[0,δ1]

Φ̂Φδ1−ρ3

Γ(ρ1)

∫ δ

0
(δ − s)ρ1−1‖κξK ,HK (s)‖ ds.

≤ Φ̂

Γ(ρ3)
‖ξ0‖+

Φ̂δ1−ρ3

Γ(ρ1)
Ω(K)‖~‖L[(Ξ,R+)ζ

+
Φ̂Φδ1−ρ3

Γ(ρ1)
‖κξK ,HK‖L[(Ξ,R+)ζ. (3.6)

From (3.6), we get

‖κξK ,HK‖L[(Ξ,R+)

≤ ‖Z−1‖

[
‖ξ1‖+ ‖Qρ1,ρ2(=− ζγ)Ψγ(ζγ − ξ(δ−γ ))‖+

∫ =
ζγ

‖Rρ1(=− s)H(s, ξs)‖ ds

]

≤ Φ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘(δγ − ζγ−1)1−ρ3‖ξ(δ−γ ))‖

+
Φ̂Ω(‖ξK‖PC1−ρ3 (Ξ,∇))

Γ(ρ1)
‖~‖L[(Ξ,R+)ζ

]

= Φ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘‖ξK‖PC1−ρ3 (Ξ,∇) +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

≤ Φ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]
. (3.7)

It follows from (3.6) and (3.7) that

sup
δ∈[0,δ1]

δ1−ρ3‖ξK(δ)‖ ≤ Φ̂

Γ(ρ3)
‖ξ0‖+ ζ

Φ̂=1−ρ3

Γ(ρ1)
Ω(K)‖~‖L[(Ξ,R+)

+
Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]
. (3.8)

If δ ∈ (δ, ζ],  = 1, 2, . . . , γ, then

sup
δ∈[δ,ζ]

‖ξK(δ)‖ ≤ ℘(δ − ζ−1)1−ρ3‖ξK(δ− )‖ ≤ ℘‖ξK‖PC1−ρ3 (Ξ,∇) ≤ ℘K. (3.9)

In a similar way, for δ ∈ (ζ, δ+1],  = 1, 2, . . . , γ, we get

sup
δ∈[ζ,δ+1]

(δ − ζ)1−ρ3‖ξK(δ)‖
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≤ sup
δ∈[ζ,δ+1]

Φ̂Ψ(ζ, ξK(δ− ))

Γ(ρ3)
+

Φ̂=1−ρ3

Γ(ρ1)
Ω(K)‖~‖L[(Ξ,R+)ζ

+
Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

≤ Φ̂℘K

Γ(ρ3)
+

Φ̂=1−ρ3

Γ(ρ1)
Ω(K)‖~‖L[(Ξ,R+)ζ

+
Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
‖~‖L[(Ξ,R+)ζ

]
. (3.10)

From (3.8),(3.9) and (3.10), we have

K < ‖ξK(δ)‖PC1−ρ3 (Ξ,∇) ≤
Φ̂

Γ(ρ3)
‖ξ0‖+ ζ

Φ̂=1−ρ3

Γ(ρ1)
Ω(K)‖~‖L[(Ξ,R+)

+
Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

+ ℘K +
Φ̂℘K

Γ(ρ3)
.

We divide the both sides by K and pass to the limit as K →∞ to obtain

1 ≤ Φ̂ζυ=1−ρ3

Γ(ρ1)
‖~‖L[(Ξ,R+)

+
Φ̂=1−ρ3Φ2

Γ(ρ1)
ζ

[
Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘+

υΦ̂

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]
+ ℘+

℘Φ̂

Γ(ρ3)
,

which contradicts (3.2).

Then we conclude that there is a number K0 such that S(ΠK0) ⊆ ΠK0 .

Step 2: Let K = {q ∈ PC1−ρ3(Ξ,∇), q ∈ S(ΠK0)}. We claim that the
subsets K|Ξ( = 0, 1, . . . , γ) and K|Ξ′

( = 1, 2, . . . , γ) are equicontinuous, where

K|Ξ = {q : Ξ → ∇, q(δ) = (δ − ζ)1−ρ3ξ(δ), δ ∈ Ξ,

q(ζ) = lim
δ→ζ

(δ − ζ)1−ρ3q(δ), ξ ∈ S(ξ), ξ ∈ Πn0}

K|Ξ′
= {ξ∗ ∈ C(Ξ′ ,∇) : ξ

∗
(δ) = ξ(δ), δ ∈ [δ, ζ],

ξ
∗
(δ) = ξ(δ+

 ), ξ ∈ S(ξ), ξ ∈ Πn0}.

I Case 1 : Let q ∈ K|Ξ0
. Then there is ξ ∈ ΠK0 and H ∈ S[ℵ(·,ξ(·)) such that

for δ ∈ (0, δ1],

q(δ) = δ1−ρ3

[
Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds

]
,
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and q(0) = limδ→0+δ
1−ρ3ξ(δ). It follows for δ = 0, σ ∈ (0, δ1] that

lim
σ→0+

q(σ) = lim
σ→0+

σ1−ρ3ξ(σ) = lim
δ→0+

δ1−ρ3ξ(δ) = q(0).

Let δ, δ + σ ∈ (0, δ1]. Then

‖q(δ + σ)− q(δ)‖ ≤ ‖(δ + σ)1−ρ3Qρ1,ρ2(δ + σ)ξ0 − δ1−ρ3Qρ1,ρ2(δ)ξ0‖

+ ‖(δ + σ)1−ρ3

∫ δ+σ

0
Rρ1(δ + σ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds

− δ1−ρ3

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds‖ ≤

j=8∑
j=1

Ij ,

where

I1 = (δ + σ)1−ρ3‖Qρ1,ρ2(δ + σ)ξ0 −Qρ1,ρ2(δ)ξ0‖,
I2 = |(δ + σ)1−ρ3 − δ1−ρ3 |‖Qρ1,ρ2(δ)ξ0‖,

I3 =

∥∥∥∥(δ + σ)1−ρ3

∫ δ+σ

δ
Rρ1(δ + σ − s)H(s, ξ(s))ds

∥∥∥∥ ,
I4 =

∥∥∥∥∥
∫ δ

0
[(δ + σ)1−ρ3Rρ1(δ + σ − s)H(s, ξ(s))

− δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)H(s, ξ(s))]ds

∥∥∥∥∥,
I5 =

∥∥∥∥∫ δ

0

[
δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)− δ1−ρ3Rρ1(δ − s)

]
H(s, ξ(s)) ds

∥∥∥∥ ,
I6 =

∥∥∥∥(δ + σ)1−ρ3

∫ δ+σ

δ
Rρ1(δ + σ − s)Z (κξ,H(s)) ds

∥∥∥∥ ,
I7 =

∥∥∥∥∫ δ

0

[
(δ + σ)1−ρ3Rρ1(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)

]
× Z (κξ,H(s)) ds

∥∥∥∥,
I8 =

∥∥∥∥∫ δ

0

[
δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)− δ1−ρ3Rρ1(δ − s)

]
Z (κξ,H(s)) ds

∥∥∥∥ .
By Lemma 2.18, it follows that

lim
σ→0

I1 = lim
σ→0

(δ + σ)1−ρ3‖Qρ1,ρ2(δ + σ)ξ0 −Qρ1,ρ2(δ)ξ0‖ = 0,

and

lim
σ→0

I2 =lim
σ→0
|(δ + σ)1−ρ3 − δ1−ρ3 |‖Qρ1,ρ2(δ)ξ0‖

≤ Φ̂δρ3−1

Γ(ρ3)
‖ξ0‖ lim

σ→0
|(δ + σ)1−ρ3 − δ1−ρ3 | = 0.
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From Lemma 2.18 and (F2), we get

lim
σ→0

I3 = lim
σ→0

∥∥∥∥(δ + σ)1−ρ3

∫ δ+σ

δ
Rρ1(δ + σ − s)H(s, ξ(s))ds

∥∥∥∥
≤ Φ̂Ω(K0)

Γ(ρ1)
lim
σ→0

(δ + σ)1−ρ3

∫ δ+σ

δ
(δ + σ − s)ρ1−1~(s) ds = 0.

Similarly,

lim
σ→0

I4 ≤ lim
σ→0

∥∥∥∥∫ δ

0

[
(δ + σ)1−ρ3Rρ1(δ + σ − s)H(s, ξ(s))

− δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)H(s, ξ(s))
]
ds

∥∥∥∥
= lim

σ→0

∥∥∥∥∫ δ

0

[
(δ + σ)1−ρ3(δ + σ − s)ρ1−1Pρ1(δ + σ − s)H(s, ξ(s))

− δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)H(s, ξ(s))
]
ds

∥∥∥∥
≤ Φ̂Ω(n0)

Γ(ρ1)
lim
σ→0

∫ δ

0
|(δ + σ)1−ρ3(δ + σ − s)ρ1−1 − δ1−ρ3(δ − s)ρ1−1|~(s) ds.

Since ~ ∈ L[(Ξ,R+) and∫ δ

0

[
(δ + σ)1−ρ3(δ + σ − s)ρ1−1 − δ1−ρ3(δ − s)ρ1−1

]
~(s) ds

exists, we have limσ→0I4 = 0.
For I5, note that

lim
σ→0

I5 = lim
σ→0

∥∥∥∥∫ δ

0

[
δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)

− δ1−ρ3Rρ1(δ − s)
]
H(s, ξ(s)) ds

∥∥∥∥
= lim

σ→0

∥∥∥∥∫ δ

0
[δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)

− δ1−ρ3(δ − s)ρ1−1Pρ1(δ − s)]H(s, ξ(s)) ds

∥∥∥∥.
To find this limit, suppose ε > 0 to be enough small. We have

lim
σ→0

I5

≤ Ω(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1~(s) sup

s∈[0,δ−ε]
‖Pρ1(δ + σ − s)− Pρ1(δ − s)‖ ds

+ lim
σ→0

∫ δ

δ−ε
(δ − s)ρ1−1‖Pρ1(δ + σ − s)H(s, ξ(s))− Pρ1(δ − s)H(s, ξ(s)) ds‖
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≤ Ω(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1~(s) sup

s∈[0,δ−ε]
‖Pρ1(δ + σ − s)− Pρ1(δ − s)‖ ds

+
2MΩ(K0)

Γ(ρ1)
lim
σ→0

∫ δ

δ−ε
δ1−ρ3(δ − s)ρ1−1~(s) ds

≤ Ω(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1~(s) sup

s∈[0,δ−ε]
‖Pρ1(δ + σ − s)− Pρ1(δ − s)‖ ds

+
2MΩ(K0)

Γ(ρ1)
lim
σ→0

[∫ δ

0
δ1−ρ3(δ − s)ρ1−1~(s) ds

−
∫ δ−ε

0
(δ − ε)1−ρ3(δ − ε− s)ρ1−1~(s) ds

]

+
2MΩ(K0)

Γ(ρ1)
lim
σ→0

[∫ δ−ε

0
(δ − ε)1−ρ3(δ − ε− s)ρ1−1~(s) ds

−
∫ δ−ε

0
δ1−ρ3(δ − s)ρ1−1~(s) ds

]
.

From Lemma 2.18, limσ→0 sups∈[0,δ−ε] ‖Pρ1(δ+σ−s)−Pρ1(δ−s)‖ = 0, and since

~ ∈ L[(Ξ,R+), we have I5 → 0 as σ → 0 and ε→ 0.

Next, from (3.7), we have

lim
σ→0

I6 = lim
σ→0

(δ + σ)1−ρ3

∥∥∥∥∫ δ+σ

δ
Rρ1(δ + σ − s)Z (κξ,H(s)) ds

∥∥∥∥
≤ lim

σ→0

Φ̂(δ + σ)1−ρ3Φ

Γ(ρ1)

∫ δ+σ

δ
(δ + σ − s)ρ1−1‖κξ,H(s)‖ ds

≤ lim
σ→0

Φ̂(δ + σ)1−ρ3Φ

Γ(ρ1)
‖κξ,H‖L[(Ξ,E)

(∫ δ+σ

δ
(δ + σ − s)(ρ1−1)[/([−1) ds

)([−1)/[

≤ Φ

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K +

Φ̂Ω(K)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

× lim
σ→0

Φ̂(δ + σ)1−ρ3Φ

Γ(ρ1)

(∫ δ−ε

0
(δ + σ − s)(ρ1−1)[/([−1) ds

)([−1)/[

= 0.

For I7, it should be noticed that

‖[(δ + σ)1−ρ3(δ + σ − s)ρ1−1 − δ1−ρ3(δ − s)ρ1−1]H(s, ξ(s))‖
≤ Ω(K0)[(δ + σ)1−ρ3(δ − s)ρ1−1 + δ1−ρ3(δ − s)ρ1−1]~(s) for a.a. s ∈ [0, δ].

Since ~ ∈ L[(Ξ,R+) and∫ δ

0
[(δ + σ)1−ρ3(δ + σ − s)ρ1−1 − δ1−ρ3(δ − s)ρ1−1]~(s)ds
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exists, then from the Lebesgue dominated convergence theorem, we see that

lim
σ→0

I7 ≤ lim
σ→0

∥∥∥∥∫ δ

0

[
(δ + σ)1−ρ3Rρ1(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)

]
× Z (κξ,H(s)) ds

∥∥∥∥
= lim

σ→0

∫ δ

0
|(δ + σ)1−ρ3(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1|

× ‖Pρ1(δ + σ − s)Z (κξ,H(s)) ‖ ds

≤ ΦΦ̂Ω(K0)

Γ(ρ1)
lim
σ→0

∫ δ

0
|(δ + σ)1−ρ3(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1| × ‖κξ,H(s)‖ ds

≤ ΦΦ̂Ω(K0)

Γ(ρ1)
‖κξ,H‖L[(Ξ,E)

× lim
σ→0

(∫ δ

0
|(δ + σ)1−ρ3(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1|[/([−1)ds

)([−1)/[

≤ ΦΦ̂Ω(K0)

Γ(ρ1)

[
‖ξ1‖+

Φ̂(=− ζγ)ρ3−1

Γ(ρ3)
℘K0 +

Φ̂Ω(K0)

Γ(ρ1)
ζ‖~‖L[(Ξ,R+)

]

× lim
σ→0

(∫ δ

0
|(δ + σ)1−ρ3(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1|[/([−1) ds

)([−1)/[

= 0.

Next,

lim
σ→0

I8 = lim
σ→0

∥∥∥∥∫ δ

0

[
δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)− δ1−ρ3Rρ1(δ − s)

]
× Z (κξ,H(s)) ds

∥∥∥∥
= lim

σ→0

∥∥∥∥∫ δ

0

[
δ1−ρ3(δ − s)ρ1−1Pρ1(δ + σ − s)− δ1−ρ3(δ − s)ρ1−1Pρ1(δ − s)

]
× Z (κξ,H(s)) ds

∥∥∥∥.
To find this limit, let ε > 0 be enough small. We have

lim
σ→0

I8 ≤ ΦΩ(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1‖κξ,H(s)‖

× sup
s∈[0,δ−ε]

‖Pρ1(δ + σ − s)− Pρ1(δ − s)‖ ds

+ lim
σ→0

∫ δ

δ−ε
δ1−ρ3(δ − s)ρ1−1

× ‖Pρ1(δ + σ − s)Z (κξ,H(s))− Pρ1(δ − s)Z (κξ,H(s)) ‖ ds

≤ ΦΩ(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1‖κξ,H(s)‖
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× sup
s∈[0,δ−ε]

‖Pρ1(δ + σ − s)H(s, ξ(s))− Pρ1(δ − s)‖ ds

+
2MΦΩ(K0)

Γ(ρ1)
lim
σ→0

∫ δ

δ−ε
δ1−ρ3(δ − s)ρ1−1‖κξ,H(s)‖ ds

≤ ΦΩ(K0)δ1−ρ3 lim
σ→0

∫ δ−ε

0
(δ − s)ρ1−1‖κξ,H(s)‖

× sup
s∈[0,δ−ε]

‖Pρ1(δ + σ − s)H(s, ξ(s))− Pρ1(δ − s)‖ds

+
2ΦΦ̂Ω(K0)

Γ(ρ1)
lim
σ→0

[∫ δ

0
δ1−ρ3(δ − s)ρ1−1‖κξ,H(s)‖ds

−
∫ δ−ε

0
(δ − ε)1−ρ3(δ − ε− s)ρ1−1‖κξ,H(s)‖ ds

]
+

2MΦΩ(K0)

Γ(ρ1)
lim
σ→0

[∫ δ−ε

0
(δ − ε)1−ρ3(δ − ε− s)ρ1−1‖κξ,H(s)‖ ds

−
∫ δ−ε

0
δ1−ρ3(δ − s)ρ1−1‖κξ,H(s)‖ ds

]
.

From Lemma 2.18, limσ→0 sups∈[0,δ−ε] ‖Pρ1(δ+σ−s)−Pρ1(δ−s)‖ = 0, and since

κξ,H ∈ L[(Ξ, E), then I8 → 0 as σ → 0 and ε→ 0.
I Case 2: Let ξ ∈ K|Ξ′ ,  = 1, 2, . . . , γ. Then ξ(δ) = Ψ(δ, ξ(δ

−
 ), δ ∈

(δ, ζ],  = 1, 2, . . . , γ. Let  ∈ {1, 2, . . . , γ} be fixed and δ, δ + σ ∈ (δ, ζ]. Since
‖ξ‖PC1−ρ3 (Ξ,∇) ≤ K0, it follows from the uniform continuity of Ψ on bounded
sets that

lim
σ→0
‖ξ(δ + σ)− ξ(δ)‖ = lim

σ→0
‖Ψ(δ + σ, ξ(δ− )−Ψ(δ, ξ(δ

−
 )‖ = 0,

independent of ξ.
For δ = δ,  = 1, 2, . . . , γ, let σ > 0 be such that δ + σ ∈ (δ, ζ] and λ > 0

such that δ < λ < δ + σ ≤ ζ. Then we have

‖ξ∗(δ + σ)− ξ∗(δ)‖ = lim
λ→δ+



‖ξ(δ + σ)− ξ(λ)‖ = 0.

I Case 3: Let q ∈ K|Ξ ,  = 1, 2, . . . , γ. Then there is ξ ∈ ΠK0 and H ∈
S[ℵ(·,(·)) such that for δ ∈ (ζ, δ+1],

q(δ) = (δ − ζ)1−ρ3

[
Qρ1,ρ2(δ − ζ)Ψ(ζ, ξ(δ

−
 )

+

∫ δ

ζ

Rρ1(δ − s)
(
HK(s, ξ(s)) + Z(κξ,H(s))

)
ds

]
.

Let  ∈ {1, 2, . . . , γ} be fixed. If δ = ζ and σ > 0, then

lim
σ→0+

q(ζ + σ) = lim
σ→0+

(ζ + σ − ζ)1−ρ3ξ(ζ + σ) = lim
δ→ζ+

(δ − ζ)1−ρ3ξ(δ) = q(ζ).
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Next, let δ, δ + σ ∈ (ζ, δ+1], σ > 0. Then we have

‖q(δ + σ)− q(δ)‖ = ‖(δ + σ − ζ)1−ρ3Qρ1,ρ2(δ + σ − ζ)Ψ(ζ, ξ(δ
−
 ))

− (δ − ζ)1−ρ3Qρ1,ρ2(δ − ζ)Ψ(ζ, ξ(δ
−
 ))‖

+ ‖(δ + σ − ζ)1−ρ3

∫ δ

ζ

Rρ1(δ + σ − s)(HK(s, ξ(s)) + Z(κξK ,HK (s))) ds

− (δ − ζ)1−ρ3

∫ δ+σ

ζ

Rρ1(δ − s)(HK(s, ξ(s)) + Z(κξK ,HK (s)))ds‖.

According to the deduction as in case 1, we conclude that limσ→0‖q(δ+ σ)−
q(δ)‖ = 0.

Step 3: The graph of the multivalued function S|ΠK0
: ΠK0 → 2ΠK0 is closed.

Consider {ξK}K>1 in ΠK0 with ξK → ξ in ΠK0 and let ξK ∈ S(ξK) with ξK →
ξ in PC1−ρ3(Ξ,∇). We need to show ξ ∈ S(ξ). Recalling the definition of S, for
any K > 1, there is a HK ∈ S[ℵ(·,ξ(·)) such that (3.5) holds.

It is seen that ‖HK(δ)‖ ≤ ~(δ)Ω(K0) for every K > 1 and for a.a. δ ∈ Ξ. Then
{HK ,K > 1} is bounded in L[(Ξ,∇). Because [ > 1, L[(Ξ,∇) is reflexive, and
hence, without loss of generality, we can assume that {HK} converges weakly to
a function H ∈ L[(Ξ,∇). From Mazur’s lemma, for every natural number ı, there
is a natural number k0(ı) > ı and a sequence of nonnegative real numbers λı,,

 = k0(ı), . . . , ı, such that
∑k0

=ıλı, = 1, and the sequence of convex combinations

qı =
∑k0

=ıλı,H, ı > 1, converges strongly to H ∈ L1(Ξ,∇) as ı→∞.

Take ξK(δ) =
∑k0(K)

=τ λK,ξ(δ). Then

ξK(δ) =



Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
qK(s) + Z(κξK ,qK (s))

)
ds, δ ∈ (0, δ1],

Ψ(δ, ξ(δ
−
 )), δ ∈ Ξ

′
,  = 1, 2, . . . , γ,

Qρ1,ρ2(δ − ζ)Ψ(ζ, ξK(δ− ))

+

∫ δ

ζ

Rρ1(δ − s)
(
qK(s) + Z(κξK ,qK (s))

)
ds, δ ∈ Ξ,  = 1, 2, . . . , γ,

Thus, limK→∞κξK ,qK (δ) = κξ,H(δ) for a.a. δ ∈ Ξ.
By the continuity of Z and by the uniform continuity of Ψ on bounded sets,

it follows from the Lebesgue dominated convergence theorem that ξK(δ)→ υ(δ),
where

υ(δ) =



Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds, δ ∈ (0, δ1]

Ψ(δ, ξ(δ
−
 )), δ ∈ Ξ

′
,  = 1, 2, . . . , γ,

Qρ1,ρ2(δ − ζ)Ψ(ζ, ξ(δ
−
 ))

+

∫ δ

ζ

Rρ1(δ − s)
(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds, δ ∈ Ξ,  = 1, 2, . . . , γ,
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Since ξK → ξ, then ξ = υ. For almost everywhere δ,ℵ(δ, ·) is upper semicontin-
uous with closed convex values, so from [11], it follows that H(δ) ∈ ℵ(δ, ξ(δ)) for
a.a. δ ∈ Ξ, and hence S is closed.

Step 4: We show that (2.2) holds. Let Y ⊆ ΠK0 , Y = conv({0}∪S(Y )), Y =
C with C ⊆ Y countable. We claim that Y is relatively compact in PC1−ρ3(Ξ,∇).
Since C is countable and C ⊆ Y = conv({0}∪S(Y )), we can find a countable set
F = {ξK , τ > 1} ⊆ S(Y ) with C ⊆ conv({0} ∪ F).

Now, for any K > 1, there exists ξK ∈ Y ⊆ ΠK0 with ξK ∈ S(ξK). Thus
there is a HK ∈ S[ℵ(·,ξK(·)) such that (3.5) holds. According to the definition of

ηPC1−ρ3 (Ξ,∇)(Y ), we obtain

ηPC1−ρ3(Ξ,∇)(Y ) = ηPC1−ρ3 (Ξ,∇)(Y ) = ηPC1−ρ3 (Ξ,∇)(C) = ηPC1−ρ3 (Ξ,∇)(C)

≤ ηPC1−ρ3 (Ξ,∇)(conv({ξ0} ∪ F)) = ηPC1−ρ3 (Ξ,∇)(F)

= max

{
max

=0,1,...,γ
ηC(Ξ,∇)

(
F|Ξ

)
, max
=1,2,...,γ

ηC(Ξ′,∇)

(
F|Ξ′

)}
.

Since Y|Ξ and Y|Ξ′
are equicontinuous, then the last inequality becomes

ηPC1−ρ3 (Ξ,∇)(Y ) ≤ max

{
max

=0,1,...,γ
δ∈Ξ

η{ξ∗K(δ),K > 1}, max
=1,2,...,γ

δ∈Ξ′

η{ξ∗K(δ),K > 1}

}
,

(3.11)

where

ξ
∗
K(δ) =



δ1−ρ3ξ(δ), δ ∈ (0, δ1],

lim
δ→0

δ1−ρ3ξ(δ), δ = 0,

Ψ(δ, ξK(δ− )), δ ∈ (δ, ζ],  = 1, 2, . . . , γ,

ξτ (δ+
 ), δ = δ,

(δ − ζ)1−ρ3ξ(δ), δ ∈ (ζ, δ+1],  = 1, 2, . . . , γ,

lim
δ→ζ

(δ − ζ)ρ3−1ξ(δ), δ = ζ,  = 1, 2, . . . , γ.

That is,

ξ
∗
K(δ) = δ1−ρ3Qρ1,ρ2(δ)ξ0

+ δ1−ρ3

∫ δ

0
Rρ1(δ − s)

(
HK(s, ξ(s)) + Z(κξK ,HK (s))

)
ds, δ ∈ (0, δ1],

ξ
∗
K(δ) = lim

δ→0
δ1−ρ3ξ(δ), δ = 0,

ξ
∗
K(δ) = Ψ(δ, ξK(δ− )), δ ∈ (δ, ζ],  = 1, 2, . . . , γ,

ξ
∗
K(δ) = Ψ(δ, ξK(δ− )), δ = δ,

ξ
∗
K(δ) = (δ − ζ)1−ρ3Qρ1,ρ2(δ − ζ)Ψ(δ, ξK(δ− ))
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+ (δ − ζ)1−ρ3

[∫ δ

ζ

Rρ1(δ − s)
(
HK(s, ξ(s)) + Z(κξK ,HK (s))

)
ds

]
,

δ ∈ (ζ, δ+1],  = 1, 2, . . . , γ,

ξ
∗
K(δ) = lim

δ→ζ+


(δ − ζ)ρ3−1ξ(δ), δ = ζ,  = 1, 2, . . . , γ.

Then, using the properties of the measure of noncompactness, we have

η{ξ∗K(δ),K > 1} ≤ η{δ1−ρ3Qρ1,ρ2(δ)ξ0, τ > 1}

+ δ1−ρ3η

{∫ δ

0
(δ − s)ρ1−1Pρ1(δ − s)HK(s, ξ(s)) ds, τ > 1

}
+ δ1−ρ3η

{∫ δ

0
(δ − s)ρ1−1Pρ1(δ − s)Z(κξK ,HK (s)) ds,K > 1

}
,

δ ∈ (0, δ1],

η{ξ∗K(δ),K > 1} ≤ η
{

lim
δ→0+

δ1−ρ3ξK(δ),K > 1
}
, δ = 0,

η{ξ∗K(δ),K > 1} ≤ η
{

Ψ(δ, ξK(δ− )),K > 1
}
, δ ∈ (δ, ζ],  = 1, 2, . . . , γ,

η{ξ∗K(δ),K > 1} ≤ η
{

Ψ(δ, ξK(δ− )),K > 1
}
, δ = δ,  = 1, 2, . . . , γ,

η{ξ∗K(δ),K > 1} ≤ η
{

(δ − ζ)1−ρ3Qρ1,ρ2(δ − ζ)Ψ(δ, ξK(δ− )),K > 1
}

+ (δ − ζ)1−ρ3η

{∫ δ

ζγ

(δ − s)ρ1−1HK(s, ξ(s))ds,K > 1

}
+ (δ − ζ)1−ρ3η

{∫ δ

ζγ

(δ − s)ρ1−1Z(κξK ,HK (s)) ds,K > 1

}
,

δ ∈ (ζ, δ+1],  = 1, 2, . . . , γ,

η{ξ∗K(δ),K > 1} ≤ η
{

lim
δ→ζ

(δ − ζ)1−ρ3ξK(δ),K > 1
}
, δ = ζ.

From the continuity of Qρ1,ρ2 , it follows that η{δ1−ρ3Qρ1,ρ2(δ)× ξ0,K > 1} = 0.
Then, if δ ∈ Ξ0, using (2.8), we get that

η{ξ∗K ,K > 1} ≤ 2δ1−ρ3

Γ(ρ1)

∫ δ

0
(δ − s)ρ1−1η{HK(s, ξ(s)),K > 1} ds

+
2δ1−ρ3

Γ(ρ1)

∫ δ

0
(δ − s)ρ1−1η{Z(κξK ,HK (s)),K > 1} ds.

Observe that from (F3) we obtain

η{HK(s, ξ(s)),K > 1} ≤ κ(s)s1−ρ3η{ξ(s),  > 1} ≤ κ(s)ηPC1−ρ3 (Ξ,∇)
(Y )

for a.a. s ∈ Ξ0. We have∫ δ

0
(δ − s)ρ1−1η{HK(s, ξ(s)),K > 1} ds
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≤ ηPC1−ρ3 (Ξ,∇)(Y )

∫ δ

0
(δ − s)ρ1−1κ(s) ds ≤ ηPC1−ρ3 (Ξ,∇)(Y )ζ‖κ‖L[(Ξ,R+). (3.12)

To estimate

η

{∫ δ

0
(δ − s)ρ1−1Z(κξK ,HK (s)),K > 1

}
,

we consider Θ : L[(Ξ0, E)→ C(Ξ,∇) :

Θ(g)(δ) =

∫ δ

0
(δ − s)ρ1−1Z(g(s))ds,

where g ∈ L[(Ξ0, E). Now Θ is linear, and for any ℘1, ℘2 ∈ L[(Ξ0, E) and any
δ ∈ Ξ, we have

‖Θ(℘1)(δ)−Θ(℘2)(δ)‖ ≤
∫ δ

0
(δ − s)ρ1−1‖Z(℘1(s))− Z(℘2(s))‖ ds

≤ ‖Z‖
∫ δ

0
(δ − s)ρ1−1‖℘1(s)− ℘2(s)‖ ds

≤ Φζ‖℘1 − ℘2‖L[(Ξ,E).

Then Θ is linear and continuous (bounded). Moreover, from the linearity and
boundedness of Z−1, the compactness of Ψ, the continuity of Qρ1,ρ2(= − ζγ),
(3.4) and (3.12), we have

ηL[(Ξ,E){κξK ,HK ,K > 1} ≤ ηL[(Ξ,E)

(
Z−1

{
ξ1 −Qρ1,ρ2(=− ζγ)Ψ(ζ, ξ(δ

−
 ))

− 1

Γ(ρ1)

∫ =
ζ

Rρ1(=− s)ρ1−1HK(s, ξ(s)) ds,K > 1

})
≤ Φ

[
η

{
ξ1 −Qρ1,ρ2(=− ζγ)Ψ(ζ, ξ(δ

−
 ))

− 1

Γ(ρ1)

∫ =
ζ

Rρ1(=− s)ρ1−1HK(s, ξ(s)) ds,K > 1

}]
=

Φ

Γ(ρ1)
η

{∫ =
ζ

Rρ1(=− s)ρ1−1HK(s, ξ(s))ds,K > 1

}
≤ 2MΦ

Γ(ρ1)

∫ δ

0
(δ − s)ρ1−1η{HK(s, ξ(s)),K > 1} ds

≤ 2ζΦ̂Φ

Γ(ρ1)
ηPC1−ρ3 (Ξ,∇)(Y )‖κ‖L[(Ξ,R+).

It follows that

η

{∫ δ

0
(δ − s)ρ1−1Z(κξK ,HK (s)),K > 1

}
= η{Θ(κξK ,Hτ ),K > 1}

≤ ‖Θ‖η
L[(Ξ,E)

{κξK ,HK ,K > 1} ≤ 2ζΦ̂Φ2

Γ(ρ1)
ηPC1−ρ3 (Ξ,∇)(Y )‖κ‖L[(Ξ,R+).
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This inequality with (3.12) gives us

max
δ∈(0,δ]

η{ξ∗K(δ),K > 1}

≤ ηPC1−ρ3 (Ξ,∇)=1−ρ3Φ̂‖κ‖L[(Ξ,R+)

[
2ζ

Γ(ρ1)
+

2ζΦ2

Γ(ρ1)2

]
. (3.13)

Next, we obtain

η{ξ∗K(0),K > 1} = η

{
lim
δ→0+

δ1−ρ3ξτ (δ),K > 1

}
= η

{
1

Γ(ρ3)
(ξ0),K > 1

}
= 0. (3.14)

Moreover, since ξK(δ− ) → ξ(δ− ), the set {ξK(δ− ),K > 1} is bounded for every
 = 1, 2, . . . , γ. Then from the compactness of Ψ, for  = 1, 2, . . . , γ, we get

η{Ψ(δ, ξK(δ− )),K > 1} = 0, δ ∈ (δ, ζ] (3.15)

and η{Ψ(δ, ξK(δ− )),K > 1} = 0. Then for  = 1, 2, . . . , γ, we obtain

η{ξ∗K(ζ),K > 1} = η

{
lim
δ→ζ+



(δ − ζ)ρ3−1ξ(δ),K > 1

}
= η

{
Φ̂

Γ(ρ3)
Ψ(ζ, ξK(δ− ),K > 1

}
= 0. (3.16)

As above, η{(δ − ζ)1−ρ3Qρ1,ρ2(δ − ζ)Ψ(ζ, ξK(δ− ),K > 1} = 0,  = 1, 2, . . . , γ.
Then, arguing as above, we see that for any ı = 1, 2, . . . , γ, we have

max
δ∈Ξı]

η{ξ∗K(δ),K > 1} ≤ηPC1−ρ3 (Ξ,∇)=1−ρ3Φ̂‖κ‖L[(Ξ,R+)

[
2ζ

Γ(ρ1)
+

2ζΦ2

Γ(ρ1)2

]
.

(3.17)

From (3.1), (3.11), (3.13)–(3.17), we get

ηPC1−ρ3 (Ξ,∇)(Y ) ≤ ηPC1−ρ3 (Ξ,∇)=1−ρ3Φ̂‖κ‖L[(Ξ,R+)

[
2ζ

Γ(ρ1)
+

2ζΦ2

Γ(ρ1)2

]
< ηPC(Y ).

Thus ηPC1−ρ3 (Ξ,∇)(Y ) = 0, and hence Y is relatively compact.
Step 5: The mapping S ensures that compact sets are mapped into relatively

compact sets.
Let Z be a compact subset of ΠK0 . Consider a sequence (ξK), τ > 1, in S(Z).

Then there exists a sequence (ξK),K > 1, in Z such that ξK ∈ S(ξK). Conse-
quently, there exists HK ∈ S[ℵ(·,ξK(·)) for δ ∈ Ξ, satisfying (3.5). We demonstrate

that the set Y = {ξK ,K > 1} is relatively compact in PC1−ρ3(Ξ,∇). Since Z is
compact in PC1−ρ3(Ξ,∇), we can assume, without loss of generality, that ξK →
ξ in Z. As in Step 3, a subsequence of (ξK) converges to a function υ ∈ S(Z).
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Thus, the set {ξK ,K > 1} is relatively compact in PC1−ρ3(Ξ,∇). Consequently,
S(Z) is relatively compact.

Now, by applying Lemma 2.20, there is a ξ ∈ PC1−ρ3(Ξ,∇) and H ∈ S[ℵ(·,ξK(·))
such that

ξ(δ) =



Qρ1,ρ2(δ)ξ0 +

∫ δ

0
Rρ1(δ − s)

(
H(s, ξ(s)) + Z(κξ,H(s))

)
ds,

δ ∈ [0, δ1],

Ψ(δ, ξ(δ
−
 )), δ ∈ (δ, ζ],  = 1, 2, . . . , γ,

Qρ1,ρ2(δ)Ψ(ζ, ξ(δ
−
 )) +

∫ δ

ζ

Rρ1(δ − s)
(
H(s, ξ(s)) + Zκ(s)

)
ds,

δ ∈ (ζ, δ+1],  = 1, 2, . . . , γ.

This completes the proof.

4. The example

In this section, we give an example illustrating our results. We consider the
following problem:

D
1/2,ρ2

ζ+


ξ(δ,=) ∈ ∂2ξ

∂=2
(δ,=) + P (δ, ξ(δ,=)) + Z(κ(δ)),

δ ∈ (ζ, δ+1],  = 0, 1,

ξ(δ,=) = Ψ1(δ, ξ(δ−1 ),=)), δ ∈ (δ1, ζ1], = ∈ Ξ,

I1−ρ3

0+ ξ(0,=) = ξ0,

(4.1)

where κ ∈ L2(Ξ, L2(Ξ)), ρ1 = 1/2, 0 ≤ ρ2 ≤ 1, ρ3 = ρ1 + ρ2 − ρ1ρ2, Ξ = [0, T ],
and ∇ = E = L2[0, T ]; ∇ is a separable Hilbert space. Set ζ0 = 0, δ1 = 1/4, ζ1 =
1/2, and δ2 = = = 1. For any function ξ : Ξ → L2(Ξ) and any δ ∈ [0, T ], we let
ξ(δ)(=) := ξ(δ,=), y ∈ Ξ.

Let ℵ : Ξ × ∇ → Pck(∇) be such that y ∈ ℵ(δ, ξ) ⇐⇒ y(=) ∈ P (δ, ξ(δ,=)),
where P : Ξ× R→ Pck(R) is chosen such that (F1), (F2) and (F3) are satisfied.
Define Ψ1 : [δ1, ζ1]×∇ → ∇ as Ψ1(δ, ξ) = δ1−ρ3L(ξ), where L : D(L) = ∇ → ∇
is a compact linear bounded operator. Thus, we can easily show that (F1), (F2),
(F3), (HΨ) and (HΨ1) hold. Let Z : ∇ → ∇,Z = ρ3Id, where Id is the identity
operator and ρ3 > 0.

Define the operator Z : D(Z) ⊆ L2[0, 1]→ L2[0, 1] by

Zξ =
∂2ξ

∂ξ2
,

where the domain Z is given by

D(Z) = {ξ ∈ L2[0, 1] : ξ, ξξ are a.c. ξxx ∈ L2[0, 1], ξ(δ, 0) = ξ(δ, 1) = 0}.
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Then Z can be written as

Zξ =
∞∑
τ=1

τ2
〈
ξ, ξτ

〉
, ξτ , ξ ∈ D(Z),

where ξτ (y) =
√

2 sinny, τ = 1, 2, . . . , is the orthonormal basis of ∇.

For any ξ ∈ L2[0, 1], we have

T (δ)(ξ) =

∞∑
τ=1

e−τ
2δ
〈
ξ, ξτ

〉
ξτ .

Here, Z is the infinitesimal generator of the strongly continuous semigroup
{T (δ), δ > 0}.

Moreover, the operator P1/2(·) can be written as

P1/2(δ) = (1/2)

∫ ∞
0
µε3/4(µ)T (δ1/2µ) dµ.

We define Z : L2(Ξ, L2(Ξ))→ L2(Ξ) by

Z(κ) :=

∫ 1

1/2
(1− s)−1/2T (1− s)κ(s) ds.

Z is linear and bounded. Now we show that Z is surjective.

Let ξ ∈ L2(Ξ). Consider the Mittag–Leffler function as follows:

E1/2(−τ2/
√

2) =

∫ ∞
0

k1/2(µ)e(−τ2/
√

2)µdµ, τ ∈ N.

Notice that for any natural number τ and any µ > 0, we have µ/
√

2 <

µτ2/
√

2, and hence, e(−τ2/
√

2)µ ≤ e−µ/
√

2 < 1. Thus,

E1/2

(
− τ

2

√
2

)
≤ E1/2

(
− 1√

2

)
<

∫ ∞
0

k1/2(µ)dµ = 1.

Then

0 < 1− E1/2

(
− 1√

2

)
≤ 1− E1/2

(
− τ

2

√
2

)
< 1.

Define a function κ : Ξ→ L2(Ξ) by

κ(δ) =
∞∑
τ=1

τ2

ρ3

〈
ξ, ξτ

〉
ξτ

1− E1/2

(
−τ2/

√
2
) , δ ∈ Ξ. (4.2)

Then

Z(κ) = ρ3

∫ 1/2

1
(1− s)−1/2P1/2(1− s)κ(s) ds
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=

∫ 1/2

1
(1− s)−1/2P1/2(1− s)

∞∑
τ=1

τ2

〈
ξ, ξτ

〉
ξτ

1− E1/2

(
−τ2/

√
2
) ds

=

∫ 1/2

1
(1− s)−1/2

(
1

2

∫ ∞
0
µk1/2(µ)T

(
(1− s)1/2µ

)
×
∞∑
τ=1

τ2

〈
ξ, ξτ

〉
ξτ

1− E1/2

(
−τ2/

√
2
)dµ)ds

=

∫ 1/2

1
(1− s)−1/2

(
1

2

∫ ∞
0
µk1/2(µ)

×
∞∑
γ=1

e−µγ
2(1−s)1/2

〈 ∞∑
τ=1

τ2

〈
ξ, ξτ

〉
ξτ

1− E1/2

(
−τ2/

√
2
) , ξγ

〉
ξγ dµ

)
ds

=

∫ ∞
0

k1/2(µ)
∞∑
γ=1

1

1− E1/2

(
−γ2/

√
2
)

×

(∫ 1

1/2

γ2µ

2
e−µγ

2(1−s)1/2
(1− s)1/2ds

)〈
ξ, ξγ

〉
ξγ dµ

=

∫ ∞
0

k1/2(µ)

∞∑
γ=1

1

1− E1/2

(
−γ2/

√
2
)[1− e−γ2µ/

√
2
]
dµ
〈
ξ, ξγ

〉
ξγ

=

∞∑
γ=1

1

1− E1/2

(
−γ2/

√
2
)∫ ∞

0
k1/2(µ)

[
1− e−γ2µ/

√
2
]
dµ
〈
ξ, ξγ

〉
ξγ

=
∞∑
γ=1

1

1− E1/2

(
−γ2/

√
2
)

×
[∫ ∞

0
k1/2(µ)dµ−

∫ ∞
0

k1/2(µ)e−γ
2µ/
√

2 dµ

] 〈
ξ, ξγ

〉
ξγ

=
∞∑
γ=1

1

1− E1/2

(
−γ2/

√
2
) [1− ∫ ∞

0
k1/2(µ)e−γ

2µ/
√

2 dµ

] 〈
ξ, ξγ

〉
ξγ

=
∞∑
γ=1

〈
ξ, ξγ

〉
ξγ = ξ.

From the above computations Z is surjective, where Z−1ξ = κ and κ is given by
(4.2). Note that Z−1 is linear, and for ξ ∈ D(Z),

‖ξ‖ = ‖Z(ξ)‖ :=

√√√√ ∞∑
τ=1

τ4
〈
ξ, ξτ

〉2
.

Then

‖Z−1(ξ)(δ)‖ =

√√√√ ∞∑
τ=1

τ4

ρ3
2

〈
ξ, ξτ

〉2

[1− E1/2

(
−τ2/

√
2
)
]2



Impulsive differential inclusions 185

≤ 1

ρ3

[
1− E1/2

(
−1/
√

2
) ]
√√√√ ∞∑

τ=1

τ4
〈
ξ, ξτ

〉2

=
‖ξ‖

ρ3

[
1− E1/2

(
−1/
√

2
) ] .

We observe that Z−1(ξ) is independent of δ ∈ [0, 1].

Consequently, we obtain

‖Z−1‖ ≤ 1

ρ3

[
1− E1/2

(
−1/
√

2
)] .

Then the system (4.1) is controllable.
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Керованiсть дробових немиттєвих iмпульсних
диференцiальних включень Хiлфера в банахових

просторах
Ibtissem Hammoumi, Abdelkrim Salim, Hadda Hammouche, and Mouffak

Benchohra

У цiй роботi ми дослiджуємо iснування та керованiсть дробових ди-
ференцiальних включень Хiлфера з немиттєвими iмпульсами в бана-
хових просторах. Аналiз проведено з використанням рiзноманiтних ма-
тематичних iнструментiв та версiї теореми Мьонча про нерухому точку
для багатозначних функцiй, яка спирається на кiлька властивостей мiри
некомпактностi Куратовського. Для демонстрацiї застосовностi наших
результатiв ми завершуємо дослiдження детальним прикладом.

Ключовi слова: мiра некомпактностi, теорiя нерухомої точки, дробо-
ве числення
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