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In this paper, we study the existence and controllability of Hilfer frac-
tional differential inclusions with noninstantaneous impulses in Banach
spaces. The analysis is conducted using various mathematical tools and the
set-valued version of Monch’s fixed point theorem, which relies on several
properties of the Kuratowski measure of noncompactness. To demonstrate
the applicability of our results, we conclude the study with a detailed exam-
ple.
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1. Introduction

Fractional calculus is a branch of mathematical analysis that generalizes the
principles of classical integer-order calculus to encompass derivatives and integrals
of arbitrary real or complex orders. Its distinguishing feature lies in fractional
operators, which inherently capture memory and hereditary properties. These
attributes make fractional calculus an invaluable tool for modeling complex real-
world phenomena with greater accuracy. This field has garnered significant atten-
tion of researchers in mathematics, physics and various applied sciences, serving
as a foundation for studying diverse phenomena through advanced mathematical
models [4-8,16, 30, 38,48]. For more details on the applications of fractional cal-
culus, readers are referred to the works of Baleanu et al. [14], Kilbas et al. [33],
Samko et al. [42], and Zhou [50]. Additionally, Abbas et al. [1,2] studied sev-
eral problems involving advanced fractional differential and integral equations
presenting various applications. Benchohra et al. [17, 18] demonstrated the ex-
istence, stability and uniqueness of solutions for diverse problems using various
fractional derivatives and different types of conditions.

Impulsive fractional differential equations and inclusions were studied and
developed by several researchers, see Bainov and Simenov [12], Benchohra et
al. [19], Samoilenko and Perestyuk [43] and Lakshmikantham et al. [34] and ref-
erences therein.
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Recently, a number of works were published about differential equations and
inclusions with noninstantaneous impulses [10,20,36] as well as those that study
fractional differential equations involving Hilfer derivatives [25,27, 30, 32].

In order to propose new results on the field of controllability of fractional
differential inclusions, Antonov and Debbouche [21] introduced a new concept
called impulsive control inclusion condition of the following system:

DEYPE(0) € 38(6) +R(6,£(9)) +3(2(0)), 0 € E":=E" = {01,02,...,0,},

I(()i—m)(l—m) [€(5)]|5—0 = &,

107055y € 6(67) + W(E07)) + Do), 1= 1,2,

where D{}"? denotes the Hilfer fractional derivative of order ps and type p; such
that 0 < p1 < 1, 5 < p2 < 1, the state £(-) takes its values in a Banach space
V with the norm || | and & € V, 3 is the infinitesimal generator of a strongly
continuous semigroup S(d), § > 0. The control functions » and v are given in
L?(Z,U), with U as a Banach space, 3 and D are bounded linear operators from
U into V.

In [24], Du et al. investigated the approximate controllability of the following
impulsive fractional differential inclusions involving the Hilfer fractional deriva-
tive:

D{i2E(8) € 36(0) +R(0,£(0)) + 3(5(9)), d€ (0,8, &#9,
AIS;pgg(d)‘5=5] = ‘;[/j((sv ‘5(6]_)7 J=12..,
I77E@)s=0 = &0 € V,
where D?'*? denotes the Hilfer fractional derivative of order p; and type po, 0 <
p2 <1, 5 <p1 <1, and p3 = p2 + p1 — p1p2, &(-) takes its values in a Banach
space V with the norm || - ||, 3 : D(3) € V — V is the infinitesimal generator of
a Cg-semigroup {S(0),d > 0} on V.
In addition, there is another problem studied by J. Wang et al. [49] about
controllability of

Dpl’”g( ) € 3E(8) +N(8,£(0)) + 3(5(9)) for a.a. 6 € (¢, 041],2=0,1,...,7,
€(5+) p (57475( ) ( ) p’b<6 6(5;)’ 5 E (5Z7CZ:|’ 1= 1727 A 7’)/7
l p3 £0) =& +g(&), I l p3€(<z ) =G, €(0,), 1=1,2,....7
where 0 < p1 < 1,0 < pa <1, p3 = p1 + p2 — p1p2- Let Z =1[0,b],b > 0. In

addition, 0 = (o < 01 < {1 < Jy < -+ < &y < < Oyq1 = b, E(G,F), £(9,) are
the right and left limits of £ at the point d,, respectively, [Cljp % is the left-sided

Riemann-Liouville integral of order 1—p3 with lower limit at (,, and Ié;p BE(GH) =
. 1—p-
hméﬁdfdp“(d).

In this paper, we present some new results about the controllability of Hil-
fer fractional differential inclusions with noninstantaneous impulses in Banach
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spaces:

X
HDPP2E(8) € 36(0) +N(6,6(0)) +3((8)), 6 € (¢ 0yl

=0

()= 16600, 3¢ UGl b

1):72€(0) = &,

where H Dgi’p % is the Hilfer fractional derivative of order pp, ps such that 0 <
P <1,0<ps<1,and 0 < p3 <1 with ps=p1+p2(l—p1),3:D(3)CV —
V is a linear operator, and the infinitesimal generator of a strongly continuous
semigroup (7°(6)) 5o in V (V is a Banach space with the norm |- [|), R : ExV —
P(V) is a multivalued map satisfying some assumptions that will be specified
later, (P(V) is the family of all nonempty subsets of the separable Banach space
(Vo -1D), ¥, : (65, x V=V, 3=1,2,...,v are given functions. The control

function s is given in L’(Z, E), b > p—ll, a Banach space of admissible control

functions, with E being a real Banach space, 3 is a bounded linear operator from
E into F, andgoeV,E:[0,%],%>0,0:C0<61<(1<~--<(57<§7<
Oyt1 =S, Io +73(-.) is the Riemann-Liouville fractional integral of order 1 —p3 >
0.

The novelty of this paper lies in the generalized nature of the problem in-
corporating the i-Hilfer fractional derivative, thereby extending all previously
referenced works. In particular, we advance the results of [21,24] by introducing
a new framework for impulses and controllability specifically focusing on non-
instantaneous impulses. Furthermore, we build upon [49] by modifying several
conditions and exploring the existence of solutions using the set-valued version
of Moénch’s fixed point theorem, along with the key properties of the Kuratowski
measure of noncompactness. This comprehensive approach underscores the sig-
nificant contributions of this study to the field.

The following is the structure of our paper. In Section 2, we present some
notations and important preliminary definitions concerning multifunctions and
fractional calculus. In Section 3, we study the controllability of (1.1). Then, an
example is given in Section 4 to interpret our main results.

2. Preliminaries

Let C(E,V) denote the Banach space of all V—valued continuous functions
from Z into V with the norm

1€llcEv) = sup{llE(d)]] : 6 € E}

Let L(V) be the Banach space of all linear and bounded operators on V, with
the norm ||| of a bounded linear operator T' € L(V) defined as the least upper
bound of the set {||T¢|| : ||£]| < 1}. In other words,

1T = sup [IT€]|-
lell<1
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Let L>*(E,V) be the Banach space of measurable functions on = which are es-
sentially bounded with the norm

In]loc = sup{c > 0:|n(0)| <c fora.a.decZ}.

Let L’(Z,V) be the Banach space of measurable functions which are Bochner
integrable with the norm

1
b
e VAL !

On the other hand, the weighted space of functions £ on = = (0, 9] is defined
by
Cips(B,V) = {£ € C(E, V) : 6177¢(8) € C(E,V)},

where 0 < p3 <1, C1_,,(E, V) is a Banach space with the norm
I€lles-,, = sup (6" 72&(3)]].
0e=

’

Let Z; := (), 0541], E; 1= (9, (), and E* = [0, 3]\ U}, (6, ¢;]. Now we consider
the Banach space
PO (V) = {€€CE, V) (5-) e € O, V)

3 lim (5_Cj)1_p3€(5)7 .7: 07]‘7"'777 and

6%@*

3 lim £(5), = 1,2,..-,’7}7

568

with

= v) = max max  sup(d — )V E()], max su N .
llrcr e = max{ o supi - 6)' (o) g, o e i}

Consider the following set:

Ar ={6€ PC1py(E, V) : [€]lcy,, <7}

Notice that for each constant » > 0, A, is a bounded closed convex set in
PCi_,,(E, V).
Let AC(E,V) be the space of absolutely continuous functions.

Remark 2.1. If ¢ € PC1_,,(E,V), then for any y = 0,1,...,7, the following
hold:

(i) & is not necessarily defined at ¢, but liméﬁq(é — (;)&(9) and £(¢,;4) exist.
(i) &(6y4+1) =€(0,44) and 5(5;;1) exists. Moreover,

(51 = ) NG < NEllper,y=0)-
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(iii) If & — € in PC1—,,(E, V), then &(0) — £(6), 6 € (6,,(),0=1,2,...,7,
and

(6 = G)'T7-(8) = (6= ¢)'77€(6), 0 € (¢, 051]-
Consequently, &-(8) — £(9),6 € (¢;,9,+1], and hence

§r(041) = &(0,11) = §(65+1) = €(0,41),7=0,1,..., .

Then &;(6) — £() for a.a. ¢ € E.
After that, the function npc, . (=,v) : B(PC1—p3(E,V)) = [0,00), defined by

NP1y, (2,v)(Y) = max {]:Ig}ﬁ?fﬁ”c(ay,v) (Y), max o v) (YE;)} ,

is the measure of noncompactness on PCi_,, (=, V), where
Ve = {€ € 0@ €0 = 6- ) e,

5eS, £C) = lim (0-¢) PB&()&eY}

6—>]

and
Y = {€ €CE,V):L(6)=£), 6€Z), £(5,) =€(5), £V}

Let us define the following subsets of P(V):
e P(V)={BC P(V):B is nonempty and bounded},
e Py(V)={BC P(V):B is nonempty convex and closed},
o P (V)={B C P(V):B is nonempty convex and compact},
o Pyp(V)={B C P(V):B is nonempty closed and bounded}.

Let (convB) (respectively, conv(B)) be the convex hull (respectively, the convex
closed hull in V) of a subset B.

Definition 2.2 ([23,26,31]). A multivalued map H : V — P(V) is said to
be convex (closed) valued if H(£) is convex (closed) for all £ € V. A multivalued
map H is bounded on bounded sets if H(3) = UgesH (€) is bounded in V for all
3 S Pb(V), i.e

Jsup { sup{ly| : y € H(€)}}.
£€3

Definition 2.3 ([23,26,31]). A multivalued map H : V — P(V) is called
upper semi-continuous (u.s.c.) on V if H(&) € P(V); for each & € V, and for
each open set D C V with H(&)) € D, there exists an open neighborhood Dy
of & such that H(Dy) C D. G is said to be completely continuous if H(3) is
relatively compact for every 3 € P,(V). An element ¢ € V is a fixed point of H

if £ € H(6).
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Lemma 2.4 ([31]). Let H : V — P(V) be completely continuous with
nonempty compact values. Then H is u.s.c. if and only if H has a closed graph,
that is,

§r = & Yr = Uy Yr € H(E;) = yu € H(E).

Definition 2.5. A multivalued map H : = — P,(V) is said to be measurable
if for every y € V, the function

6 — d(y, H(5)) = inf{|ly — €] : £ € H(6)}
is measurable.

Definition 2.6. A multivalued map X : = x V — P(V) is said to be
Carathéodory if

(i) N(-,£) is measurable for each £ € V,
(ii) N(4,-) is upper semicontinuous for almost all § € =.

N is said to be L'-Carathéodory if N satisfies the following condition:
(iii) For each r > 0, there exists ¢, € L'(Z, Ry ) such that

[IN(0,&)||p = sup{|9]| : H € R(,&)} < ¢, for all ||€|| < r and for a.a. § € =.
For each ¢ € C(Z, V), define the set of selections of N by
Skoe = {5 € LY (2, V) : H(8) € NX(6,£(5))  for a.a. § € E}.
Let (V,d) be a metric space induced from the normed space (V,|-|). The
function Hy : P(V) x P(V) — Ry U {00} given by
Hd(ﬂﬁl,ﬁﬁg) = max{ sup d(ml,QUQ), sup d(QUl, mg)}
o1 €W o €Wo

is known as the Hausdorff-Pompeiu metric. For more details on multivalued
maps see the book of Hu and Papageorgiou [31].

Let My be the class of all bounded subsets of a metric space V.

Definition 2.7 ([15,47]). Let V be a Banach space and denote by My the
family of bounded subsets of V. The map 1 : My — [0, c0) defined by

v
n(My) = inf {g >0: M c |k, diam(k;) < e}, M € My,
j=1

is called the Kuratowski measure of noncompactness.

Properties: The Kuratowski measure of noncompactness satisfies the fol-
lowing properties (for more details see [15]):

e n(Ws) =0 & 1 205 is compact (W is relatively compact);
o 7(Wa) = n(Wa);
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o W, C Wy = 77(21]1) < n(QBQ);

o (Wi +Wa) < (W) +n(Wa);
e 7n(cB) = |c[n(2Ws), c € R;

e 7(conv B) = n(Wa).

Theorem 2.8 ([29]). Let V be a Banach space. Let C C LY(Z,V) be a
countable set with ||£(0)|| < () for a.a. § € Z and every & € C, where | €
LY(E,Ry).

Then 1(8) = n(C(0)) € LY(Z,R) and verifies

. ({ [ etsrasce c}) <2 et as
0 0
where 1 is the Kuratowski measure of noncompactness on the Banach space V.

Lemma 2.9 ([35]). Let X be a Carathéodory multivalued map and Y :
LY (Z,V) — C(E,V) be a linear continuous map. Then the operator

T 0 Sxot : C(E,V) = Pey,op(C(E, V),
£ (T 0 Snoe)(§) = T(Snoe)

is a closed graph operator in C(Z,V) x C(E,V).

Definition 2.10. Let V be a Banach space. A multivalued mapping 7T :
V — P (V) is called j-set-Lipshitz if there exists a constant 7 > 0 such that

n(TW)) <m(W)  for all W € P (V).
If y < 1, then T is called a j-set-contraction on V.

For completeness, we recall some fundamental definitions of the theory of
fractional calculus.

Definition 2.11 ([22]). Let p; > 0 and § € L}(E, V). The Riemann-Liouville
integral is defined by

ey L 9(s)
890 = 1,0 ) st

Definition 2.12 ([42,45,46]). The Hilfer fractional derivative D%"* of func-
tion $ € C7(a,b) of order 7 — 1 < p; < 7 and type 0 < pp < 1, is defined
by

, — d i 1- T—
praie =1 () 1 00,

where I7} is the Riemann-Liouville fractional integral.

In order to define the mild solution of the problem (1.1) we recall the following
definition.
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Definition 2.13 ([28]). A closed and linear operator 3 is said to be sectorial
if there are constants w € R, € [J,7],® > 0, such that the following two
conditions are satisfied:

1) Z ={A € C: X # w,|arg(A —w)| < pu} C p(3), where (p(3) is the

(p,w)
resolvent set of 3;

~

)
2)  [[RON 3wy < Dol AE X ()

Definition 2.14 ([9]). Let 3 be a closed linear operator with domain D(3)
defined on a Banach space V and p; > 0. We say that 3 is the generator of a
p1-resolvent family if there exists w > 0 and a strongly continuous function S, :

R4 — L(V) such that {\' : Re(\) > w} C p(3) and
(ML —3)71e = /Ooemsp1 (6)¢ds, Rel>w, £€V.
0

In this case, Sy, (6) is called the pi-resolvent family generated by 3.

Definition 2.15 ([3]). Let 3 be a closed linear operator with domain D(3)
defined on a Banach space V and p; > 0, then we say that 3 is the generator of
a solution operator if there exists w > 0 and a strongly continuous function S, :
R4+ — L(V) such that {\' : Re(p1) > w} C p(3) and

M1 - 3)7 e = / e NS, (5)¢ds, Rel>w, €€ V.
0
In this case, Sy, (0) is called the solution operator generated by 3. For more
details see [37,41].
Definition 2.16 ([27]). Let $ : Z x V — V. By a mild solution of
Diy2€(0) = 36(0) +9(9,£(9)), 6 € (0,9,
1y €(0) = &,

we mean a function £ € C((0,9], V), which verifies

)
£(6) = Qpup (060 + /0 R (5—5)5(s,€(s)) ds, d€(0,3],  (21)

where, Ry, (8) = 6771y, (8), Py, (8) = [ p1hipy ()T (67 1) dp, § > 0,

keo(p) = Y (=)' /((r = DI(1 = w7)),w € (0,1), peC,

=1

and .
Qorn(6) = 15" R,, (8).
Note that ke (p) verifies

/ 18k (u)dp = T(1+ 9)/T(1 + Sw)  for > 0.
0
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Remark 2.17. From [27], we have:
. 1—
() D" Qps s (6) = By, (8).6 € (0.9,
(ii) When pa = 0, (2.1) reduces to the equation in ([51], Definition 3.1), we have
QPLO((S) = Ry, (6) = 591_1Pp1 (6).

(iii) When py = 1, (2.1) reduces to the equation in ([51], Definition 3.1). Note
Qpi1 = Qp, (), where Q,, (9) is defined in [51].

Lemma 2.18 ([27]). Suppose the semigroup (T'(0));s-, satisfies the condition
(Hr) T(0) is continuous for the uniform operator topology for § > 0, and there
is ® > 1 such that sup||T(9)]| < ®.
620
Then we have

(i) P, (6) is continuous for the uniform operator topology for 6 > 0.

(ii)  For any fized 6 > 0,Qp, p,(0) and R, (6) are linear bounded operators, and
for any fized £ € V,

Q12 (B)E]l < (P61 /T(pa))I[E]l, 3 = o1+ p2 — p1pa,
and R
1Rp, (O)€]l < (2877 /T(p1)) I€]I-
(ili) {R,,(9),0 > 0} and {Qp, p.(0),0 > 0} are strongly continuous, which
means that for any € € V and 0 < §; < d2 < & we have
HRpl (61)€_R91 (52)£H — 0 and ”Qphm (51)€_Qp1,p2(62)§” — 0 as §; — 2.
Theorem 2.19 ([13,44]). If p1 € (0,1) and 3 € AP*(up,wo), then for any
&€V and d > 0, we have
1@ 1,02 (8)ll(w) < Pe*and|| Ry, (8)l| vy < Ce*(1+8771),8 > 0,0 > wo.

Let

Mg = sup ||QP17P2(5)||L(V)7 Mpg = sup Cew6(1+5p1+1)'
0<6<S 0<6<S

So we have

1Qp1.p2(O)ll(w) < Maq, 1Ry, ()]l (v) < 6”7 M.

Denote AP (pgp,wp) = {A € O : A generates analytic solution operators
Sy, (6)(the pi-resolvent family generated by 3) of type (j0,wo)}, where O (w) :=
U {Opl(&\),w) LD > 1} and O .= U{O0" (w) : w > 0}.

Theorem 2.20 ([39]). Let D be a closed convex subset of a Banach space £

and L : D — P.(D). Assume the graph of L is closed, L maps compact sets into
relatively compact sets and that for some & € U, one has

YCD, Y Cconv({0}UL(Y)), Y =C withC CY countable
=Y relatively compact.  (2.2)
Then L has a fized point.



Impulsive differential inclusions 167

3. Main results

Firstly, based on (2.1), we present the concept of mild solution of the problem
(1.1).

Definition 3.1. A function £ € PC1_,,(E, V) is called a mild solution of the
problem (1.1) if there is $ € Szi(- £0)) such that

1
Qpl,p2(5)£o+/0 Ry, (6 —5) (9(s,€(s)) + 35(s)) ds, & €[0,81],
U,(0,6(6,)), 6€Z,5=12,...,7,

0
Qp1.02(0) (¢, £(0,7)) +/ Ry, (6 = s) (9(s,&(s)) + 35(s)) ds,

J

§€5,7=12 ...,

Definition 3.2. The system (1.1) is said to be controllable on = if for every
&0, &1 € V, there exists a control function sz € Lb(E, E) such that the mild solution
of (1.1) satisfies £(J) = &;.

The hypotheses:

(F1) For every £ € PCi_p, (2, V), the multifunction § — R(4,£(0)) has a strong
measurable selection, and for almost every 6 € =, — N(4,£) is upper
semi-continuous.

(F2) N:EXV — Pg(V) is a multifunction, and there exists a function i €
L°(E2,R*1) and a continuous nondecreasing function Q : [0,00) — (0,00)
such that

IN(0,8)]| < h(6)Q2(]|€]|]) for 6 € = and for all £ € V.
(F3) There exists & € L’(Z,R") such that for any D C Vand any 7 = 0,1,...,7,
n(R(6, D)) < (6 — ) Pk(8)n(D) for a.a. § € E,

and

2¢ 2¢ P2 ) <1

STl e ry (T(pl) T T

where

¢ = %Pl—l/b((b o 1)/(bp1 _ 1))(b—1)/b’

where b is a real number such that b > p—ll and 7 is the Kuratowski measure
of noncompactness on V.

(Hy,) For every 3 = 1,2,...,7,%¥,: [§,,¢;)] x V = V is uniformly continuous on
bounded sets, and for any 6 € Z,V,(4,-) is compact, and there exists a
positive constant gp such that

19,(8, )1l < p(8) = G-1)' &l for all ¢ €V, & € [6,¢].
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(Hz) The linear bounded operator Z : L’(Z, E) — V, defined by

o

266) = [ Byy(S = 5)30() s

Gy

has an invertible operator Z~!: V — L’(E, E)/ker(Z), and there exists a
positive constant ® such that ||Z7!| < ® and ||3]] < ®.

Theorem 3.3. Let the assumptions (F1), (F2), (F3), (Hw,), and (Hz) hold.
Then problem (1.1) is controllable on =, provided that

IR e OSLPP2 | BT — ()Pt v®
Al ey + Vot 22l e
Mo MeER) T ) Mo g Mlress
ot
+ o+ <1 3.2
X 2

Proof. By assumption, Z is well defined. Since b > 1/p1, s — ($—s)P1~1 are
in L°/0=1([0,3],RT), then, by the Holder inequality, for any » € L’(Z, E), we
have

Ly
I —s »(s)||ds
II()H_F( )C'y( )P ()|
P bh—1\OVP
_ p1—1/b
< F(Pl) ”%HLb(:,E’) (Plb — 1) 3 : (33)

By (F1), for every £ € PCi_,,(E,V), the multifunction 6 — F(§,£()) has a
measurable selection ), and by (F2),

19 < R(0)QIEl ey, = v)-

Hence,

9 € Key = {w e L’(E,V) : w(d) € R(6,£(8)) for a.a. 6 e U(gj,(sm]}.

=0

Next, we have

1Qp1,2 (S =G4 (G £ < (RS =) T (p3)) (87— Gy-1) 7 x[|€(5;)]|-

Thus, for all { € PCi_),(E,V) and any $) € Sg(_g(_)), by using (Hz), we can
define the control function s ¢ € L’(Z, E) by

X = Z_l 51 - Qpl,pz (% - Cv) C% / Rm ( 75(5)) ds| .
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Therefore, we can define a multifunction S : PC1_ 5, (E,V) = PC1—((E, V) as
follows. For all { € PC1_,,(Z,V), a function £ € S(§) if and only if

5
Qp1.02(0)€0 +/0 Ry, (8 = 5) (9(s,&(5)) + 3(s¢,5(s))) ds,  d €[0,01],

= \Pj(évf((sj_))> 565;7]: 1727"'a77

5 =
0= Q) ()9, 67))
)
4 / R (5 — ) (9(5, £(5)) + 3en(s)) ds, 6 €Zp0=1,2,...,7,
where § € S?

R(-£())

Now, using (3.4), we will prove that for any fixed point of S is a mild solution
for (1.1) and verifies £(0) = & and &() = &;.

So, if £ is a fixed point for S, then from (3.4) we have

§(3) = Qp1p2(0)(S = () ¥5(¢,€(67))

o

+ /;Rm S 5)9(s. £(s)) ds + / B (S — 5)3 (25 (5)) ds

= Qo ()(S — ()T (G & / Ry (3 — 5)59(s,€())ds + Z ()

— Qs (O)(S — )W (G, £(57)) + /< Ry (S — 5)5(s,£(s))ds

~y
o

6= Q)8 — G (G €067)) — [ By (8= 5)0(s.£(9) ds = o

Gy

Using (2.20), we will prove that S has a fixed point. The proof will be given in
several steps. It is not easy to see that the values of S are convex.
Step 1: Here, let K where S(II,) C Ilx, where

g = {¢ € PC1_,(E, V) : 1€l pey,, = v) < K}.

Suppose the contrary. Then for any K € Ry, there are {x,yx € PC1—_,,(E, V)
with yx € S(ék), HEK”PCl_pS(_7 v) < K and [lyk|lpc,_ ,5(2.v) > K. Then there is

b
Ak € SN(-,&(-))vK > 1, such that

£ (6)
Qpl702(5)§o
6 —
" /0 Ry (6 — 3) (91c(5,€xc(5)) + 300 (5))) s, 6 € (0,61],
—0,6,6x(57)), S, =1,2,...,7, (3.5)
Qo (6 — GGy k(67 / Ry, (5 — ) (95 (5 €xc(5))
\ +3(%§K,57JK( )))ds? 56‘—‘]’]*1’27"'77
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Then, if 6 € [0, 41], using the Holder inequality, we have
sup '3[ Ex(0)]| < sup 6P |Qpy oy ()0l
6€[0,61] €61
o5 [€x || pey_,, =v))
5€[0,61] L(p1)
dPsL-rs 0 .
b osup S G 9 (5]
seos) Llp1) Jo S0
o oFL-rs
Soll + =—
AR

)
/ (6= )7~ h(s) ds
0

<

~ T'(ps)
DPFLrs

+ WH”%K,&K [IEr e (3.6)

QUE) |7/ £ (= m+) €

From (3.6), we get
1%k, 5x |l 2 2.

€1l + 11,02 (3 = &) W5 (& ||+/ [Bpi (S = 5)9(s fs)Hdsl

~

I(p3)
‘/I\’Q(HﬁKHPCI_pg,(E,V))
I'(p1)

B(S— ()

[(ps3)
| R
)

<z~

< @&l + p(8y = G—1)' €O

Hh”Lb(E,RﬂC]

P31 PO(K)

=0 olléxllre, ,,@v) + P(M)CHHHU(E,W)]

1€l +

(S — ¢, )Pt PO(K
L(ps

<@ ||&] +

)CHhHLb(E,Rﬂl : (3.7)

It follows from (3.6) and (3.7) that

_ (1)(\1_

sup Si—p3 ¢ < % S K B e
soon 1€k (0)]] < 0 )II I+ (o) QUE) 2]l > =+
Y 9?2

I'(p1)
If6e(0,¢),7=1,2,...,7, then

sup € ()]l < () — ¢-1) e () < plléxllpe, ,,=v) < pK. (3.9)
56[6%4-]}

DS — ¢! PO(K
OE -G 4 2K

T ) o)

CHMU(E,Rﬂ] - (338)

In a similar way, for § € ((;,0,41],7=1,2,...,7, we get

sup (6 — () 7 [[€x ()]

66[(]76J+1]
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PG br(6,)) | BS!
< sup QE) |7l 1 (= ¢
seliy bl Llps) T'(p1) LERT)
31 @2 B — ()t PQ(K)
= Bl oy
F(pl) ¢ Hfl”—i_ F(pg) + F(pl) CH ”Lb(:,RJF)
(/Ing dG1-rs
< + QE)||B| 6=
Y103 P2 B3 — )t
- ¢ [+ 284
I'(p1)

PO(K
oK +
(p3)
From (3.8),(3.9) and (3.10), we have

)
T(p1) ||7iHLb<E,R+)C]. (3.10)

K < HEK(‘S)HPCl_pg(E,V)

d R T
< 1+ QE)||B =
F(p?))llﬁo\l Cr(pl) E) Al ez et
OSL-r3 P2 (S — ¢, )Pt 0
¢l l&ll+ oK +
L(p1) & I'(p3)
&)pK
+ pK + ——.
['(p3)

(K)
F(pl) C||h’||L"(E,R+)
We divide the both sides by K and pass to the limit as K — oo to obtain
IS
1< Bl o=
(o) 120l £ (= m )
n (IJ\s1*93<I>2C D(J — ¢yt ot vd
I'(p1) I'(ps3)
which contradicts (3.2).

L(p1)

~

o

Rl e | + 9+ ,
CH HLb(_R"’) & P(p3)
Then we conclude that there is a number Ky such that S(Ilk,) C Ilg,.

subsets KE—J(j =0,1,

K

[1]‘

<

Step 2: Let K = {¢ € PC1_,,(E,V),q € S(lk,)}

=

K|7

. We claim that the
,7v) and K‘ -(7=1,2,...,7) are equicontinuous, where
{¢:5, =V, q(6) = (6 - ¢)'77(9), 6 € 5,
=1
q(¢y) 51_>ng

—~

(6= )77 a(8), €€ 5(6), € €My}
S ={8 €CEV):£(0) =80), 6 15,.¢)),
& 3

for 6 € (0, 1],

Zo

8;) = £(6)), £ € S(€), & € My, }-

» Case 1: Let g € K| . Then there is §{ € Ilg, and § € SIZ(_ £0)) such that

)
4(6) = 51 {Qm,m O+ [ (5= 5) (906 606)) + Sosen(s)) |
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and ¢(0) = limg_,04 61 773£(6). Tt follows for § = 0, o € (0, 61] that

_ 1—p3 — 1-p3
0 = ligy o (o) = Jig 7E0) = 4(0)

Let 0,0 + o € (0,01]. Then
1g(6 +0) = gl <16+ ) Qpy o (54 0)0 — 6" Qpy o (60l

o+o

[+ o) s /0 Ry (540 — ) (905, £(5)) + 3(s26.0(5))) ds
)
g /0 R (5 — ) (905, £(5)) + 3(ee.5(5) ds||<ZIJ,

where

=0+ U)l_psqul,m (6+0)& — Qo102 (6)&oll,
Iy =[(6+0)' 77 = 6"7%]|Qpy o (9)E0ll;

I3 = H(5 + J)l_pi‘/jJﬂjRp1 (040 —5)9(s,&(s))ds

0
Iy = ‘ /O (6 +0)' 7Ry, (6 + 0 — 5)5(s,&(5))

= 01716 = 5)1 T P, (0 + 0 — 5)H(s, £(s))]ds

5
Is = /0 [67773(8 — 8)P 1P, (5 4+ 0 — 5) — 0P R,, (5 — )] H(s,£(s)) ds

)

0+o B
=0+ 0)1—p3/6 Ry (540 — )3 (3e6.5(s)) ds

)

0
I; = /0 [(64+0) PRy (6 +0 —5) =076 =) "By (6 + 0 — )]

x 3 (s.5(s)) ds

)

1
Iy = /0 [51—03(5 — S)Pl—lppl(é +o—3s)— 51—03Rm (6 — s)] 3(%5753(3)) dsll

By Lemma 2.18, it follows that
;13%11 = ;{%(5 +0) P Qpy.pr (8 4 0)E0 — Qpy o (8)0l| = 0,
and
lim o =1im (5 + 0)' 7% = 6] Q. ()0

e

< I=p3 _ §l=p3| — .
ST0 )||§o||11m|(5+0) o =0
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From Lemma 2.18 and (F3), we get

040
lim I3 = lim H(5+0)1_p3/ R, (0 +0—5)9(s,&(s))ds
c—0 k)

li
o—0

~ d+o
< 2UKo) lim (8 + 0)1_p3/ (6+0 —5)""Hi(s)ds = 0.

Similarly,

lim7; < lim
ag—0 o—0

é
[ @0y R+ 0= 9(s.05)

—§1P3(5 — 5)P1 7P, (5 + 0 — $)H(s, 5(5))} ds

= lim
o—0

— (5 — $)T LD, (5 + o — 5)$(s, 5(5))} ds

1
/0 [((5 + o) (5 + o — s)pl_lel(d + 0 —$)9(s,&(s))

= 1)
< 20(no) lim/ (04 0) 7736+ 0 — )P 71— §17P3(6 — 5)P | h(s) ds.
L(p1) o-0Jq

Since i € L’(Z,Rt) and

/05 [(6+ o) P(S+ o — )Pl g5 — s)pl*l] h(s)ds

exists, we have lim, oIy = 0.
For I5, note that

é
/ [51_p3(5 —8)" P, (5 + 0 — s)
0

lim /5 = lim
o—0 o—0

— 8P R, (8 — )] (s, £(5)) ds

= lim
o—0

)
PR R

— 517’)3(5 - s)pl*le1 (6 —3)]9(s,&(s)) ds||.

To find this limit, suppose € > 0 to be enough small. We have

s
o—¢
< Q(Ko)6 3 lim (6 —8)"" " h(s) sup ||Py(8+0—5)— Py (d—s)|ds
a=0Jp s€[0,6—¢]

0
+lim [ (0= 8)" TPy, (0 + 0 — 5)5(s,£(5)) — Ppy (8 — 5)9(s, £(s)) ds]|

o—0 d—¢
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o—¢
< Q(K()6 3 lim (6 —8)"1h(s) sup ||Pp (0 +0 —35)— P, (6 —s)|ds
a=0Jp 5€[0,6—¢]

6

72MQ(KO) lim 51_p3(5 — 8)p1_1h(s) ds

F(pl) o—=0/s5_¢

d—e

< Q(Kg)&l_p?’ lim (6 — )pl_lh( ) sup ||Py), (0 +0—35)— P, (d—s)|ds
o0 5€[0,6—¢]
+2MQKO [/51 p3 p1 1h(>d
p1 cr—)O

_ /6_8((5 —e)l7P3(5 — e — 5)P " Li(s) dS]
0

Mim e —e)' 7P (6 —e—5)" 1 h(s) ds
o ;_}0[/0 (6 —e)'=r(s )1 h(s)d

-/ "6 - () ds] .
0

From Lemma 2.18, limy—0 Sup,c(g 5—g [|[Fpy (6 +0 =) — Py, (6 —s)[| = 0, and since
he L’(Z,R"), we have Is — 0 as 0 — 0 and € — 0.
Next, from (3.7), we have

o+o .
;11)%[6 = ;%(5 +o)lrs R, (640 —5)3 (5¢.5(s)) ds
. &3(5+0)1_p3¢/5+" _1
<lim———— d+0—8)7 |5 p(s)| ds
< 1y PO IEL [T o)

(b—1)/b

. B +0) D </5+0 (p1—1)b/(b—1
< lim——F———||5 = (S+U—S pr=1)/( )ds
= 250 F(pl) || §7ﬁ||Lb(_,E) s ( )

(S — ()Pt PQ(K)
[(p3) ol + I(p1)

o 1—p3 0—e (b—=1)/b
o iy 2O H o) e (/ (640 — 5)ler=12/6-1) ds) _o
o=0  T(p1) 0

162l +

CHﬁHLb(E,Rﬂ]

For I7, it should be noticed that

10 +0) 7726 + 0 — s) 71 = 617745 — 5) (s, £(s)) |
< QK [(6+0)7r (5 — s)Prt 4 517P3(5 — 5)P 7 1h(s)  for a.a. s € [0, ).

Since i € L’(Z,R*) and

/ 5L o) (G o syt S (5 sy (s)ds
0
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exists, then from the Lebesgue dominated convergence theorem, we see that

lim I7 < lim
o—0 o—0

x 3 (s.5(s)) ds

/05 [(6+0) PR, (540 —s)— 6P — )" ' Pp (5 + 0 — 5)]

1
=iy [ 164 50— s) G

o—0 0

X [Py (0 + 0 — )3 (52¢,5(5)) || ds

PPN (K)
< r(;)(lOHo/ (6 +0)' 700+ 0 —5) = 81773 = )" 7| X [|2g,5(s) | ds

PON(Kp)
< — =
= Ty TeNEER

6 (b—1)/b
X lin%) (/ |(5+0)1—p3(5+0_ _ s) _ 51—/)3(5 _ S)pl—l‘b/(b—l)ds>
o—

2BO(K) [ BE )
= TG [”"’3” Tloa)

(b—1)/b
x lim (/ (64 0) (0 +0—s) — 7P (5 — s)Pr L P/0-D) ds> =0.

@K0+(I)1?(( ) el e v ]

Next,

lim Ig = lim
o—0 o—0

0
/ [61°73(5 = 5)" 1Py, (6 + 0 — 5) = 0" Ry, (5 5)]
0

x 3 (s.5(s5)) ds

= lim
o—0

/0 T ) By (5o — ) — 55— ) By (5 )]

x 3 (s2c.0(s)) ds|.

To find this limit, let £ > 0 be enough small. We have

d—¢

; < 1-p31; _ 1
lim Iy < @Q(Ko)o™ " lim ; (6= 8)" " ses(s)l

x sup ||P,(d+0—s)—P, (6 —s)|ds

s€[0,0—¢]
d
+ lim [ P3(6 —s) !
o—0 S—e
X 15 (5 + 7 )3 (eeal5)) — Pou(5 — )3 () | ds

d—e
< Q(Ko)6 "3 lim (6 — 5) |55 (s)]|

c—0 0
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X up 1B, (6 + 0 = 5)9(5,£(5)) — Pp, (6 — s)|| ds
s€[0,0—¢

IMPO(K) .. /5 - .
—————lim 517P3(5 — VP11 22 « (3)|l ds

d—¢
< ®Q(K()§' "3 lim (6 — )P 5.5 (5)
o—0 0

X up [ B, (6 + 0 — 5)$(5,£(5)) — P, (0 — s)||ds
s€[0,0—¢

20DO(Ky) . [/5 - 1
—————2lim O P(H—s) »e ¢(8)]|ds
o im | [5G e o)

0—¢
o R e e PE ds}

IMOQ(Kp) .. 0—¢ s -
Wiﬂ% [/0 (6—¢e) (6 —e =) ,5(s)| ds

d—e
o R R P ds} .
0

From Lemma 2.18, limy—0 Sup,c(g 5—o [|Fpy (6 +0 —8) — Py, (6 — 5)[| = 0, and since
se5 € L’(E,E), then Iy — 0 as 0 — 0 and & — 0.

» Case 2: Let £ ¢ Kz, 9 =1,2,...,7. Then £(6) = W,(6,£(67), 6 €
(0,,¢), 0=1,2,...,v. Let € {1,2,...,7} be fixed and 4,6 + o € (,,()]. Since
€|l PCy_,,(2v) < Ko, it follows from the uniform continuity of ¥; on bounded
sets that

lim [€(5 + ) — E(0) | = lim 10,5+ 0,€(5;) — T,(6,€(5; )| =0,

independent of &.
For 6 =4,,7=1,2,...,7, let 0 > 0 be such that §, + o € (§,,(;] and A > 0
such that §, < A <, + 0 < (;. Then we have

€6+ 0) = €@ = tim €6, +0) ~ €N =0,

» Case 3: Let ¢ € K|z, = 1,2,...,7. Then there is { € Ilg, and § €
Sg(_ ) such that for § € ({;, 0,41,

4(6) = (65— )" {Qm (65— ()G, £057 )

6 —
+ / Ry (6 — 3) (9(5,€(5)) + 3(e5(5)) ds .

G

Let y € {1,2,...,7} be fixed. If § = ¢, and o > 0, then

UIE&_CI@J +0) :Jli}r(r)l_i_(@ to— C])l_pSE(CJ +o0)= 5Egl+<5 - C])l_pSE((S) = Q(CJ)'
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Next, let 6,0 + o € ((;,0,4+1],0 > 0. Then we have

la(d + ) = a(@)| = (6 + 0 = {) 2 Qpypu (5 + 0 — §) ({1, £(6;))
— (6= ) P Qp 0 (6 — ()W, (¢ E(5))

é
+(0+0 - Cg)l_p3/ Ry, (040 = 5)(9k(5,€(5)) + 33, 5 (5))) ds

G
d+o

(0= ¢t Ry, (0 — 5) (95 (5, £(5)) + (54,95 (5)))ds]].

G

According to the deduction as in case 1, we conclude that lim,_g|/q(d + o) —

q(9)|| = 0.

Step 3: The graph of the multivalued function Sijy Ko - g, — 21Ko js closed.

Consider { i1 in g, with £x — € in Tk, and let £ € S(€) with 5 —
& in PCy_ (2, V). We need to show £ € S(£). Recalling the definition of S, for
any K > 1, there is a i € S ) such that (3.5) holds.

It is seen that [k (9)]| < A(0)Q(K)p) for every K > 1 and for a.a. 6 € Z. Then
{$HK, K > 1} is bounded in L’(Z,V). Because b > 1, L°(Z,V) is reflexive, and
hence, without loss of generality, we can assume that {$)x} converges weakly to
a function § € L°(Z, V). From Mazur’s lemma, for every natural number 1, there
is a natural number ko(z) > ¢ and a sequence of nonnegative real numbers A, ,
7="Fko(2),...,1, such that Zko Ai,; = 1, and the sequence of convex combinations

= Z]:l)\ Jﬁj, 1, converges strongly to € LY(Z,V) as 1 — oc.
Take £ (8) = SR\ g €, (5). Then

1)
Qp1,p2 (6)60 + /O Rm (5 - 8) (QK(S) + 5(%&{,(11{ (3))) ds, o€ (07 51]7

- U,(6,£(07)),  S€E,0=12...,7,
Qp1,p2 5 <]) (CJafK( ))

B 63 (0(0) + S D) s T€Z, 1= 1200

Thus, lim g 00 g5 (6) = 2 5(9) for a.a. § € E.
By the continuity of 3 and by the uniform continuity of ¥, on bounded sets,

it follows from the Lebesgue dominated convergence theorem that EK(é) — v(0),
where

)
Qo (0)60 + /O Rpy (6 — 5) (9(5,€(5)) + 3(2e.5(s))) ds, 0 € (0,8

U,(6,6(07)),  S€E,0=12...,7,
Qp1,p2(0 — G)Y,(¢5,€(5,))

é
+/ R, (0 —s) (.6(5,5(8)) +§(%§,ﬁ(s))) ds, §€Z,, 3=1,2,...,7,

J
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Since £ — &, then € = v. For almost everywhere 6, R(4,-) is upper semicontin-
uous with closed convex values, so from [11], it follows that $(d) € R(,£(6)) for
a.a. 0 € =, and hence S is closed.

Step 4: We show that (2.2) holds. Let Y C Ilg,,Y = conv({0}US(Y)),Y =
C with C C 'Y countable. We claim that Y is relatively compact in PCj_,,(Z, V).
Since C'is countable and C' CY = conv({0}US(Y)), we can find a countable set
F={x, 7> 1} C S(Y) with C C conv({0} U F).

Now, for any K > 1, there exists {x € Y C I, with £ € S(€k). Thus
there is a H € S§(~,£K(~)) such that (3.5) holds. According to the definition of
NPC)_py (2,9) (Y'), we obtain

nPC1_py (E,V)Y) = npc,_,, ) (Y) = 1pc,_,,)(C) = 1po,_,,=v)(C)
< npc,_,, = v)(conv({&} UF)) =npc, . zv)(F)

—max{ mox om0 (Fs). e (Fi) |

Since YI?J and Y|a are equicontinuous, then the last inequality becomes
= v

nPC1,p3(E,V)(Y) < max{ max W{E;((é)vK Z 1}7] max 777{5;((6)7[( Z 1}}7

9=0,1,...,7y =1,2,...,
°€S,) 6€E)
(3.11)
where
51—PBE(5), = (0’51]7
li 1-p3¢ _
limd™=£(5), 5 =0,
E* ((5)— qj](éaéK(éj—))a 0 € ((5],{7}7]:1727'”77’
" gT(éj)’ (5 = 5]’
(8 — ¢ PE(5), §€ (¢ 0m1),0=1,2,...,7,
Jim (6 - () 7IEE), 5= =120,
That is,

Ex(8) =3877Q,, 0, (9)é0

6
+ 5“’3/0 Ry, (0= 5) (9 (5,€(5)) + 3(3¢,c.5, () ds, 0 € (0,1],

€ic(0) = lima'~7¢(8), 6 =0,
52(6):\1’](5,5[((5]_)), 56 (5,77{]]7 ]:1>27"'77>
€k (0) = Uy(8,€x(5,)),  8=14),

E}(é) = (5 - Cj)lip?’@m,pz (5 - CJ)\I’J((Sa fK(‘S;))
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+ (6 —¢)trs

é
/Rpl( s) (9 (5,6(5)) + 3(5c 5 (5))) deﬁ],

J
(Cja j+1] 321327'--7’77
€c(0) = lim ()™ 1EE@), 0=G, y=12,...,7.
0—¢;

Then, using the properties of the measure of noncompactness, we have

€ (6), K = 1} < {6 ™ Qpy ()60, 7 > 1}
é
+ 51_p317{/0 (6 — s)pl_lel(5 —$)9K(s,&(8))ds, T > 1}

é
+ 51—p3n{/ (06— 3>p1_1Pp1 (6 — 3)3(%51{,-7)1( (s)) ds, K > 1}’
0

d € (0,01],

1€ 0), K > 1} <n{ lim 8" ME(6). K > 1}, a=0,
77{3((5);—’( 2 ]-} S 77{\1’3(5=§K(5;))7K 2 ]-}7 d € (5]’4]]’ J= 1’2)' )
M€ (6), K > 1} < n{W,(8,6x(57)), K > 1}, 6=10,, 3=1,2,....7,
€ (), K =1} < n{(6 — ) " Qpy 0 (6 — )W, (5,€k (6, > 1}

)

e <J>1-p3n{ |G- s>m-1m<s,s<s>>ds, K> 1}
¢

4
+ (0 — Cj)l—p3n{/c (6 — 5)p1_13(%&(,5’)1{(5)) ds, K > 1},

S (Cjﬂ%—&-l], 1=1,2,...,7,
ek (9), K > 1} < n{élijg (0—¢)' 7Ex(0), K > 1}, 5=¢

From the continuity of Q,, p,, it follows that n{6'=73Q,, ,,(0) x &, K > 1} = 0.
Then, if 6 € £y, using (2.8), we get that

—% 251—rs
E, K 21} <

e B =20 =7
251—ps3

" T

Observe that from (F3) we obtain

{9k (5,6()), K > 1} < 6(5)s'P1{&,(),3 2 1} < Ky, 2. (Y)

)
/ (6 — )" n{k (s, (), K > 1} ds

)
/0 (6 — 8)P {3050, 595 (), K > 1} ds.

for a.a. s € 3. We have

)
/0 (6 — ) {Sc(s,£(5)), K > 1} ds



180 Ibtissem Hammoumi et al.

1)
<npe,, =9)(Y) /0 (6= )" L(s) ds < mper, o)Vl prgrry. (3.12)
To estimate 5
n{ | 6= S5 K 1},
0

we consider © : L’(Zg, F) — C(E,V) :

6 —
O(4)(6) = /0 (6 — )" 13 (g(s))ds

where g € L’(Zp, E). Now O is linear, and for any g1, g2 € L’(Zo, E) and any
0 € E, we have

)
10(01)(6) — O(p2) (B)]] < / (6= )" 3(01()) — 3(pa(s)]| ds
<\|3\|/ P11 61(s) — o (5)]] ds

< O(llpr — @2||Lb(5 )

Then O is linear and continuous (bounded). Moreover, from the linearity and
boundedness of Z~!, the compactness of ¥,, the continuity of Q,, (S — ¢y),
(3.4) and (3.12), we have

Nee (= {%Ex,ﬁw 21} < MLy (5,E) <Z1{§1 — Qo1 (S — CW)WJ(CJ7€(5;))

o

B r(lm/gmg =) (s, 8(9)) ds K > 1}>

<o [n{& QoS — GG E(5))

o

- F(1 /JR’”(% ) T 0K (s,€(s)) ds, K > 1H

I'(p1) {/ Rpy (S =) 9xc(s,£(s))ds, K > 1}

J

2M® ~
< /0 (6 — ) U Bc(s,£(5)), K > 1} ds

2P
< T'(p )TIPCI p3(E,V) (Y)HKHU(E,W)-

It follows that

)
; { JRCER - CNEINE 1} — (O ) K > 1)

20 DP2
< N1®lln, g py 1exc 95, K = 11 < (o) 5 1PCy_, %) V)6l oz mty-
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This inequality with (3.12) gives us

max n{€5(6), K > 1}

6€(0,0]
< 77P01,p3(E,V)%lipg(/I;H”HLb(E,RJr) [F(Q/i) + 11250?)22] - (3.13)
Next, we obtain
n{Ex(0), K > 1} = n{alirgfl_”%@),lf > 1}
= n{r(lpg)(ﬁo),K > 1} =0. (3.14)

Moreover, since {x(d,7) — (0, ), the set {{x (0, ), K > 1} is bounded for every
7=1,2,...,7. Then from the compactness of ¥, for y=1,2,...,v, we get

m{¥,(0,€x(9,7)), K 21} =0, 4§ € (8,(] (3.15)

and n{W¥,(6,€k(6,)), K = 1} =0. Then for y=1,2,...,v, we obtain

€O K > 1) = o Jim (5 )60 > 1
5—¢
= i\I/(Cf(5*)K>1 =0 (3.16)
=1 F(pg) &1 SK\Y; )5 = = U. .
As above, 77{(6 - Cj)lipstl,PZ (5 - Cj)qj](gm §K(6;)7 K> 1} =0,0=12,...,7.
Then, arguing as above, we see that for any : = 1,2,...,, we have
—x PN 2( 2(P? ]
N, K>11< =S P - .
max {0, K > 1) Snrcy @03 Bl enn oo + Doy
(3.17)

From (3.1), (3.11), (3.13)-(3.17), we get

Ql-md 2¢ 202°
npcy_,, @) (Y) <npcy_,,@&v)S POkl k) T(on) + T(o2| < nec(Y).

Thus npc,_,,(z,v) (Y) =0, and hence Y is relatively compact.

Step 5: The mapping S ensures that compact sets are mapped into relatively
compact sets.

Let 3 be a compact subset of Il,. Consider a sequence (£ ), 7 > 1, in S(3).

Then there exists a sequence (£x), K > 1, in 3 such that £, € S(x). Conse-
quently, there exists Hx € Si( ) for § € E, satisfying (3.5). We demonstrate

_ '7€K .
that the set Y = {{y, K > 1} is relatively compact in PCi_,,(Z,V). Since 3 is
compact in PCi_,,(E,V), we can assume, without loss of generality, that & K =
€ in 3. As in Step 3, a subsequence of ({x) converges to a function v € S(3).
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Thus, the set {€x, K > 1} is relatively compact in PC;_,,(Z, V). Consequently,
S (3) is relatively compact.

Now, by applying Lemma 2.20, there is a §{ € PC1_,,(E,V) and § € S§(~,£K(~))
such that

( )
Qv (0)60 + /0 Ry (6 — 5) (9(5,£(5)) + 3(2.5(5))) ds,

o€ [0, 51],

5(5): \IJJ((S,f((SJ_)),(SG (5]7Cj]7 ‘721727"'7’77
1)
Qorn VG €5, + [R5 =) (305 £(5) + 3(5)) s,

J
e (Gbyl, 1=1,2,. ...

This completes the proof. O

4. The example

In this section, we give an example illustrating our results. We consider the
following problem:

~
DUEPE(S,S) € §5(5,9) + P(5,E(5,3) + 3(x(0),

S (CJ75J+1]) J= 0’ 1’ (41)
5(6’ %) = \111(577(517)7 %))7 NS (51aC1], S e Ea
I,77€(0,9) = &,

where » € L2(Z,L%(2)), p1 = 1/2, 0 < pa < 1, p3 = p1 + p2 — p1p2, E = [0, 7],
and V = E = L?[0,T); V is a separable Hilbert space. Set (; =0, 1 = 1/4, (1 =
1/2, and dy = S = 1. For any function £ : = — L?(Z) and any § € [0,7], we let
£(6)(3) = £(5,9),y € = i i

Let X : Zx V — P(V) be such that y € R(6,¢) < y(S) € P(4,£(4,9)),
where P : Z x R — P,;(R) is chosen such that (F1), (F2) and (F3) are satisfied.
Define Wy : [01,(1] X V = V as U1(4,€) = 617, L(€), where L : D(L) =V — V
is a compact linear bounded operator. Thus, we can easily show that (Fy), (F2),
(F3), (Hw,) and (Hy,) hold. Let 3:V — V,3 = p3ly, where I; is the identity
operator and pz > 0.

Define the operator 3 : D(3) C L?[0,1] — L?[0,1] by

9%

35:8787

where the domain 3 is given by

D(3) ={€ € L?0,1] : £, &, are a.c. &, € L?0,1], £(6,0) =£(6,1) = 0}.
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Then 3 can be written as
3¢=> (&), &.£€D(3),
T=1

where £_(y) = V2sinny, 7 = 1,2,..., is the orthonormal basis of V.
For any ¢ € L?[0, 1], we have

oo

TE)(E) =Y T (EE)E,.

T=1

Here, 3 is the infinitesimal generator of the strongly continuous semigroup
{T(5),0 > 0}.
Moreover, the operator P /5(-) can be written as

Pua0) = (1/2) [ " eayaT (62 d

We define Z : L*(Z, L*(Z)) — L?*(E) by

1
») = —5_1/2 — s)x(s) ds.
() /1/2<1 JV2T(1 — 5)e(s) d

Z is linear and bounded. Now we show that Z is surjective.
Let £ € L?(Z). Consider the Mittag-Leffler function as follows:
> 2
Eyjo(—7°/V2) :/ kl/Q(N)e(_T gy, 1N,
0

Notice that for any natural number 7 and any g > 0, we have u/v2 <
ut?/+/2, and hence, TV < emn/V2 Thus,

By <—\T/2> < Eyj (—\2) < /Oookl/Q(u)du: 1.

Then

#(0) = Tﬂg o (—/V2) , 0€EE. (4.2)
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2 Z E€)E
— /2P 2 T/ST d
/1 - a1 — By (- 72//2) ’

1/2 ) L e
—/1 (1 — S) 1/2 (2/0 Mkl/Z(,U)
3 —py2(1—s)1/2 G 2 <E’ET>ET N\
X ;e ey <;T o (—2/v2) &y )6y dp | ds

& 1
:/O k1/2(ﬂ);1 " (2/VR)

1,2
" (/ %6_#72(1—5)1/2(1 _5)1/2ds> @’gﬁg dy
1/2

e}

1 » -
=) R S g I E S
= ! _ e /Y2 T ZE\F
_gl_El/Q( 2/\[)/ kl/Q()[l 8 }d”<§’§7>‘sv
. 1
_vzll—El/z(v? V2)

X [/0 km(u)du/o kyjo(p)e™" “/ﬂdu] (€,€,)¢€,

Y g [ e ] €60
=1

=D (68)¢, =
=1

From the above computations Z is surjective, where Z 1€ = s and s is given by
(4.2). Note that Z~! is linear, and for £ € D(3),

HEG JZ4—

= (EE)
PAIGIG >JZP32[1EW T

=1

Then
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We

: p3[1— By (—1/V2) ]

€]
p3[1— By (—1/V2) ] '

observe that Z~1(¢) is independent of § € [0, 1].
Consequently, we obtain

1
p3 [1— By (—1/V2)] .

1z=H <

Then the system (4.1) is controllable.

1]
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KepoBanicTb Apob0BUX HEMUTTEBUX iMITYJIbCHUX
andepeHIialbHUX BKJIIOYEHb Xijdepa B baHaxoBUx
IIPOCTOPax

Ibtissem Hammoumi, Abdelkrim Salim, Hadda Hammouche, and Mouffak
Benchohra

VY miit poboTi MU JIOCITIIZKYEMO iCHYBaHHSI Ta KEPOBAHICTH APODOBUX -
depenmniagbaux BKIIOYeHb Xiidepa 3 HEMUTTEBUME IMITyJIbCaMU B OaHa-
XOBHX IIpOCTOpax. AHaJli3 NPOBEIEHO 3 BUKOPUCTAHHAM PI3HOMAHITHUX Ma-
TeMATUYHUX IHCTPYMEHTIB Ta Bepcii Teopemu MboHYA PO HEPYXOMY TOUKY
Jtst baraTo3HaYHUX (PYHKIIIN, siKa CIIMPAETHCsI HA KiJIbKa BJIACTUBOCTEN Mipu
nexkommnakTHOCTi Kyparoscbkoro. s meMoncTpaliii 3aCTOCOBHOCTI HAITIX
PE3YJIBTATIB MU 3aBEPIILYEMO JTOCIIIIZKEHHS JIETATHHAM TTPUKJIAI0M.

Kirro4osi csroBa: Mipa HEKOMIIAKTHOCTI, TE€OPisl HEPYXOMOI TOYKH, JPOOO-
Be YMCJICHHS
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