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Cheng—Yau Logarithmic Gradient Estimates
for a Nonlinear Elliptic Equation on Smooth
Metric Measure Spaces

Cheng Jin, Youde Wang, and Fanqi Zeng

In this paper, we consider the nonlinear elliptic equation
AT +Av =0

on a complete smooth metric measure space with the m-Bakry-Emery Ricci
curvature bounded from below, where 7 > 0 and A\ are constants. We ob-
tain some new local and global universal log-gradient estimates for positive
solutions to the equation using the Nash—Moser iteration technique. As ap-
plications of these estimates, we obtain a Liouville type theorem, a Harnack
inequality and the global gradient estimates for such solutions. Our results
generalize and improve the estimates established by Wang (J. Differential
Equations 260 (2016), 567-585) and Zhao (Arch. Math. (Basel) 114 (2020),
457-469).
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1. Introduction
In this paper, we are concerned with the nonlinear elliptic equation
A"+ =0 (1.1)

on a smooth metric measure space (M™, g,e~fdv) whose m-Bakry-Emery Ricci
tensor

Ricyl:Richv?f—Ldf@df, m>n, (1.2)
m—n

satisfies Ricf" > —(m — 1)K g for some constant K > 0, where 7 > 0 and \ are
constant, and

Ap(-) = A(-) = (V£ V()
is the weighted Laplacian for some smooth potential function f. Here, dv, Ric,
A, V? and V are the volume form, Ricci tensor, the usual Laplacian, Hessian
and gradient operators associated with the metric g, respectively.

The goal of the present paper is to establish the Cheng—Yau type log-gradient
estimates for positive solutions to the above equation, more precisely, some uni-
versal log-gradient estimates which do not depend on the weight functions and
L*-bounds of positive solutions.
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Obviously, when f is a constant, p = v™ and p = %, equation (1.1) becomes
Ap+ AP =0. (1.3)

Equation (1.1) appears also in differential geometry. Indeed, for any n-
dimensional (n > 3) complete manifold (M, g), consider a pointwise conformal
4

metric g = p»-2 g for some smooth positive function p. Then the scalar curvature
R of metric g related to the scalar curvature R of metric g is given by

n—2
A _ - n—2 — 14
p Mn—DRP+ p— Rp 0. (1.4)

When R =0 and R is a constant, (1.4) reduces to (1.3) with A = (” 2)R and

- +2 If M is compact and R is constant, the existence of a positive solution
p is the well-known Yamabe problem. For more details, we refer to [1].

Another important reason of studying equation(1.1) is that its parabolic coun-
terpart is related to the porous medium equation and the fast diffusion equation.
It is a nonlinear heat equation in the form

0w = Av’. (1.5)

T =

The above equation (1.5) with 7 > 1 is called the porous medium equation, which
describes the flow of an isentropic gas through a porous medium [2]; and it with
0 < 7 < 1is called the fast diffusion equation, which appears in various geometric
flows such as the Ricci flow on surfaces [3] and the Yamabe flow [4]. There is a lot
of literature on the study of gradient estimates of the porous medium equation
and the fast diffusion equation. We only cite [5—13] here and one can find more
references therein.

On the other hand, inspired by the works of Yau [14] and Li and Wang
[15], many gradient estimates for equation (1.1) on Riemannian manifolds were
obtained. In [16], Wang established gradient estimates for positive solutions to
equation (1.1) on any smooth metric measure space whose m-Bakry-Emery Ricci
tensor is bounded from below by —(m — 1)K with K > 0. We state his main
result as below.

Theorem 1.1 ([16]). Let (M",g,e~/dv) be a smooth metric measure space
with Ric}' > —(m—1)Kg for some K > 0 and m > 2. Suppose that v is a smooth

positive solution to equation (1.1) and u = ﬁvT*I.

(i) Ift>1, then

[Vul?

A<y <m,7‘,K,supu> ,
M u

< (s (m,T,)\,K, supu) , (1.6)
M

where C1 > 0 and Cy > 0 are explicit.
(i) Ifl1—2 <7<1, then

= [Vul?
A< Cy|m,7,K,supu |, < —Co(m,7,\,K,supu |, (1.7)
M u M

where C; > 0 and Cy > 0 are explicit and u < 0.
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As a corollary, the author of [16] also derived a uniform bound for positive
solutions to equation (1.1).
Recently, Zhao [17] studied gradient estimates for positive solutions of the
nonlinear elliptic equation
AyvT + v =0 (1.8)

on a Riemannian manifold (M, g) with the k—Bakrnymery Ricci curvature
bounded from below, where Ay denotes a weighted Laplacian associated to a
certain vector field V. We state his main result below.

Theorem 1.2 ([17]). Let (M",g) be a complete Riemannian manifold. Sup-
pose Ric’f/ > —Kg for some K > 0 and k > 2. Let u be a positive solution to

equation (1.8). For any o > ﬁ, fl<rt<1+ Wl(k—l)’ then
|VU| 1—71
sup — < Cs | ok, 7,K,\,R, < inf u) . (1.9)
Brsa(o) U Bpry2(0)

The method employed in [16,17] is the maximum principle. The gradient
estimates in Theorem 1.1 and Theorem 1.2 depend on the bound of the solution.
Moreover, the gradient estimates are not of Cheng—Yau type.

In [18], Cheng and Yau proved the well-known Cheng—Yau type gradient
estimate for positive harmonic functions. We state their main result below.

Theorem 1.3 ([18]). Let (M",g) be a complete Riemannian manifold. Sup-
pose Ric > —Kg for some K > 0. Then for any positive harmonic function v in
a geodesic ball Br/y(0), there is a constant Cy(n) depending only on n such that

Vol
v

1++vVKR
—

< Cy(n) (1.10)

sup
Bpy2(0)

We note that Cheng—Yau type gradient estimates depend only on n, K and
R, and they do not depend on any other geometric quantities. Moreover, Cheng—
Yau type gradient estimates are more significant and useful in geometric analysis
since they can derive a strong Liouville theorem and Harnack inequalities. There
have been extensive studies on Cheng-Yau type gradient estimates over the recent
decades; see, for example, [19-25] and references therein.

Inspired by these works, we employ the Nash-Moser iteration technique to
prove a Cheng—Yau type gradient estimate for positive solutions to equation(1.1)
on any smooth metric measure space with the m—Bakrny’)mery Ricci tensor
bounded from below. Our first main result is stated as follows.

Theorem 1.4. Let (M™,g,e~/dv) be a complete n-dimensional smooth met-
ric measure space with Ric’y" > —(m—1)Kg for some K >0 and m > 2. Suppose
that 7 > 0 and v is a smooth positive solution to equation (1.1) on a geodesic ball
Bgr(o) C M. If m, X\ and T satisfy

A<m+1_1> >0, (1.11)

m-—1 T
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or

Lﬁ<7<1_i (1_12)

T mAl+v2 T T m+1-2
then there holds

1 K
Bpya(o) Y R

where the constant c¢(m, T, \) depends only on m, T and \.

(1.13)

After careful analysis of the conditions (1.11) and (1.12) in Theorem 1.4, it
is seen that the following results hold.

Corollary 1.5. Let (M", g, e_fdl/) be a complete n-dimensional smooth met-
ric measure space with Ric;” > —(m—1)Kg for some K > 0. Suppose that 7 > 0
and v is a smooth positive solution to equation (1.1) on a geodesic ball Br(0) C
M. If m, A and T satisfy

2
A>0 > 1— — 1.14
e (1.14)
or
2—+2
A <0, 0<T§1————l:*, (1.15)
m4+1—+/2
then we have
1+vK
sup |vv|§c(m,)\,7')+7R.
Brya(o) Y R

Remark 1.6. Here we want to give several remarks of the above Cheng-Yau
type gradient estimates.

(i) Compared with the previous work (cf. Theorem 1.1 and Theorem 1.2),
Theorem 1.4 and Corollary 1.5 extend 7 to a larger range.

(ii) In Theorem 1.4 and Corollary 1.5, the gradient estimates on a positive so-
lution v do not involve the bound of v. Meanwhile, the gradient estimates
obtained in Theorem 1.1 and Theorem 1.2 concern the bound of v. Hence
we improve the previous results in Theorem 1.1 and Theorem 1.2.

(iii) Theorem 1.4 and Corollary 1.5 provide a unified expression of previous gra-
dient estimates in Theorem 1.1 for various ranges of 7.

As an application of Theorem 1.4, we get the following Liouville type theorem.

Corollary 1.7. Let (M",g,e~Tdv) be a complete n-dimensional smooth met-
ric measure space with Ric?1 > 0. Suppose that T > 0 and v is a smooth positive
solution to equation (1.1) on a geodesic ball Br(o) C M. If m, \ and T satisfy

2
A>0, 7> 1-— —
m—+1
or
2 —2
A<0, O0<7<1— V2 ,
m+1—+2

then v is a positive constant on M.
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Remark 1.8.

(i) We extend the range of the corresponding power 7 for the same problem as
in [16]. In addition, comparing with the Liouville type result derived in [16],
we do not need the bound of v.

(ii) The gradient estimate in [17] is not of Cheng—Yau type, which cannot derive
the Liouville property.

Another consequence of Theorem 1.4 is the following Harnack inequality.

Corollary 1.9. Let (M",g,e~Tdv) be a complete n-dimensional smooth met-
ric measure space with Ric?"” > —(m —1)Kg for some K > 0. Suppose that T >
0 and v is a smooth positive solution to equation (1.1), defined on a geodesic ball
Br(o) C M, with constants m, \, T satisfying (1.14) or (1.15). Then, for any
z,y € Bgja(0), there holds

’U(.’E) < ec(T,m,)\)(lJr\/RR)v(y)'

Moreover, using these local gradient estimates, we can obtain the global gra-
dient estimates for positive solutions to equation (1.1).

Theorem 1.10. Let (M™, g,e~Tdv) be a complete n-dimensional smooth met-
ric measure space with Ric?‘ > —(m—1)Kg, where K is a nonnegative constant.
Let v be a global positive solution of (1.1) in M.

(i) Ifm, X and 7 satisfy (1.11), then
|Vl < (m —1)VK
v T '
(ii) If m, X and 7 satisfy (1.12), then
|Vl < VK
T h () (e - )

The paper is organized as follows. In Section 2, we give a meticulous esti-
mate of Af(|Vul?**) at u = —Inv. We also recall the L. Saloff-Coste’s Sobolev
embedding theorem in Section 2. In Section 3, we establish a universal integral
estimate on |V Inv|?® and then use delicately the Nash-Moser iteration to prove
main results of this paper. The proofs of Corollaries 1.7 and 1.9 are given in
Section 4. The last section is devoted to the proof of Theorem 1.10.

2. Preliminaries

In this section we need some preliminary results to prove the gradient estimate
in (1.13) of Theorem 1.4.
We observe that equation (1.1) is rewritten as follows:

A+ (17— Do Vo> + 77?7 =0, (2.1)
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Now, let u = — Inw. Then, with respect to (2.1), u satisfies the following nonlinear
elliptic equation:
Apu—7|Vul|? — e = 0. (2.2)

Set h = |[Vu|?. Then we have
Apu—T1h — e = 0 (2.3)
Firstly, we need to establish the following lemma.

Lemma 2.1. Let (M"™,g, e_fdy) be a complete n-dimensional smooth metric
measure space with Ric}” > —(m—1)Kg, where K is a nonnegative constant and
m > 2. Assume that v is a smooth positive solution to equation (1.1). If m, A,
T € W1 U W, where

W, = {(m,A,T) : /\(m+i_1) > 0};

m — T

2+ /2 22 }

<r<1-——Y2
m+1+v2~ T m+4+1-v2

Wy = {(m,)\,T) (1 —
then there exists a constant ag > 1 and some By > 0 such that the inequality

Aph® > 20080h ! — 2a0(m — 1) Kh® — agay |[Vh| ™2 (24)

holds point-wisely in {x : h(z) > 0}, where a1 = (2 — —2=)7 and o, Po depend

m—1
only on m, X\ and 7. The ag and By can be defined differently in different W1 and
Wa.
Proof. For any o > 1, a direct computation gives

Arh® = a(a — 1)h* 2| Vh|? + ah® T Ash.
Using the Bochner formula
1
iAfh = |V2u|? + (Vu, VA ju) + Ricy (Vu, Vu),

we obtain

Aph® = a(a — 1R ?|VA* + 20k (|V2ul? + (Vu, VA pu) + Ricp(Vau, Vu)) .

(2.5)
Let {e1,ea,...,e,} be an orthonormal frame of TM on a domain with h #
0 such that e; = ‘ga. If we denote Vu = X7 u;e;, it is easy to see that uy =

|Vu| = hY/2 and u; = 0 for any 2 < i < n. Then the following identities hold (see
(3.1) and (3.3) in [19]):

1
ujl = gh_1<Vu, Vh), (26)

- 1
> uti = JhIVAP, (2.7)
1=1
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Z wy = Th+7 AT DY gy + (Vf,Vu). (2.8)
i=2

Using the Cauchy inequality, we get

2
n n n
1
IV2ul? > > udi + Y ud > ud + 1 <Z Um> : (2.9)
i=1 i=2 i=2

Then, using the inequality (see (5) in [26]):
> sjom—n
1+6 6 n-1°

(a+b)?>

we can derive from (2.8) that

n 2
! (Z uu> = 1 (Th + 7 elrDu _ uip + (Vf, Vu>>2
i=2

n—1 n—1

1 n—1 1 B 2
> (r—Du _
> < 7 (Th + 77" Xe u11>

n—1\m-—
-1
~ (v, w>2)
m—n
1 1y (r=1)u 2 1 2
= (Th+7""Xe —u11)° — (Vf,Vu)
m — m-—n
1
— — (7_2h2 + T_2A2€2(7_1)u + u%1 + 2Ah6(7—_1)u
1
— 27huyy — QT_IAe(T_I)“un) - m(Vf, Vu)?.  (2.10)

Then we obtain

1
‘V2U‘2 Z u%l + . (T2h2 4 7_72)\262(7'71)1/, + u%1 + 2Ah6(‘r71)u
m —

1

m-—-n

— 27huy1 — 27'_1)\6(7—_1)UU11) — (Vf, Vu>2. (2.11)

We can derive from (2.3) that

Vu, VAu) = (Vu, V(rh + 7 AT DY
f
= 7(Vu, Vh) + 77 (1 — 1))\6(771)"11. (2.12)

Substituting (2.6), (2.7), (2.11), and (2.12) into (2.5), we obtain

hlfa
2c

1 2
Ah® > (20— 14+ —— | u? 2——— | 1h
f _<a —|—m_1>u11—|—< m_1>7u11
1 1
+ Ric¥" (Vu, Vu) + ——72h? 222
m—1 1

m —

1 1 2
+ A\ (WH_ _ ) he(T_l)u _ mT_l)\e(T_l)uull- (213)

m-—1 T
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By applying the inequality a? 4+ 2ab > —b?, we have

1 2 _ _
<2a_1+7rl—1> U%l—m_lfr 1)\6(7' 1)uU11

1
(2= 1)(m —1) +1)(m — 1)

By (2.14) and the assumption that Ric}" > —(m — 1) Kg, we obtain

pl-o 2 1
Ah®> (22— —— ) 7huy — (m—1)Kh 2p2
2a 7 _< m—l)Tu11 (m—1) +m—1T
Lt e penu (ML 1Y e
m—1 m—1 T

_ 1 +=2)2.2(r—Du_

(2a—1)(m—1)+1)(m—1)

To estimate Ayh®, we divide the arguments into two cases:
Case 1. If (m, A\, 7) € W1, we have

A m+1 1 he(T=Du > .
m—1 7 -
Furthermore, we observe that

! - 1 7_—2 262(7'—1)’1,6
(5 (<2a1><m1>+1)<m1>> ) > 0.

Thus we can always find « = a(m, 7, \) large enough such that

bl 1 2
Ah® > —— 7242 2— —— — — 1)Kh.
o th _m_lTh —i—( m_1>7hu11 (m—1)Kh

Case 2. If (m, A\, 7) € W, we have

2
1 _m—1<m+1_1> > 0.

m—1 2 m-—1 T

Estimate (2.15) can be written as follows:

11—«
7_2h2

2
Ah*> (2 — —— — - 1K
fh _( - 1>Thu11 (m ) h +

2 m—1

R S g m+1l 1\, -1
+<2(m—1)T Ae +A m—1 7 he

1 B 1 232,27 1)u
+<2(m—1) ((2a—1)(m—1)+1)(m—1)> A )

According to a? 4 2ab > —b?, we get

L S g T m+1l 1\, o1
2 = 1)7 e + A he

F—2)2,2(r—1)u_

(2.14)

(2.15)

(2.16)

(2.17)
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—1 1 1\2
>_m-1 <m+ _ > 2p,2 (2.18)
2 m—1 T
Meanwhile, we note that
1 1 242 2(r—1)
_ A2e2r=hu > . 2.19
(2(m—1) ((2a—1)(m—1)+1)(m—1)>T c = (2.19)

2
BmT: ! _m_l m+1—l 7'2.
k m—1 2 m-—1 7

Using (2.16)—(2.19), we can always find o = a(m, 7) large enough such that

h;;a A¢h® > Bth2 + (2 — mQ_1> Thuiy — (m — 1)Kh.
We denote
h Aph® > By, -h* + (2 — 2) Thuiy — (m — 1)Kh, (2.20)
2a ' m—1
and

7_2

Bo := Po(m,7) = m—1’
Bp -,  (m, A7) lies in Wy \ Wy.

Thus we finish the proof. O

(m, A, 7) lies in W7,

To prove Theorem 1.4, we also need L. Saloff-Coste’s Sobolev embedding
theorem.

Lemma 2.2 ([27-29]). Let (M™, g,e /dv) be a complete n-dimensional
smooth metric measure space with Ricy" > —(m—1)Kg, where K is a nonnegative
constant. For m > 2, there exists some positive constant c(m) depending only on
m, such that for all B C M of radius R, we have for ¢ € C3°(B):

m—2
m Tmo _2
(/B |¢)|77212€_de) < eC(m)(1+\/ER)Vf mRQ/B (|v¢|2 +R_2¢)2) e T dy,
where Vi = [ eI dv.

3. Proof of Theorem 1.4

In this section, we finish the proof of Theorem 1.4. We proceed with the
following integral inequality on the solutions to equation (1.1).

Lemma 3.1. Let (M", g,e~fdv) be a complete n-dimensional smooth metric
measure space with Ric?Z > —(m — 1)Kg, where K is a nonnegative constant,
and Q@ = Br(o) C M be a geodesic ball. Suppose that v is a positive solution
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to equation (1.1) with the constants m > 2, X\ and T which satisfy the condition
in Theorem 1.4 (or Corollary 1.5), u = —Inv and h = |Vu|>. Then there exist
constants ao, ag and aq depending only on m, A and T such that for any t > iy,
where to is defined in (3.14), there holds

m—2

l «@ m T
/30/ heottH et dy 4+ %e*tovfm R™? (/ =T du)
Q Q

< a4t(2)R_2/ hootty2e=t dl/—|—at3/ oot vn2e= dy,  (3.1)
Q Q

where n € C§°(Q, R).

Proof. We set U = {z € QJh(x) = 0}. We note that v is smooth on Q\ U.
For a nonnegative function ¢ with compact support in Q \ U, we multiply both
sides of equation (2.4) by the function ¢ and then integrate by parts to obtain

/Q (Aph20) pe T dy = — /Q agh® Y (Vh, Vip)e ™ dv
> 26y /Q ot e dy — 2(m — l)aoK/Qhane_f dv
— alao/gho‘o_§|Vh]we_f dv. (3.2)
For constants € > 0 and ¢ > 1, we choose
v =

where h. = (h — €)t, n € C§°(Q, R) is nonnegative and less than or equal to 1,
and t is to be determined later. Then a direct calculation shows that

Vi = thi™1n?Vh + 2hinVn.
Inserting this identity into (3.2), we get
260 /Q heot ptn2e=t duy + /Q th® = Rl Vh|2n?eT dv
<2(m—-1)K /Q heohtn?e=! dv — /Q 2h0 RV h, Vn)ne ™ dv

+a1/ ho‘o_%thh]nze_f dv. (3.3)
Q

Since

he(Vh, V) > —he|Vh|[ V], (3.4)
inserting (3.4) into (3.3) and letting € — 0, we have

260 / hoott 2o =1 qy 4 / tho =2V h| 2?7 dv
Q Q
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<2(m— l)K/ heottn2e~l dy + al/ hO‘OH_%Wh\nQe—f dv
Q Q
42 / B =1 T b [V lne dv. (3.5)
Q
Applying the Young inequality, we get
1 t a?
alha0+t_§|Vh|772 S Zha0+t_2|Vh|2’l72 + 71ha0+t+1n2’
t 4
2R THVA| [Vl < 2R VAP 4 ST V). (3.6)

Now we choose t large enough such that

It can be concluded from (3.5)—(3.7) that
Bo / pootttlp2e=f gy 4 % / ROt =2\ 2n2e) du
Q Q

4
<2(m — I)K/ heottn2e=1 duy 4 t/ hootTpPe= dv.  (3.8)
Q Q

Using
g+t 2 ag+t |2 2 +t 2
v ()| < 2| wnE g+ 2neot o)
t 2
- w(’;)h““”\wlznz + 2h°0H V2, (3.9)

we have by (3.8)
4t agtt 1\ |2
ha0+t+1 2 —fd / ‘ (h )‘ —fd
50/Q n'e V+7(2a0+2t)2 QV > )| e dv
4
< 2(m — 1)K/ heottp2e=t dy + t/ hoott 7|2~ dv
Q Q

Lo 8
(2ap + 2t)2

/ heott | vy2e = dv. (3.10)
Q

In what follows, a;(i = 1,2,3,...) stand for positive constants depending on
m, 7 and A, and t is chosen in such a way that

At t 4
% 8 . 7 (3.11)

< % and — >
= Qap+20z ™ Qagrong T

It can be concluded from (3.10) and (3.11) that

o 2
Bo/ho‘°+t+1772€_f dv + atz/ ‘V (h 02+t?7>’ el dv
Q Q
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<2(m — I)K/ heottn2e=t dy + at?’/ heott |\ wplfefdv.  (3.12)
Q Q

Now letting ¢ = haOT“n in Lemma 2.2, we have

m—2

m

e—c(m)(l—&-@R)vf%R—? (/ ‘haoTHn’ ,,QLTQ €_fdl/>
Q

a t 2
< / ‘V (h 0t 77)‘ e Tdv+ R_2/ ho‘°+tn2e_f dv.
Q Q

Combining the above inequality with (3.12), we obtain

m—2

Bo / peotttlp2e=t du+%e*0<m><”ﬁR>vf%R*2 ( / Ihwn!’mefda "
Q Q

< 2(m — 1)K/ heottp2e~l dy + at?’/ heott | wy2e~F dv
Q Q

+ CZtZ/Q113_2h°‘°+tr]26_f dv. (3.13)
Now we let
o2
to = cmrr (1 + \/KR> and ¢y, = max {c(m) T, Bl} . (3.14)
0

Thus, we can choose t large enough such that for any ¢t > tg, the following
estimates hold true:
2(m—1)

5 2 and
Cm,)\,'r Cm,\,T

2(m — 1)KR? <

Furthermore, there exists ay = a4(m, A\, 7) > 0 such that
2
2(m — 1)K R + % < atd = as? (1 + \/ER) . (3.15)

Hence, it follows from (3.13) and (3.15) that

m—2

2 a m Tmo
Bo / pootttlp2e—f du+%e*tovfm3*2 < / R =l du)
Q Q

< a4t8R_2/ heottp2e=F dy 4 Cf/ heott | wn2e=f du.
Q Q

This is the required inequality and we finish the proof of this lemma. O

Using inequality (3.1) in Lemma 3.1, we will get a local estimate of h stated
in the lemma below.
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Lemma 3.2. Let (M",g, e*fdu) be a complete n-dimensional smooth metric
measure space with Riczfn > —(m — 1)Kg, where K is a nonnegative constant,
and Q = Br(o) C M be a geodesic ball. Suppose that h is the same as in Lemma
3.1. If the constants m > 2, XA and T satisfy the condition in Theorem 1.4 (or
Corollary 1.5), then, for B = (o + tg) —25, there exists a nonnegative constant
a7 = ar(m, A\, 7) > 0 such that

m—27

B
2
</ hﬁefdy> < a7VB R02 (3.16)
Bsg/4(0)

Proof. Letting t =ty in (3.1), we have

m—2

ag+t m
50/ h“0+t°+1nge_fdy+%e_t°1/f </ Wz e fd,/>
Q 0

< aqt3R™2 / poottop2e=/ dz/—i—t— / heotto|vp2ef dv. (3.17)
Q 0JQ

Now we let D = {:c € Qlh(z) > ;“‘;’;g } Hence, we have

a4t(2)R_2/ heotton2e=F gy
Q

= a4t%R2/ heottop2e=t dy 4 agt2R72 heotton2e=t dy
D Q\D

Bo aot+to+l, a4to 2a4t3 aotto
<5 ) e e v+ N Vy. (3.18)

Applying (3.18) to (3.17), we obtain

m—2

ﬁ()/ha0+t0+1 fdl/—l— a2 ,tov R </ ’hao+t0n’W2LnL2€fdy>m
Q

2
ast? (2a t2 aotto a
< % <ﬂ04Rg> Vi + t;” / heotto|pl2el dy. (3.19)

We choose a function ¢ € C5°(Br(0)) that satisfies

0<((@) <1, [V((z)| < 7 TE Br(o);
((z) =1, x € Bsry(0),

and choose n = (®0tto+l Then we get

2a0+2tg 200 +2tg

agRQWn\? < azC? (o + to + 1)2 neotto+l < a5t(2)17a0+f0+1. (3.20)

According to (3.20) and the Holder inequality, we obtain

/ha0+t0|V17’2 - av
to
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2an+2t an+t
o [ (oo S 1) (o)

ag+tto 1
< aito / ha0+t0+17726_fdu ottotd / 6—f dv cottort
R? \ Jg Q

apg+tp

1
_ a;;o </ ha0+t0+ln2€_fdy> a+tg+1 Vfa0+t0+1' (3.21)
Q
Then we use the Young inequality, which is described as follows: for any ¢ > 0,
or _a A4
OA < 8? +e€ Z; with ¢ = ﬁ 1 relating to p.
We choose
BoR? ag+to+1 m
€—2a5t0, p—m, q—a0+t0+1, A_Vf
and
ap+ttg
e = (/ ha0+t0+11726_fd1/) attott )
Q
Then we can get
t a+0t+t+01 1
asto +to+1, 2 —f @t agttotl
R2</Qh°‘°0 n“e dV) VfoO
ag+tg  2Hotl
asto 50R2 ag + to / ha0+t0+1n267fdy atip+1 +to
~ R2 |2astoag+to+1 Q

N IBORQ —(ao+to) 1 Va0+10+1 ap+to+1
2asto ao+to+1\/

IBO B 2a5t0 ag+to+1
S ? Q ha0+t0+1772€ fdl/ * /BO]%2 Vf

(3.22)

By (3.19) and (3.22), we have

m—2

(/ hmﬁp—?mn%e*f dv) "
Q
2(1475(2) 2a4t3 a0tto (151% 2a5t0 aotto
Rr? <5ORQ> +RQ<50R2>
f1-2 2 ao+to
<a@Vy "t (RO2> , (3.23)

where the constant ag depends only on m, A, 7 and satisfies

oo+t o+t
alo > 2a4et0 <4a4> R o (4@5) o+to
6 fall — .
as Bo as Boto

t 1-2
< —OetOVf ™ R2
az
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Here we have used the fact that g > 1. Taking
(3.23) gives

m power of the both sides of

1

/(hn‘”oizo)ﬁef )’ < “°+tovlt"0“° B i lo
a = R =7 RY

(3.24)

where the constant a; depends only on m, A\, 7 and satisfies

to 3
agtig t ) +t0

a7 2> ag

Since n = 1 in Bsp/4(0), we have

1

( / 6.1 > ’ 5 13
h”e™ dv < a7V —.
B3r/4(0) I R?

Thus we obtain the desired estimate. O

Now we are in the position to give the proof of Theorem 1.4 by applying the
Nash—Moser iteration method.

Proof. Now we let

an+t [e%
=l = ([
f Q

Suppose that v is a positive solution to equation (1.1) on a complete n-dimensional
smooth metric measure space (M",g,e~7dv) with the constants m > 2, A and
7 which satisfy the condition in Theorem 1.4 (or Corollary 1.5), v = —Inv and
h = |Vul?.

We get rid of the first term in (3.1) and thereby obtain

%eitOV%Ri2 </
t f

a/4t0
= R2

a4t as _
< /Q (RQO'OQ + t!WP) heotte™! dv,

m—2

+t 2m m
3 nlm-2e~f du)

m—2

ag+t 2m_ m
2 p|m-2e fdl/)

ho‘°+t772€_f dv + af’/ hoott | 7p)2e du
Q

which is equivalent to

(e

Then we take an increasing sequence {f}32; such that

m—2
m m _2
02%77\7721*2 e! dl/) < etOVf m/ <(14t3t172 + %RQ\sz) heotte=l dy.
Q\ a2 a2
(3.25)

m
,31:5 and Bk+1:£, k:1,2,...,
m— 2
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and a decreasing sequence {rj}°, such that

R R
k=1,2,....
Tk = 2+4k’ ) 4y

Let Q = By, (0). Then we can choose {n;}7°; C C5°(Br(0)) such that

C4*
Nk € CSO(BTk(O))a Nk = 1in BT‘k+1( )7 and ‘Vnk’ < ?

By letting t = t, n = n and t; + ap = Py in (3.25), we derive that

m—2

an+t m m
([ == av)
Qp

<eloy, / ( tatun; + - R2|V77 12> heottee=S dy
< etovf‘E (tgtkn,% + %0216'“) heottke=f dy
Q, \@2 az

_2
<eoy <t0tk+ 0216k> / heottee=l qy
Qp

2 k
<eoy <a4t3 (to+ao)< = > +“3C216’f)/ heottet gy
as m — 2 as Q

_2
<oy, <a4t3 (to + o) 16* + 230216’“>/ hoottee=ldqy.  (3.26)
az 2 Qp

We can find some constant ag such that

—2

(/ |h oy nk\m Ze de) < a8t316ket°Vf ’"/ hPre=I dv. (3.27)
o o

Then, taking power of 1/5 of the both sides of (3.27), we have

m—2 1
@ mBy, 2 1k Bl
</ |h 02+tkm|m 2e de) < (agtie tOVf )ﬁ 16 5% (/ hPke~ fdl/> "
Qp Qi

(3.28)
Thus,

Bt 2 En
/ Worer1o=f gy < (agtoetovf )ﬁ 165 </ hBke fdu) ’
Qg1 e

which implies that

1

_2\ Bk K
< eV, m ) T 167 . 2
HhHLikﬂ(QkH) < <astoe Vi ) 6% IIhIIL?k(Qk) (3.29)
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By iteration, we have

s -2\ S A
< m = . .
I8l sy < (s 7 ) 7 S A e 330
We note that - -
1 m k m?
S e Y
— B 24 — B 4b
Then, by letting k£ — oo in (3.30), we obtain the following inequality:
m om? —1
3 to) 287 187 B1
||h||L?k+l(Qk+l) < (aStOe ) 116 1Vf HhHL?I(BgR/zl(O))' (3.31)
There exists ag > 0 such that
m 777.2
ag > (agt%eto)E 16451,
Thus we have )
B
Hh||L<;°(BR/2(O)) < agi ! ”hHijl (B3R/4(o))' (332)
According to (3.16), we have
(1+VEKR)?
||h||L;O(BR/2(o)) < a0—p3 (3.33)
where a1g = aga7c$n’>\7,r. Recalling h = |Vu|? and u = —Inv, we derive the
required estimate. Consequently, we conclude the proof of Theorem 1.4. O

4. Proofs of Corollaries 1.7 and 1.9

Proof of Corollary 1.7. Under the conditions in Corollary 1.7, then by The-
orem 1.4, we have that for any = € Br/s(0) C M,

Vo) o Vel emr )

v(x) — Brpalo) U R (4.1)
Letting R — oo in (4.1), we get
Vu(z) =0, Vze M.
Therefore, v is a positive constant on M. ]

Proof of Corollary 1.9. Under the same conditions as in Theorem 1.4, let z,
y € Bp/a(0) be any two points with minimal geodesic v connecting them. By
using the gradient estimate (1.13) and the fact that length (v) < R, we have

Inv(z) —Inov(y) = / |V Inv|dt
g

< /C(T,m,)\)l_{—]\gﬁRdt < c(r,m,\)(1+ \/ER)
.

Thus, for any x, y € Br/2(0), we obtain

’U(LU) < ec(T,m,)\)(lJr\/RR),U(y)' n



206 Cheng Jin, Youde Wang, and Fanqi Zeng

5. Global gradient estimate

By the local gradient estimate of positive solution v to equation (1.1), we have

sup [V < c(m, T, )\)ﬂ_

Br2(0) v R

If v is a global solution, then, letting R — oo in the above local gradient estimate,
we obtain -
M <c(m, 7, \)\WK, x€ M.
v
In this section, we give an explicit expression of the above c¢(m,7,\). By
almost the same idea as that adopted in [20], we can establish the following key

lemmas.

Lemma 5.1. Let (M", g,e~fdv) be a complete n-dimensional smooth metric
measure space with Ricf > —(m— 1)K g, where K is a nonnegative constant. Let
v be a global positive solution of (1.1) in M.

(1) Ifm, 7 and X satisfy (1.11), we denote

m—1)?
ylzi( 5 ) K.
-

Then, for any § >0, w = (h —y1 — )" and a large enough, there are some
positive constants 11, lo depending on m, 7, \, K and § such that

Apw® > 20w (liw — Iy Vw)).

(2) Ifm, T and X satisfy (1.12), we denote

_ K
=0 (\/i—m—l +;) (x/§+m+1 B l)'
2 m—1 T m—1 T

Then, for any § >0, w = (h —y2 — §)" and «a large enough, there are some
positive constants ls, l4 depending on m, 7, K and & such that

Apw® > 20w (law — 14| Vw)).
Proof. (1) By Lemma 2.1, if m, 7 and A satisfy (1.11), then

pl-a 1
Afh® >
2c

272 a1
p—ld h —(m—l)Kh—?h2\Vh| (5.1)
holds.
We note that Vw = Vh in {h > y; + }, but Vw causes a distribution on
{h =y1 +0}. If we assume a > 1, then the distribution caused by Vw on {h =
y1 + d} is eliminated by w since w =0 on {h = y; + ¢}.
Since h > w, it follows that

Apw® = —aw® N (Vw, V) + div(aw® ' Vw)
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= —aw® Y (Vh, Vf) + div(aw* ' Vh)
= aw* T Ash + a(a — Dw* 2| Vh|?

a—1
= o (ah* T Ash 4 afa = Dw A VAP)
woc—l wa_l
> ot (h* Ak ala — DA VAP) = S Akt (5.2)

Substituting (5.1) into (5.2), we get

1
m—1

Apw® > 20wt ( 2h% — (m —1)Kh — a;h%]Vho .

Since

(m — 1)
2

h2y1+5: K+5,

the above inequality can be written as

< LI 7S 1)K> - al|Vw|>

m—1

(57‘2 al
m—1 - 2Vw]> .

N|=

Apw® > 20w 1 hz (h

N

a—1p1
> 20w "h2 [ h

There holds
y+06<h< c(m,r,)\)\/ﬁ

on {h > y; + 0}, and thus we have
Apw® > 20w liw — lo|Vwl),

where [; and [y are two positive constants depending on m, K, 7, A and 4.
(2) If m, 7 and A satisfy (1.12), it follows from (2.20) that

hl—a
2

1 1 1 1\2
Bm,r: _m m+ = 7_2‘
’ m—1 2 m—-—1 T

Then, on {h > y2 + ¢},

Ash® > By h? — (m—1)Kh — %héwhy, (5.3)

where

(m—-1)K

h>ys+6d= B

+ 0.

So (5.3) can be written as

(VI

A > 200° (h% (Bmrh — (m —1)K) — @\Vw\)

2
1

> 2qw*1h2 <h553m’7 - %|Vw\) .
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There holds
yo+0 < h< c(m,r,)\)\/f

on {h > yy + ¢}, and thus we obtain
Apw® > 20w lsw — 4| Vwl),
where [3 and [4 are two positive constants depending on m, K, 7 and §. O

Next, we use an iteration scheme similar to that in [20,27,30] to derive an
explicit bound of the gradient.

Lemma 5.2. Let (M”, g, e_fdy) be a complete n-dimensional smooth metric
measure space with Ricy" > —(m—1)Kg, where K is a nonnegative constant. Let
v be a global positive solution of (1.1) in M. For some y > 0, we let w = (h —
y)T. If w satisfies the following inequality:

Apw® > 20w l3w — 14| Vwl), (5.4)
where l3 and Iy and o are some positive constants, then w =0, i.e., h < y.

Proof. Let n € C§°(M,R) be a cut-off function to be determined later. For
a constant v > 1, we choose wYn? as a test function. Now we multiply the both
sides of (5.4) by w7n? and integrate the obtained inequality over M to get

/ (W) Apwe™ dv 2/ 20w H(lzw — L|Vw|)n?e 7l dv.
M M
Using the integration by parts, we have

—/ ayw* 2 Vw|?nle ! dZ/—/ 20w "1 (Vw, Vi)ne= dv
M M

2/ 20w (lz3w — 14| Vw|)n?e 7 dv.
M

Since
(Vw, Vi) > —|Vwl||Vn],

we conclude that
/ Aqw*TIn’e d1/+/ w2\ Vw*n?e dv
M M
g/ 2w Vw|n?e ! dl/—l—/ 2w | Vw||Vy|ne ™ dv.
M M

Applying the Young inequality, we get

1 2 2|Vl 2
20w T HVw|n? < w2 0?4 elyw® T T
€

[Vuwl?

20T Vw||Vn|n < w2 E—n? 4 ew® | V|2
€
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Now we choose € such that

l4+1_

)
€

then we obtain
/ 2w e T dv S/ ew | Vn|2e=/ dz/+/ elaw* e~ du.
M M M
Choosing v large enough such that ely < I3, we have

/ lzw* n?e dy S/ ew® | Vn|?e~ du.
M M

If w # 0, without loss of generality, we can suppose that w |p,# 0 for some
geodesic ball By with radius 1, and we observe that

/ e Tdv>0
B
always holds true.

We use Bj, to represent the geodesic ball with radius k. Then we choose n €
C§°(Bg+1) such that

n=1in By and |Vn|<4in Bjy;.

Then we derive that

/ 16ew* e Fdy > / lsw® e f dy > / lsw* e F dy.
Bt By By,

By iteration on k, we get

A k
/ w¥e  dy > G / w* e ! du, (5.5)
Bk € By

where (1 is a positive constant. Since w is uniformly bounded, we have

COTV(By) > / wote! dy (5.6)
By,
and
/ w* el dv > C3HV(By), (5.7)
By

where Cy and Cs are positive constants, and Vy(By) = || B, e~fdv. By the volume
comparison theorem, we have




210 Cheng Jin, Youde Wang, and Fanqi Zeng

Let (4 = €2, Then, plugging (5.6)-(5.8) into (5.5), we infer that
3

C’f+ye(m_1)k\/§ > ekln%. (5.9)

We choose « such that

A~

n L > 2(m — 1)VEK +2.

€

If k is chosen sufficiently large, (5.9) can not hold. Hence, w = 0, and thus we
finish the proof of this lemma. O

Now we are in the position to give the proof of Theorem 1.10.

Proof. By Lemmas 5.1 and 5.2, we can prove Theorem 1.10. If m, A\, 7 satisfy
(1.11) or (1.12), then, by Lemma 5.1, for any § > 0 and w = (h —y; — )T, i =
1,2, we obtain

Apw® > 20w (3w — 14| Vw)).
According to Lemma 5.2, we obtain w = 0, i.e., h < y; + 0. Since § can be
arbitrarily small, it is clear that h < y;. Since

h=|Vul® = |(Vv)/v],

we get
Vv
Vo < i
and thus we finish the proof of Theorem 1.10. O
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Jlorapudwmiuni rpagienTtHi ominkn Yena—dy aasa
HEeJIIHIITHOTO eJIINITUYHOTrO PiBHSHHS Ha TJIaAKUX
METPUYHHUX IIPOCTOpax i3 Miporo

Cheng Jin, Youde Wang, and Fanqi Zeng
VY 1i#t poboTi MU PO3IIIIAEMO HEJTiHITHE eIITUIHe PiBHAHHS
AT +Av =0

Ha MMOBHOMY TJIAKOMY METPHUIHOMY MPOCTOPi 3 Miporo, e m-KpubBuHa Piawai
Bakpi-Emepi oomerkena 3uu3y, a 7 > 0 Ta A € KoHCcTaHTaMu. Mu ofepKyeMo
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HOBI JIOK&JIBHI Ta TJI00a/IbHI YHIBEpCaJbHI log-TpaieHTHI OIMIHKN Tt J0JIa~
THUX PO3B’I3KIB IILOTO PIBHSHHS, BUKOPUCTOBYIOUN MeTOs, iTepartiit Herra—
Moszepa. fx 3acrocyBaHHs IIUX OIIHOK, MH OJIEPYKYEMO TeopeMmy Tuiry Jli-
yBisIs1, HepiBHicTh [apHaka Ta TyIOOAJBbHI T'PAII€HTHI OIIHKU I TaKUX
po3B’si3KiB. Haitti pesysibrary y3arajJbHIOIOTh Ta IMOKPAILYOTh OI[IHKH, BCTa-
nossieni Banrom (J. Differential Equations 260 (2016), 567-585) Ta Txkao
(Arch. Math. (Basel) 114 (2020), 457-469).

KirouoBi cioBa: I'rnmagkuit MeTpuaHUiIl TPOCTIp 3 MipOIo, Tpaji€HTHA
orinka, Teopema JIiyBimis, HepiBuicTh [apHaka
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