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In this paper, we classify Hopf real hypersurfaces in S2 × S2 and H2 ×
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1. Introduction

The Riemannian product S2 × S2 of two unit 2-spheres and the Riemannian
product H2×H2 of two hyperbolic planes are important and interesting Hermitian
4-manifolds. Here, we denote by M̄2(ε), the unit sphere S2 when ε = 1, or the
hyperbolic plane H2 when ε = −1. In recent years, many results about real
hypersurfaces in M̄2(ε)× M̄2(ε) have been obtained, we refer to, e.g., [2–6,8–11,
13,15] and the references therein.

Given a real hypersurface M in a Kähler manifold (M̃, J, g̃) with unit normal
vector field N , then M has a standard almost contact metric structure (φ, ξ, η, g)
induced from M̃ , where ξ = −JN is the Reeb vector field of M , φ is a (1, 1)-
tensor field. Let ∇̃ be the Levi-Civita connection of M̃ . From the fact that ∇̃J =
0 and the Gauss–Weingarten formulae, one can have

∇Xξ = φAX, X, Y ∈ TM, (1.1)

where ∇ and A are the Levi-Civita connection and the shape operator of M ,
respectively. M is called a Hopf real hypersurface if the integral curves of ξ are
geodesics. A real hypersurface of a Kähler manifold is Hopf if and only if the
Reeb vector field is a principal curvature vector field (cf. [1]).

Related to the Reeb vector field ξ, one can consider a (1,1)-tensor field: the
structure Lie operator Lξ defined by g(LξX,Y ) := (Lξg)(X,Y ) for any vector
fields X,Y on M . From (1.1) we derive that

LξX = (φA−Aφ)X, X ∈ TM. (1.2)

Let R be the Riemannian curvature tensor of type (1, 3) on M . Then, associating
with the the Reeb vector field ξ, one has the so-called structure Jacobi operator
Rξ of M defined by

RξX = R(X, ξ)ξ, X ∈ TM. (1.3)
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Concerning the structure Lie operator and the structure Jacobi operator of real
hypersurfaces, There has been considerable research in various ambient spaces,
see e.g. [3, 7, 8, 12, 14, 15]. For example, Gao–Hu–Ma–Yao [3] and Zhang–Gao–
Hu–Yao [15] classified real hypersurfaces in both S2 × S2 and H2 × H2 with
isometric Reeb flow. By (1.2), the condition of isometric Reeb flow is equivalent
to Lξ = 0. Hu–Zhang [9] classified the real hypersurfaces according to various
conditions on the structure Jacobi operator of S2 × S2 and H2 ×H2, such as real
hypersurfaces with vanishing structure Jacobi operator and real hypersurfaces
with parallel structure Jacobi operator. Hu-Lu [7] classified the real hypersurfaces
with parallel or η-parallel structure Lie operators of S2 × S2 and H2 × H2. In
this paper, we consider Hopf real hypersurfaces in M̄2(ε)× M̄2(ε) such that their
structure Jacobi operator and structure Lie operator are anticommutative, i.e.,
LξRξ +RξLξ = 0.

Before stating our results, we recall some typical examples. Notice that for
the Riemannian product M̄2(ε)×M̄2(ε), there exists a natural product structure
P defined by P (v1, v2) = (v1,−v2) for any tangent vector fields v1, v2 on M̄2(ε).
Then, for an orientable real hypersurface M of M̄2(ε)×M̄2(ε) with a unit normal
vector field N , we can introduce a function C, defined by C := 〈PN,N〉. Here,
〈·, ·〉 denotes the standard product metric on M̄2(ε) × M̄2(ε). The geometry of
real hypersurfaces in M̄2(ε) × M̄2(ε) is closely related to the function C. For
the sake of brevity, we call C the product angle function of M . It is clear that
−1 ≤ C ≤ 1. In the case C2 ≡ 1 on M , Urbano [13] and Gao–Ma–Yao [4] proved
respectively that there exists a smooth curve Γ in M̄2(ε) such that M is locally
isometric to the real hypersurface MΓ defined by

MΓ :=
{

(x, y) ∈ M̄2(ε)× M̄2(ε) |x ∈ Γ, y ∈ M̄2(ε)
}
.

In the case C = 0, some typical real hypersurfaces of M̄2(ε) × M̄2(ε), con-
structed by Urbano [13] and Gao-Ma-Yao [4], are summarized as follows:

(i) Mt := {(p, q) ∈ S2 × S2 | 〈p, q〉R3 = t} for t ∈ (−1, 1), where 〈·, ·〉R3 is the
canonical metric on R3;

(ii) Mτ := {(p, q) ∈ H2 × H2 | 〈p, q〉R3
1

= τ} for τ < −1, where 〈·, ·〉R3
1

is the

Lorentzian metric on the three-dimensional Minkowski space R3
1;

(iii) M
1/2
1,−1 is defined by the immersion

Φ : R3 → H2 ×H2

(t, r, s) 7→ (p(t, r), q(t, s)),

with
p(t, r) = cosh

(
t√
2

)(
2 + r2

2
, r,

r2

2

)
+ sinh

(
t√
2

)(
−r

2

2
,−r, 2− r2

2

)
,

q(t, s) = cosh

(
t√
2

)(
2 + s2

2
, s,

s2

2

)
+ sinh

(
t√
2

)(
s2

2
, s,
−2 + s2

2

)
.

From [3] and [15], we know that MΓ is a Hopf real hypersurface with at most
two distinct principal curvatures in M̄2(ε) × M̄2(ε); Mt and Mτ are Hopf real
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hypersurfaces with three distinct constant principal curvatures in S2×S2 and H2×
H2, respectively; M

1/2
1,−1 is a Hopf real hypersurface with two distinct constant

principal curvatures in H2 ×H2.
Now, we state our result as follows:

Theorem 1.1. Let M be a Hopf real hypersurface of M̄2(ε) × M̄2(ε) that
satisfies the condition LξRξ + RξLξ = 0. Then, up to isometries of M̄2(ε) ×
M̄2(ε), one of the following cases occurs:

(i) M is an open part of MΓ for a smooth curve Γ in M̄2(ε);

(ii) M is an open part of Mt in S2 × S2 for some t ∈ (−1, 1);

(iii) M is an open part of Mτ in H2 ×H2 for some τ < −1;

(iv) M is an open part of M
1/2
1,−1 in H2 ×H2.

Remark 1.2. For S2 × S2, the examples MΓ and Mt first appeared in [13].

For H2 ×H2, the examples MΓ, Mτ and M
1/2
1,−1 first appeared in [4].

The paper is organized as follows: In Section 2, we review basic materials
about M̄2(ε) × M̄2(ε) and its geometry of real hypersurfaces. In Section 3, we
present the proof of Theorem 1.1.

2. Preliminaries

2.1. The Kähler structure of M̄2(ε)×M̄2(ε). In this subsection, we recall
the basic materials of M̄2(ε)×M̄2(ε) from [4,13]. Let M̄2(ε) be the unit 2-sphere
S2 endowed with the canonical metric 〈·, ·〉 when ε = 1, and the hyperbolic plane
H2 = {(x1, x2, x3) ∈ R3

1 | −x2
1+x2

2+x2
3 = −1, x1 > 0} endowed with the canonical

metric 〈·, ·〉 when ε = −1.
The complex structure J on M̄2(ε) is defined as follows:{

Jpv = p ∧ v for any p ∈ S2, v ∈ TpS2,

Jpv = p� v for any p ∈ H2, v ∈ TpH2,

where ∧ is the cross product in R3 and � is the Lorentzian cross product in R3
1

defined by

(a1, a2, a3) � (b1, b2, b3) = (a3b2 − a2b3, a3b1 − a1b3, a1b2 − a2b1).

We endow M̄2(ε) × M̄2(ε) with the product metric 〈·, ·〉 and the complex
structures

J1 = (J, J), J2 = (J,−J).

Then, with respect to J1 or J2, M̄2(ε)× M̄2(ε) is a Kähler surface. The product
structure P on M̄2(ε)× M̄2(ε) is defined as follows:

P (v1, v2) = (v1,−v2), v1, v2 ∈ Tp(M̄2(ε)).

So, P satisfies the following properties:

P = −J1J2 = −J2J1, P
2 = Id, 〈PX, Y 〉 = 〈X,PY 〉, X, Y ∈ T (M̄2(ε)×M̄2(ε)).



Hopf Real Hypersurfaces in S2 × S2 and H2 ×H2 379

Let ∇̄ be the Levi-Civita connection of M̄2(ε)× M̄2(ε), we have ∇̄P = 0.

The curvature tensor R̄ of M̄2(ε)× M̄2(ε) is given by

R̄(X,Y )Z =
1

2
ε
[
〈Y,Z〉X − 〈X,Z〉Y + 〈PY,Z〉PX − 〈PX,Z〉PY

]
,

X, Y, Z ∈ (M̄2(ε)× M̄2(ε)). (2.1)

2.2. Real hypersurfaces of M̄2(ε)× M̄2(ε). Let M be a real hypersurface
of M̄2(ε)× M̄2(ε) with a unit normal vector field N . We still use 〈·, ·〉 to denote
the induced metric on M . The smooth function C : M → R and the tangent
vector field V on M are defined by

C := 〈PN,N〉, V := PN − CN,

where C is called the product angle function. It holds that −1 ≤ C ≤ 1 and
‖V ‖2 := 〈V, V 〉 = 1− C2. We put

J1X = φX + η(X)N, PX = TX + µ(X)N, X ∈M, (2.2)

where φX and η(X)N (resp. TX and µ(X)N) are the tangent and normal parts
of J1X (resp. PX), respectively. So φ and T are tensor fields of type (1, 1), η
and µ are 1-forms on M . From (2.2), we have

η(X) = 〈X, ξ〉, η(φX) = 0, 〈TX, Y 〉 = 〈X,TY 〉,
φ2X = −X + η(X)ξ, 〈φX, Y 〉 = −〈X,φY 〉,
µ(X) = 〈PX,N〉, 〈φX, φY 〉 = 〈X,Y 〉 − η(X)η(Y ),

(2.3)

where ξ := −J1N is the Reeb vector field of M .

Let ∇ be the Levi-Civita connection on M . Then the Gauss and Weingarten
formulae are given by:

∇̄XY = ∇XY + 〈AX,Y 〉N, ∇̄XN = −AX, X, Y ∈ TM, (2.4)

where A is the shape operator of M .

Let R be the Riemannian curvature tensor of M . The Gauss and Codazzi
equations of M in M̄2(ε)× M̄2(ε) are given by:

R(X,Y )Z =
1

2
ε {〈Y,Z〉X − 〈X,Z〉Y + 〈TY, Z〉TX − 〈TX,Z〉TY }

+ 〈AY,Z〉AX − 〈AX,Z〉AY, X, Y, Z ∈ TM, (2.5)

(∇XA)Y − (∇YA)X =
1

2
ε {〈X,V 〉TY − 〈Y, V 〉TX} , X, Y ∈ TM. (2.6)

We also need the following useful formulas (cf. [4, 13]):

∇C = −2AV, ∇XV = CAX − TAX, X ∈ TM. (2.7)
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2.3. A canonical frame for real hypersurfaces of M̄2(ε)× M̄2(ε). Let
M be a real hypersurface of M̄2(ε)× M̄2(ε) with |C| < 1. Then, following [3], we
consider the local orthonormal frame field {Ei}3i=1 on M as follows:

E1 = J1N, E2 =
J2N − CJ1N√

1− C2
, E3 =

V√
1− C2

. (2.8)

So, the following relations hold:
PE1 = CE1 +

√
1− C2E2, PE2 =

√
1− C2E1 − CE2,

PE3 = −CE3 +
√

1− C2N, TE1 = CE1 +
√

1− C2E2,

TE2 =
√

1− C2E1 − CE2, TE3 = −CE3, φE1 = 0,

φE2 = −E3, φE3 = E2, η(E1) = −1, η(E2) = 0, η(E3) = 0.

(2.9)

Put AEi =
∑3

j=1 hijEj with hij = hji, 1 ≤ i, j ≤ 3. By (2.4)–(2.7), (2.9),

and ∇̄P = 0, we get the following lemma.

Lemma 2.1 (cf. Subsection 2.3 of [9]). Let M be a real hypersurface of
M̄2(ε) × M̄2(ε) with |C| < 1. Then, in terms of {Ei}3i=1 as defined by (2.8), it
holds that

Ei(C) = −2hi3
√

1− C2, i = 1, 2, 3. (2.10)

∇E1E1 = −h13E2 + h12E3, ∇E1E2 = h13E1 +

(
h11 −

2C√
1− C2

h12

)
E3,

∇E1E3 = −h12E1 −
(
h11 −

2C√
1− C2

h12

)
E2,

∇E2E1 = −h23E2 + h22E3, ∇E2E2 = h23E1 +

(
h12 −

2C√
1− C2

h22

)
E3,

∇E2E3 = −h22E1 −
(
h12 −

2C√
1− C2

h22

)
E2,

∇E3E1 = −h33E2 + h23E3, ∇E3E2 = h33E1 +

(
h13 −

2C√
1− C2

h23

)
E3,

∇E3E3 = −h23E1 −
(
h13 −

2C√
1− C2

h23

)
E2.

(2.11)

Moreover, with respect to the frame {Ei}3i=1, the Gauss and Codazzi equations
yield:

E2(h11)− E1(h12) = −2h11h13 + 3h13h22 − 3h12h23 +
2C√

1− C2
h12h13, (2.12)

E2(h12)− E1(h22) = −h12h13 − h11h23 −
2h13h22C√

1− C2
+

4h12h23C√
1− C2

, (2.13)

E2(h13)− E1(h23) = −h2
13 − h2

23 + h33

(
h22 − h11 +

2h12C√
1− C2

)
, (2.14)
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E3(h11)− E1(h13) = 2h11h12 + 3h13h23 − 3h12h33 −
2h2

12C√
1− C2

+
εC
√

1− C2

2
,

(2.15)

E3(h12)− E1(h23) = h2
12 + h2

23 + h22(h11 − h33)− 2h13h23C√
1− C2

+
2h12(h33 − h22)C√

1− C2
+
ε(1− C2)

2
, (2.16)

E3(h13)− E1(h33) = h11h23 + h12

(
h13 −

2h23C√
1− C2

)
, (2.17)

E3(h22)− E2(h23) = 2h12h22 +

(
4h22(h33 − h22)− 8h2

23 − ε(1− C2)
)
C

2
√

1− C2

+ h13h23 + h12h33, (2.18)

E3(h23)− E2(h33) = h13(h22 + 2h33) + h23

(
h12 −

2(h22 + h33)C√
1− C2

)
. (2.19)

3. Proof of Theorem 1.1

Let M be a Hopf real hypersurface of M̄2(ε) × M̄2(ε) that satisfies the con-
dition LξRξ + RξLξ = 0. Since 0 ≤ C2 ≤ 1 on M , we can put M = Ω1 ∪ Ω2,
where

Ω1 = {p ∈M | C2(p) < 1}, Ω2 = {p ∈M | C2(p) = 1}.

If Ω1 is non-empty, then Ω1 is an open subset of M .

Proposition 3.1. Let M be a Hopf real hypersurface of M̄2(ε)× M̄2(ε) that
satisfies the condition LξRξ+RξLξ = 0. If Ω1 is non-empty, then M has constant
product angle function C (C 6= ±1). Moreover, up to isometries of M̄2(ε)×M̄2(ε),
one of the following cases occurs:

(i) M is an open part of Mt in S2 × S2 for some t ∈ (−1, 1);

(ii) M is an open part of Mτ in H2 ×H2 for some τ < −1;

(iii) M is an open part of M
1/2
1,−1 in H2 ×H2.

Proof. Since Ω1 is non-empty, we can choose the local orthonormal frame

field {Ei}3i=1 as defined by (2.8). Let AEi =
3∑
j=1

hijEj with hij = hji, 1 ≤ i, j ≤

3. From (1.2) and (2.9), we obtain

Lξ(E1) = h13E2 − h12E3,

Lξ(E2) = h13E1 + 2h23E2 + (h33 − h22)E3,

Lξ(E3) = −h12E1 + (h33 − h22)E2 − 2h23E3. (3.1)

It follows from (1.3), (2.5), (2.8), and ξ = −J1N that

Rξ(E1) = 0,

Rξ(E2) = (h11h22 − h2
12)E2 + (h11h23 − h12h13)E3,
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Rξ(E2) = (h11h23 − h12h13)E2 +

(
1− C2

2
ε+ h11h33 − h2

13

)
E3. (3.2)

We substitute X = Ei and Y = Ej , 1 ≤ i, j ≤ 3, into 〈LξRξX+RξLξX,Y 〉 =
0, then by applying (3.1) and (3.2), we can derive that

h11(h13h22 − h12h23) = 0, (3.3)

h11(h13h23 − h12h33) +
ε

2
h12(C2 − 1) = 0, (3.4)

−2h2
12h23 + h12h13(h22 − h33) + h11h23(h22 + h33) = 0, (3.5)

(h22 − h33)(h2
12 + h2

13 − h11(h22 + h33)) +
ε

2
(h22 − h33)(C2 − 1) = 0, (3.6)

h12h13(h22 − h33) + h23(2h2
13 − h11(h22 + h33) + ε(C2 − 1)) = 0. (3.7)

Since M is a Hopf real hypersurface, it follows that h12 = h13 = 0.

In the following, we further put Ω1 = Ω11 ∪ Ω12 ∪ Ω13, where
Ω11 = {p ∈M | h11(p) 6= 0, h22(p) + h33(p) 6= 0},
Ω12 = {p ∈M | h11(p) = 0},
Ω13 = {p ∈M | h11(p) 6= 0, h22(p) + h33(p) = 0}.

If Ω11 is non-empty, then Ω11 is an open subset of Ω1.

Claim 1. The set Ω12 does not contain any non-empty open subset of Ω1.

To verify this claim we argue by contradiction. Suppose on the contrary that
Ω12 contains some non-empty open subset Ω̂ of Ω1, then h11 ≡ 0 on Ω̂. Now, by
substituting h11 = h13 = 0 into (3.7), we get h23 = 0 on Ω̂. From h11 = h12 =
h13 = h23 = 0, (2.14) and (2.16), we get that h22h33 = 0 and −h22h33 + ε

2(1 −
C2) = 0 on Ω̂. It follows that C2 = 1 on Ω̂, which is a contradiction. This verifies
the assertion of Claim 1.

Claim 2. The set Ω13 does not contain any non-empty open subset of Ω1.

To verify Claim 2 we argue again by contradiction. Suppose on the contrary
that Ω13 contains some non-empty open subset Ω̄ of Ω1, then h22 + h33 = 0 on
Ω̄. From (3.6) and (3.7), we derive that h22 = h33 = h23 = 0 on Ω̄. Then, by
substituting h12 = h13 = h23 = h22 = 0 into (2.16), we derive that C2 = 1 on Ω̄,
which is a contradiction. This verifies the assertion of Claim 2.

From (3.5) and h12 = h13 = 0, we get that h23 = 0 on Ω11. By Claim 1 and
Claim 2, we know that Ω11 is dense in Ω1.

Next, we further put Ω11 = Ω111 ∪ Ω112, where

Ω111 = {p ∈M |h11(p) 6= 0, h22(p) + h33(p) 6= 0, h22(p) 6= h33(p)},
Ω112 = {p ∈M |h11(p) 6= 0, h22(p) + h33(p) 6= 0, h22(p) = h33(p)}.

Claim 3. The set Ω112 does not contain any non-empty open subset of Ω11.

To verify Claim 3 we argue again by contradiction. Suppose on the contrary
that Ω112 contains some non-empty open subset Ω̆ of Ω11, then h22 = h33 on Ω̆.
By substituting h12 = h13 = h23 = 0 and h33 = h22 into (2.14) and (2.16), we
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derive that h22(h22−h11) = 0 and h22(h11−h22) + ε
2(1−C2) = 0. It follows that

C2 = 1 on Ω̆, which is a contradiction. This verifies the assertion of Claim 3.

By Claim 3, we know that Ω111 is dense in Ω11. Now, on Ω111, according to
h12 = h13 = 0, h22 6= h33 and (3.6), we deduce that

h11(h22 + h33) +
ε

2
(1− C2) = 0. (3.8)

From h12 = h13 = h23 = 0, (2.14) and (2.16), we get that

h33(h22 − h11) = 0, (3.9)

h22(h11 − h33) +
ε

2
(1− C2) = 0. (3.10)

If h33 6= 0 at some point p of Ω111, by (3.9) we get that h11 = h22. It follows
from (3.8) and (3.10) that h11h33 = 0 at p, which is a contradiction. Thus it
holds that h33 = 0 on Ω111. Thus, by (2.10), we derive that C is a constant on
Ω111. Since Ω111 is dense in Ω11, and Ω11 is dense in Ω1, we have C is a constant
on Ω1 by continuity of the function C. According to the assumption that Ω1 is
non-empty, then Ω2 is empty on M . It follows that M is a Hopf real hypersurface
with constant product angle function C (C 6= ±1).

Now, when ε = 1, we can apply Theorem 1.5 in [3] to derive that M is an
open part of Mt. When ε = −1, we can apply Theorem 2.2 in [15] to derive

that M is either an open part of M
1/2
1,−1, or an open part of Mτ for τ < −1. On

the other hand, it can be checked that real hypersurfaces Mt, Mτ and M
1/2
1,−1 all

satisfy the condition of LξRξ +RξLξ = 0.

Proposition 3.2. Let M be a Hopf real hypersurface of M̄2(ε)× M̄2(ε) that
satisfies the condition LξRξ +RξLξ = 0. If Ω1 is empty, then M is an open part
of MΓ for a smooth curve Γ of M̄2(ε).

Proof. If Ω1 is empty, then C2 ≡ 1 on M . Now, from Subsection 3.1 of [13]
and Lemma 3.3 of [4], we know that M is an open part of MΓ for a smooth curve
Γ of M̄2(ε). On the other hand, since hypersurfaces MΓ satisfy Aφ = φA, i.e.,
Lξ = 0, they also satisfy the condition of LξRξ +RξLξ = 0.

Completion of the proof of Theorem 1.1. Based on Proposition 3.1 and
Proposition 3.2, we have completed the proof of Theorem 1.1.
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Гiперповерхнi Гопфа в S2 × S2 та H2 ×H2 з
антикомутативними структурним оператором Якобi

та структурним оператором Лi
Dehe Li

У цiй роботi ми класифiкуємо дiйснi гiперповерхнi Гопфа в S2×S2 та
H2×H2, для яких структурний оператор Якобi та структурний оператор
Лi є антикомутативними.

Ключовi слова: дiйсна гiперповерхня, структурний оператор Якобi,
структурний оператор Лi, S2 × S2, H2 ×H2

mailto:lidehehe@163.com

	Introduction
	Preliminaries
	The Kähler structure of M2(e) x M2(e).
	Real hypersurfaces of M2(e) x M2(e).
	A canonical frame for real hypersurfaces of M2(e) x M2(e).

	Proof of Theorem 1.1

