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In this paper, we classify Hopf real hypersurfaces in S? x S? and H? x
H? for which the structure Jacobi operator and structure Lie operator are
anticommutative.
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1. Introduction

The Riemannian product S? x S? of two unit 2-spheres and the Riemannian
product H? x H? of two hyperbolic planes are important and interesting Hermitian
4-manifolds. Here, we denote by M?(e), the unit sphere S? when ¢ = 1, or the
hyperbolic plane H? when € = —1. In recent years, many results about real
hypersurfaces in M?2(e) x M?(¢) have been obtained, we refer to, e.g., [2-6,8-11,
13,15] and the references therein.

Given a real hypersurface M in a Kahler manifold (M, J, §) with unit normal
vector field NV, then M has a standard almost contact metric structure (¢,&,1,g)
induced from M, where ¢ = —JN is the Reeb vector field of M, ¢ is a (1,1)-
tensor field. Let V be the Levi-Civita connection of M. From the fact that V.J =
0 and the Gauss—Weingarten formulae, one can have

Vxé = 0AX, X,Y €TM, (1.1)

where V and A are the Levi-Civita connection and the shape operator of M,
respectively. M is called a Hopf real hypersurface if the integral curves of £ are
geodesics. A real hypersurface of a Kéhler manifold is Hopf if and only if the
Reeb vector field is a principal curvature vector field (cf. [1]).

Related to the Reeb vector field &, one can consider a (1,1)-tensor field: the
structure Lie operator L¢ defined by g(L¢X,Y) := (L¢g)(X,Y) for any vector
fields X, Y on M. From (1.1) we derive that

LeX = (pA— A$)X, X € TM. (1.2)

Let R be the Riemannian curvature tensor of type (1,3) on M. Then, associating
with the the Reeb vector field &, one has the so-called structure Jacobi operator
R¢ of M defined by

ReX = R(X, )¢, X eTM. (1.3)
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Concerning the structure Lie operator and the structure Jacobi operator of real
hypersurfaces, There has been considerable research in various ambient spaces,
see e.g. [3,7,8,12,14,15]. For example, Gao-Hu-Ma—Yao [3] and Zhang-Gao—
Hu-Yao [15] classified real hypersurfaces in both S? x S? and H? x H? with
isometric Reeb flow. By (1.2), the condition of isometric Reeb flow is equivalent
to Lg = 0. Hu-Zhang [9] classified the real hypersurfaces according to various
conditions on the structure Jacobi operator of S? x S? and H? x H2, such as real
hypersurfaces with vanishing structure Jacobi operator and real hypersurfaces
with parallel structure Jacobi operator. Hu-Lu [7] classified the real hypersurfaces
with parallel or n-parallel structure Lie operators of S? x S? and H? x H2. In
this paper, we consider Hopf real hypersurfaces in M?(e) x M?(e) such that their
structure Jacobi operator and structure Lie operator are anticommutative, i.e.,
LgRg + Rng =0.

Before stating our results, we recall some typical examples. Notice that for
the Riemannian product M?2(e) x M?(¢), there exists a natural product structure
P defined by P(v1,v2) = (v1, —v2) for any tangent vector fields vy, vy on M?2(e).
Then, for an orientable real hypersurface M of M?(e) x M?(e) with a unit normal
vector field N, we can introduce a function C, defined by C' := (PN, N). Here,
(-,-) denotes the standard product metric on M?(e) x M?(¢). The geometry of
real hypersurfaces in M?2(e) x M?(¢) is closely related to the function C. For
the sake of brevity, we call C' the product angle function of M. It is clear that
—1 < C < 1. In the case C? =1 on M, Urbano [13] and Gao-Ma—Yao [4] proved
respectively that there exists a smooth curve I' in M?(e) such that M is locally
isometric to the real hypersurface Mt defined by

My = {(z,y) € M*(¢) x M*(¢) |z €T,y € M*()} .
In the case C' = 0, some typical real hypersurfaces of M?(e) x M?(e), con-
structed by Urbano [13] and Gao-Ma-Yao [4], are summarized as follows:

(i) M :={(p,q) € > xS?* | (p,q)rs = t} for t € (—1,1), where (-,-)gs is the
canonical metric on R3;

(i) M, := {(p,q) € H? x H? | (p, q)ps = 7} for 7 < —1, where (-, -)gs is the
Lorentzian metric on the three-dimensional Minkowski space Ri)’;

(iii) Mll/_2 , is defined by the immersion
$: R® — H? x H?
(t7 T’ S) = (p(t7 T)’ q(t’ S))?

with

t 2 412 r? t r2 2 — 2
p(t,r)zcosh( ,7,— | +sinh | — —_ -1, — |,
V2 2 2 /2 2 2
(t.5) = cosh [ 2+s5 5 wson (L s°  —245°
q(t,s) = cos 7 5 , S, 5 sin 7 2,3,72 )

From [3] and [15], we know that M is a Hopf real hypersurface with at most
two distinct principal curvatures in M?2(e) x M?(e); My and M, are Hopf real
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hypersurfaces with three distinct constant principal curvatures in S? xS? and H? x
H?, respectively; Mll/_2 1 is a Hopf real hypersurface with two distinct constant
principal curvatures in H? x H?Z.

Now, we state our result as follows:

Theorem 1.1. Let M be a Hopf real hypersurface of M?(e) x M%e that
satisfies the condition L¢Re + ReLe = 0. Then, up to isometries of M?(€) x
M?(¢), one of the following cases occurs:

(i) M is an open part of My for a smooth curve ' in M?(e);
(i) M is an open part of My in S?* x S? for some t € (—1,1);
(iii) M is an open part of M, in H? x H? for some 7 < —1;
(iv) M is an open part of Mll/_21 in H? x H2.

Remark 1.2. For §? x §?, the examples M and M; first appeared in [13].
For H? x H?, the examples Mr, M, and Mll/f , first appeared in [4].

The paper is organized as follows: In Section 2, we review basic materials

about M?(e) x M?(¢) and its geometry of real hypersurfaces. In Section 3, we
present the proof of Theorem 1.1.

2. Preliminaries

2.1. The Kihler structure of M?(e) x M?(e). In this subsection, we recall
the basic materials of M?(e) x M?(e) from [4,13]. Let M?(e) be the unit 2-sphere
S? endowed with the canonical metric (-,-) when € = 1, and the hyperbolic plane
H? = {(z1,72,23) € R} | =23 +23+23 = —1, 21 > 0} endowed with the canonical
metric (-, -) when e = —1.

The complex structure .JJ on M?(e) is defined as follows:

Jpv =pAwv for any peS? UGTPSQ,
Jpv =pXv for any p e H?, vETpHQ,

where A is the cross product in R3 and X is the Lorentzian cross product in R}
defined by

(a1, a2,a3) X (b1, be, bg) = (asby — agbs, azby — ai1bs, ajba — azby).

We endow M?2(e) x M?(e) with the product metric (-,-) and the complex
structures

Ji=(J0), Jy=(J,—J).

Then, with respect to Ji or Ja, M?(€) x M?(e) is a Kihler surface. The product
structure P on M?2(e) x M?(¢) is defined as follows:

P(Ul,vz) = (Ul,—vz), V1,02 € TP(MQ(E)).
So, P satisfies the following properties:

P=—J1Js=—JoJy, P2 =1d, (PX,Y) = (X,PY), X,Y € T(M?*(e)xM?(e)).
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Let V be the Levi-Civita connection of M?(€) x M?(¢), we have VP = 0.
The curvature tensor R of M?(¢) x M?(e) is given by

R(X,Y)Z = %GRY, Z)X — (X, Z)Y + (PY, Z)PX — (PX, Z)PY],

X,Y,Z € (M?(e) x M?(€)). (2.1)
2.2. Real hypersurfaces of M?(¢) x M?(¢). Let M be a real hypersurface
of M?(€) x M?(e) with a unit normal vector field N. We still use (,-) to denote

the induced metric on M. The smooth function C' : M — R and the tangent
vector field V on M are defined by

C:=(PN,N), V:=PN—CN,

where C' is called the product angle function. It holds that —1 < C < 1 and
[V||? :=(V,V) =1— C? We put

J1X = ¢X +n(X)N, PX=TX+u(X)N, X €M, (2.2)

where ¢ X and n(X)N (resp. TX and p(X)N) are the tangent and normal parts
of J1X (resp. PX), respectively. So ¢ and T are tensor fields of type (1,1), n
and p are 1-forms on M. From (2.2), we have

U(X):<Xa£>a n(ng):Oa (TX7Y>:<XaTY>7
¢2X =—-X+ U(X)fa <¢X7 Y> = _<X7 ¢Y>7 (23)
u(X) =(PX,N), (¢X,¢Y)=(X.Y)—n(X)n(Y),

where £ := —J1 N is the Reeb vector field of M.
Let V be the Levi-Civita connection on M. Then the Gauss and Weingarten
formulae are given by:

VxY =VxY +(AX,Y)N, VxN=-AX, X,Y €TM, (2.4)

where A is the shape operator of M.
Let R be the Riemannian curvature tensor of M. The Gauss and Codazzi
equations of M in M?(e) x M?(¢) are given by:
1
R(X,Y)Z = §G{<Y, DNX — (X, 2)Y +(TY,Z2)TX —(TX,Z)TY}
+(AY, Z)AX — (AX, Z2)YAY, X,Y,ZeTM, (2.5)
1
(VxA)Y — (VyA)X = 56 {X,V)TY —(Y,V)\TX}, X, Y eTM. (2.6)

We also need the following useful formulas (cf. [4, 13]):

VC = —24V, VxV =CAX —TAX, X €TM. (2.7)
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2.3. A canonical frame for real hypersurfaces of M?(e) x M?(¢). Let
M be a real hypersurface of M2 (¢) x M?(e) with |C] < 1. Then, following [3], we
consider the local orthonormal frame field {F;}3_, on M as follows:

JoN —CJiN |4
El == <]1]\]-7 EQ = ﬁ, E3 == ﬁ (28)

So, the following relations hold:

PEIZCEl—I—\/l—CzEQ, PEQZ\/1—02E1—CE2,
PE3:—CE3+\/1—C2N, TE, =CFE + \/1—02EQ,

TEy=+/1—C2E, —CEy, TE3;—=—CEs, ¢E =0,
¢y = —E3, ¢E3=Fy, n(E1)=-1, n(k) =0, n(Ek3)=0.

(2.9)

Put AE; = Y7_, hijE; with hij = hji, 1 < i,j < 3. By (2.4)(2.7), (2.9),
and VP = 0, we get the following lemma.

Lemma 2.1 (cf. Subsection 2.3 of [9]). Let M be a real hypersurface of
M?(€) x M?(e) with |C| < 1. Then, in terms of {E;}3_, as defined by (2.8), it
holds that

Ei(C) = —2h3\/1—C2, i=1,2,3. (2.10)
VE E1=—hi3FE hisFE Vg Ey = hisE h 2¢ h E
E 1 = —hisbo + hio g, E Lo = hisbn + II_JT—C? 12 35
Vi B3 =—hioF <h Lh > FE
B, B3 = —hia By 11 -2 12 | Ba,
2C
Vg, F1 = —hosFEs + hooF3, Vg,Fo = hosFq + <h12 - 1_02h22> Es,
Ve, E3 = —hooFE1 — (h — Lh ) FE
By 3 = —hoo By 12 Ve 22 | Eo,
2C
Vg, Bh = —hs3Es + hosE3, Vg, FEo = h3sEq + <h13 - 1—C2h23) Es,
2C
VEe.E3 = —hosE| — | hjs — ——h Es.
\ By 3 23F1 <13 = 23> 2
(2.11)

Moreover, with respect to the frame {Ei}??:p the Gauss and Codazzi equations
yield:

Ea(h11) — E1(h12) = —2h11has + 3hizhaz — 3hiohas + hizhiz, (2.12)

2C
vV1—-C?
2h13hooC 4hi2ho3C

E5(h — FEi(h = —hio2h13 — h11hog — s 2.13

2( 12) 1( 22) 127013 117023 \/1 02 \/1 02 ( )

Eg(hl ) — E1 (h2 ) = —h2 — h2 + h (th — h11 + 7}“20 > (2 14)
3 3 13 23 33 /71 02 ) .
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2h3,C eCvV1 —C?
E3(hi1) — E1(h13) = 2hi1hi2 + 3hizhas — 3hi2hss — 2 4

V1 - C?2 2 ’
(2.15)
2h13h23C
Ej(h12) — E1(has) = hiy + h3s + hao(h11 — hag) — —F——e-
3(h12) — Er(hos) = hig + his + hoa(hi1 — hss3) Ve
2h1a(h3s — ha2)C  €(1 — C?)
+ , 2.16
‘/1 _ C2 2 ( )
Es(his) — By (hss) = hirhos + h (h —M> (2.17)
3(h13 1(h33 whas + Mz s = == | .
(4haa(hgs — hag) — 8h3; — (1 — C?)) C
FEs(hos) — Eo(hog) = 2h12hos +
3(ha2) — Ea(has3) 12h22 Nile:
+ hazhas + hizhss, (2.18)
2(hag + hs3)C
E3(ha3) — E2(has) = hi3(haa + 2h33) + has <h12 _ Hhaa + hay)C Tg?) : (2.19)

3. Proof of Theorem 1.1

Let M be a Hopf real hypersurface of M?(e) x M?(e) that satisfies the con-
dition L¢Re + R¢L¢ = 0. Since 0 < C? < 1on M, we can put M = Qi U Qo,
where

M ={peM|C*(p) <1}, Q={peM|C*p) =1}
If €21 is non-empty, then €7 is an open subset of M.

Proposition 3.1. Let M be a Hopf real hypersurface of M?(e) x M?(¢) that

satisfies the condition L¢ R¢+R¢Le = 0. If Qq is non-empty, then M has constant

product angle function C' (C # 41). Moreover, up to isometries of M?(e)x M?(e),
one of the following cases occurs:

(i) M is an open part of My in S* x S? for some t € (—1,1);
(i) M is an open part of M, in H? x H? for some 7 < —1;
(iii) M is an open part of Mllfl in H? x HZ2.
Proof. Since 2y is non-empty, we can choose the local orthonormal frame
3
field {Ei}?zl as defined by (28) Let AE; = Z hz‘jEj with hij = hji, 1<4,5 <
j=1
3. From (1.2) and (2.9), we obtain

L¢(Ey) = hizEy — hya B3,
L¢(E2) = hisEq + 2hogEg + (hgs — hao) Es,
Lg(Eg) = —h19FE + (h33 — h22)E2 — 2ho3Es. (31)

It follows from (1.3), (2.5), (2.8), and { = —J1 N that

R¢(Ey) =0,
R¢(EBs) = (h11hag — his) Ea + (hi1hes — hi2hi3) Bs,
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2

R¢(E>) = (hi1hosz — highis) Eo + < €+ hi1hss — h%3> Es. (3.2)

We substitute X = E; and Y = F;, 1 <14, < 3, into (LeRe X + ReLe X, Y) =

0, then by applying (3.1) and (3.2), we can derive that
hi1(hizhae — hizhes) =
hi1(h13hos — highss) + *h12( —1)
—2h35ha3 + highig(has — h33) + hi1hoz(hoo + ha3)
)
)

)

)

0, (3.3)
0, (34)
0, (3.5)
0, (3.6)
0. (3.7

(hag — ha3)(hiy + b33 — ha1(has + h33)) + (h22 — h33)(C? -1
hizhi3(haa — ha3) + has(2h35 — hll(h22 + h3g) + €(C* — 1)

)

Since M is a Hopf real hypersurface, it follows that his = hig = 0.
In the following, we further put 2; = Q11 U Q19 U 13, where

M1 = {p € M| h11(p) # 0, haa(p) + h33(p) # 0},
M2 = {p € M| h11(p) = 0},
M3 = {p € M| h11(p) # 0, haa(p) + hsz(p) = 0}.

If Q41 is non-empty, then €217 is an open subset of ).

Claim 1. The set {215 does not contain any non-empty open subset of ;.

To verify this claim we argue by contradiction. Suppose on the contrary that
Q15 contains some non-empty open subset Q of Qq, then h11 =0 on Q. Now, by
substituting hj; = h1z3 = 0 into (3.7), we get hog = 0 on Q. From hy; = hyy =
hig = hog = 0, (214) and (216), we get that hoshss = 0 and —hoghss + %(1 —
C?)=0on Q. Tt follows that C2 = 1 on ©, which is a contradiction. This verifies
the assertion of Claim 1.

Claim 2. The set {213 does not contain any non-empty open subset of ;.

To verify Claim 2 we argue again by contradiction. Suppose on the contrary
that €13 contains some non-empty open subset € of Qy, then hgs + k33 = 0 on
Q. From (3.6) and (3.7), we derive that hoy = h3z = hoz = 0 on Q. Then, by
substituting hia = hi3 = has = hoy = 0 into (2.16), we derive that C? =1 on Q,
which is a contradiction. This verifies the assertion of Claim 2.

From (3.5) and hjo = hjz = 0, we get that hgs = 0 on Q4. By Claim 1 and
Claim 2, we know that 17 is dense in €21.

Next, we further put 211 = Q111 U Q112, where

W11 = {p € M|h11(p) # 0, haa(p) + h33(p) # 0, haa(p) # haz(p)},
Q2 = {p € M|h11(p) # 0, haa(p) + h33(p) # 0, haa(p) = h3z(p)}.

Claim 3. The set {2112 does not contain any non-empty open subset of €27.

To verify Claim 3 we argue again by contradiction. Suppose on the contrary
that 2112 contains some non-empty open subset Q of Q11, then hos = h3z on Q.
By substituting hia = hiz = hes = 0 and hzz = hg into (2.14) and (2.16), w
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derive that h22(h22 — hu) =0and h22(h11 — h22) + %(1 — 02) = 0. It follows that

C?=1on Q, which is a contradiction. This verifies the assertion of Claim 3.
By Claim 3, we know that €117 is dense in Q1. Now, on €111, according to

h12 = h13 = 0, h22 75 h33 and (36), we deduce that

€

51— C?) = 0. (3.8)

hi1(ha + hs3) +
From h12 == h13 = h23 = 0, (214) and (216), we get that

hs(ho2 — h11) = 0, (3.9)
h22(h11 — h33) + g(l — 02) 0. (310)

If h33 # 0 at some point p of 411, by (3.9) we get that h1; = hoo. It follows
from (3.8) and (3.10) that hi1hss = 0 at p, which is a contradiction. Thus it
holds that hss = 0 on £417. Thus, by (2.10), we derive that C' is a constant on
Q111. Since Q411 is dense in Q47, and Q17 is dense in €27, we have C' is a constant
on {21 by continuity of the function C'. According to the assumption that € is
non-empty, then s is empty on M. It follows that M is a Hopf real hypersurface
with constant product angle function C' (C' # +1).

Now, when ¢ = 1, we can apply Theorem 1.5 in [3] to derive that M is an
open part of M;. When ¢ = —1, we can apply Theorem 2.2 in [15] to derive

that M is either an open part of Mllv/fl, or an open part of M, for 7 < —1. On

the other hand, it can be checked that real hypersurfaces M;, M, and Mll/f ; all

satisfy the condition of L¢Re + Re¢L¢ = 0. O

Proposition 3.2. Let M be a Hopf real hypersurface of M?(e) x M?(¢) that
satisfies the condition LeRe + ReLe = 0. If Q01 is empty, then M 1is an open part
of Mr for a smooth curve I' of M?(e).

Proof. If € is empty, then C? =1 on M. Now, from Subsection 3.1 of [13]
and Lemma 3.3 of [4], we know that M is an open part of Mt for a smooth curve
' of M?(¢). On the other hand, since hypersurfaces Mt satisfy A¢ = ¢A, i.e.,
L¢ = 0, they also satisfy the condition of L¢R¢ + Re¢L¢ = 0. O

Completion of the proof of Theorem 1.1. Based on Proposition 3.1 and
Proposition 3.2, we have completed the proof of Theorem 1.1. O
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l'inepnosepxni 'onda B S? x S? Ta H? x H? 3
AHTUKOMYTATUBHUMHU CTPYKTYPHHUM omnepaTtopoMm fKobi
Ta CTPYKTypHHUM oneparopom JIi

Dehe Li

V niit pobori Mu knacudikyemo nificui rineprosepxai onda B S? x S? Ta
H? x H?, nyis1 SKUX CTPYKTYpHHII onepaTop JKobi Ta cTpyKTypHHIiT oIrepaTop
JIi € aHTUKOMYTaTUBHUMU.

KirrowoBi ciioBa: jilicHa TinmeprioBepxHsi, CTPYKTypHUii oreparop Axobi,
crpykTypHuit oneparop JIi, S x S2, H? x H?
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