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Maximum Principles and the Symmetry of
Solutions for Parabolic Fractional
p(z,-)-Equations in Exterior Domains
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In this paper, we first establish some maximum principles, including a
simple maximum principle, the maximum principle for parabolic fractional
p(x, -)-Laplacians and the maximum principle for anti-symmetric functions.
Then we consider a Hopf’s lemma for parabolic fractional p(z, -)-Laplacians,
which is an extension of the results in Wang—Chen [Commun. Pure Appl.
Anal. 21 (2022) 3055-3069]. In the end, applying the maximum principle for
anti-symmetric functions and the method of moving planes, we obtain the
symmetry and monotonicity of solutions to nonlinear parabolic fractional
p(x, -)-equations in exterior domains of a ball. With the hope of providing
new perspectives and tools for subsequent research.
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1. Introduction

The maximum principle and Hopf’s lemma are fundamental properties of so-
lutions to boundary value problems for elliptic or parabolic partial differential
equations (PDEs). The roots of Hopf’s lemma can be traced all the way back
to the groundbreaking discovery of maximum principles for harmonic functions,
as documented in [19]. In recent years, with the in-depth and extensive explo-
ration of fractional Laplacians and fractional p-Laplacians, a comprehensive and
systematic series of fractional-form Hopf’s lemmas have been successfully estab-
lished, which marks a significant progress in this field of research. For exam-
ple, Birkner, Lépez-Mimbela, and Wakolbinger [3] put forward a fractional form
Hopf’s lemma specifically tailored for anti-symmetric functions. This lemma can
be directly employed in the method of moving planes, thereby playing a crucial
role in establishing qualitative properties of fractional equations. Chen, Li, and
Qi [12] proved a Hopf-type lemma for positive weak super-solutions to fractional
p-equations. Lu and Zhu [32] used the Hopf-type lemma to prove maximum
principles of fully nonlinear equations. Wang and Chen [36] established Hopf’s
lemmas for parabolic fractional p-equations and an asymptotic Hopf’s lemma
for anti-symmetric solutions to parabolic fractional Laplacians. These studies
have gradually enriched the theoretical framework regarding Hopf-type lemmas
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in the context of nonlocal equations. For more additional results, please refer
to [14,21,24,28,30].

The study of solution symmetry is an intriguing topic in the research of par-
tial differential equations. The symmetry of solutions to semilinear elliptic partial
differential equations can date back to famous results of Gidas, Ni, and Niren-
berg [17]. Their results have been extended to the whole space and exterior
domains by Li [27] and Reichel [33] under some suitable assumptions. In 2020,
Hao and Dai [18] proved the symmetry and monotonicity results for viscosity so-
lutions of the fully nonlinear parabolic equation in annular and exterior domains.
More and more scholars have conducted research on the equations involving the
fractional Laplacian operator. In particular, a series of results have been ob-
tained in terms of the existence and symmetry of solutions, such as symmetry
and nonexistence of solutions [10], Liouville theorems and classification of solu-
tions to equations and system involving higer-order fractional Laplacians [5, 6],
asymptotic symmetry and monotonicity of solutions to fractional parabolic equa-
tions [13,36], maximum principles for fractional Dirichlet problems [4,29], max-
imum principles and symmetry to the fractional p-Laplacian [11], existence and
symmetry results of Schrodinger equations [15]. Meanwhile, elliptic equations in-
volving either local or nonlocal operators have been extensively studied by many
scholars and a number of systematic approaches have been established to explore
qualitative properties of solutions [9,16,20,22,25,26,31,40]. For other results on
fractional and fractional p-equations, we refer readers to [5-8,25,34, 35,37, 38].

However, it is worth noting that replacing p with p(x,-) in the fractional p-
Laplacian will generate a new fractional p(z,-)-Laplacian, which is a fractional
Laplacian with a variable exponent. Currently, Bahrouni et al. [1, 2] obtained
comparison principle and the monotonicity of solutions to nonlinear elliptic equa-
tions involving the fractional p(z,-)-Laplacian. Crucially, there are very few re-
sults available on the fractional p(zx,-)-Laplacian. Wang and Wang [37] derived
the monotonicity and symmetry of positive solutions to the fractional p(z,-)-
Laplacian equation in bounded and unbounded domains.

The purpose of our paper is to extend the results in [18,36] to the fractional
p(z,-)-equations. Compared with general semilinear and nonlinear parabolic
equations with local operators, the computations for the fractional p(z,-)-
Laplacian are more complex, requiring consideration of more aspects.

In this paper, we investigate the Hopf-type lemma of the following parabolic
fractional p(z, -)-equation

ou s

Fri (=A)p@ul@,t) = g(t,u(z,t), (z,t) € Qx (0,+00), (1.1)
where 0 < s < 1, 2 < p(z,-) < +00 and Q is either a bounded or an unbounded
domain in RY. For each fixed ¢ > 0, the fractional p(z, -)-Laplacian is defined by

Ju(z, t) — uly, )PV 2 (u(z, t) — u(y, t))
RN |$ —_ y|N+5p(x7y)

(=A)pz,yulz,t) = P.V. dy, (1.2)

S
p(xy'

where s € (0,1) and P.V. stands for the Cauchy principal value.



Maximum Principles and Symmetry of Solutions 401

It is easy to see that for u € Cﬁ)’cl (RN) NLgp(z,) and (—A)Z(x NG is well defined,
where

_ plz,y)—1 M) lu(z, t)[Pley) 1
Esp(x,-)—{ (-, )ELIOC R ‘/[RN1+|x]N+SP(%y)dx<+oo .

Obviously, the fractional p(z,-)-Laplacian has nonlocality and nonlinearity.
When p(x,-) = p € (2,+00), the fractional p(z,-)-Laplacian becomes the usual
fractional p-Laplacian. Especially, when p(z,-) = p = 2, the fractional p(z, -)-
Laplacian becomes to the classical fractional Laplacian. When s = 1, the frac-
tional p(z,-)-Laplacian becomes to the p(z)-Laplacian with variable exponents

Apyu = div(|VuP™~2Va).

P

When s =1 and p(z,-) = p € (2,+00), the fractional p(z, -)-Laplacian becomes
the classical p-Laplacian. When s = 1 and p(z,-) = p = 2, the fractional p(z, -)-
Laplacian becomes the classical Laplacian. We say that w is a classical global
solution of (1.1) if

u(z,t) € (CF

loc

(Q)ﬂﬁ p(z, ))XCl((O,+OO))

and satisfies (1.1) pointwise in © x (0, 400).
For convenience, let’s first introduce some relevant background notation.
Choose any direction to be the x; direction. Let

T)\:{ZEERNII‘l:)\ for )\ER}

be the moving plane,
)\:{$ERN’:L’1<)\}

be the left region of the plane,
2t = (2\ — x1,29,...,TN)
be the reflection of z about the plane T},
un(z,t) = u(z,t) and wy(x,t) = uy(z,t) —u(z,t).

Obviously, w) is an anti-symmetric function.
Additionally, like [2], we assume the following assumptions on the exponent
function:

(A1) p(z,y) : R2V — (2, 400) is a continuous function with

1
- ——, 2} <p = < <pti=
max{l =S, 2h<pTi= min p(ey) Spley) SpTis max pey),

for some 0 < m < 1 and sp™ < N, where s € (0,1).
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(A2) There exists a continuous function @ : Ry — R, such that

p(z,y) = Q(|z —y|) forall (z,y) € R*N,

Q is nondecreasing, while z — 29() is increasing on R;.

We first obtain the following

Theorem 1.1 (A Hopf’s lemma for parabolic fractional p(z,-)-Laplacians).
Assume that u(z,t) € (Cl’l(Q) N Esp(m,-)) x C1((0,T]) is a positive solution to

loc
?;Z + (=A)p@ulz,t) = gt u(z,t), (z,t) € 2x (0,17, (1.3)
u(z,t) =0, (x,t) € Q°x (0,77,

where 0 < s < 1, p(x,-) satisfies (A1) and (A2) and Q C RY is a bounded
domain with smooth boundary. Assume that

g(t,0) =0, g is Lipschitz continuous in u uniformly for t. (1.4)

Then there exists a positive constant Cqy such that for any t € (0,T) and for
all x near the boundary of 2, we have

u(z,t) > Cod®(x),
where d(x) = dist(z, 0). It follows that

(;9;8 (#,1) < 0 (may possibly be — o) for all t € (0,T),

where « is the outward normal of 0 at & and 5)55 is the normal derivative of

fractional order s.

Remark 1.2. When p(z,-) = p € [2,+00), Theorem 1.1 reduces to Theorem
1.1 in [36].

Finally, we also consider the symmetry of solution for the following fully
nonlinear parabolic equation in exterior domains of the ball,

”2;‘ + (—A) ol t) = gltu(z,t) in D x (0,T],
0<u(z,t)<m<1 in D x (0,71,

u(z,t) = b on B x (0,T], (1.5)
u(z,t) =0 as |z| — oo, t € (0,71,

u(z,0) = up(x) on D,

where D = RV \ B for some ball B centered at the origin, T' > 0, the definition
of m can be found in (A1) and constant b > m.
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Theorem 1.3 (Symmetry and monotonicity in the exterior domains). Sup-
pose that (A1) and (A2) hold. Let u € (C’li’cl(D) N Lop(z,)) x CH((0,T]) be a
positive solution to (1.5). Suppose that g is Lipschitz continuous with respect to

u,
up(z1,2") <wuoly,2’), o1 <y<-x1, 21<0, 2/ =(x9,...,2N),
and ug is symmetric with respect to the hyperplane {x € D | 1 = 0}, i.e
up(—x1,2") = up(x1, o).
Then w is symmetric with respect to the hyperplane {x € D | 1 = 0}, i.e.,
u(—mzy, 2’ t) = u(xy, 2, t)

and u is non-decreasing for x1 < 0.

Furthermore, if ug(z) is radially symmetric with respect to the origin and
non-increasing in |x|, then for each fized t € (0,T], u(z,t) is radially symmetric
with respect to (0,t) and non-increasing in |x|.

Remark 1.4. For p(z,-) = p € [2,400), our results are still new.

The paper is organized as follows: In Section 2, we present some maximum
principles. In Section 3, we present proofs of the Hopf’s lemma for parabolic frac-
tional p(z,-)-Laplacians based on the maximum principles and proper construc-
tion of sub-solutions. In Section 4, we prove the the symmetry and monotonicity
results for nonlinear parabolic fractional p(z,-)-equations in exterior domains of
a ball.

2. Various maximum principles

In this section, we present some maximum principles, including a simple max-
imum principle, the maximum principle for parabolic fractional p(zx, -)-Laplacians
and the maximum principle for anti-symmetric functions.

Theorem 2.1 (Simple maximum principle). Let Q be a bounded domain
in RN, Assume that u(z,t) € (C () N Lp(a, )) x C1((0,T)) is lower semi-

loc

continuous on £ and satisfies

‘Z?;( £) + (~A)5 (@, t) >0, (x,t) € 2 x [0, +00),
u(z,t) >0 (z,t) € (RM\Q) x [0, +00), (2.1)
u(z,0) >0 r €,

then for any T > 0, we have

u(z,t) >0 for all (z,t) € Q x [0,T]. (2.2)
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Furthermore, (2.2) holds for unbounded domain Q if we further assume that for
all t € [0, T,

lim w(z,t) > 0. (2.3)

|x| =400
Under the conclusion (2.2), if u =0 at some point (Z,t) €  x [0,400), then
u(z,t) =0  almost everywhere in RY.

Remark 2.2. As we can see from the proof of (2.2), since T' > 0 is arbitrary,
taking T — 400, we also have

u(z,t) >0 forall (z,t) € Q x[0,+00).

Our theorem can be seen as an extension of Theorem 1 of Chen and Li [11] to
parabolic fractional p(z, -)-Laplacians.

Proof of Theorem 2.1. Fix an arbitrary T' € (0, +00). If (2.2) does not hold,
due to the lower semi-continuity of u on €2 and the second to third inequality of
(2.1), then there exists & € 2 and a £ € [0, T] such that

1) = . 2.4
u(z,t) ern[énT]u(:E 1) <0 (2.4)
Thus,
ou, . -
— <0.
2 (0.0) <0 (2.

Using the second inequality of (2.1) and (2.4), we infer

(—A)S )u(.f},tA) _ / |u(‘% t) — u(y’£)|p(i,y)—2(u(:ﬁ7t) — u(yvtA)) d

| — y|N+sp(@y)

/ (@, 1) — uly, §)PEY 2 (u(@, £) — u(y, 1) dy

LE_,|N+a)7m

Y

/ |u(@, 1) — uly, OPEY 2 (u(#, 1) - uly, i) dy
RN\Q

| — y|N+sp (Z,y)

<0. (2.6)

Combining (2.5) and (2.6), we arrive at

(9u - s -

which contradicts the first inequality in (2.1). Consequently, (2.2) holds.

If Q is unbounded, (2.3) guarantees that the negative minimum of wu(z,t)
must be attained at some point, then one can follow the same discussion as in
the proof of (2.2) to arrive at a contradiction.
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Based on (2.2), suppose that there exists (z,f) € Q x [0,+00) such that
u(Z,t) = 0. It is obvious that (Z,¢) is a minimum point of u(z,t). Thus,

%(f,f) <0. (2.7)

By using the second inequality of (2.1) and (2.2), we obtain

s - _ | B u(y7t_>‘p(§:,y)72(_u(y7a)
(—A)p(j,.)u(%ﬂ - . ‘i‘ _ y‘N—i-sp(f,y)

:/ ’_u(y7®|p(§3’y)_2(_u(y){>) dy
Q

|z — y|N+sp(@y)

dy

+/ ’ B u(y’£)|p(f,y)—2(7u(y7t‘)) dy
RN\Q

|z — y|N+sp(@y)
| B U(y, i) |p(f,y)72(_u(y7 E))

< <
< /Q T — gV Ferw) dy <O0. (2.8)
Obviously, we also have

— u(y, t p(jvy)72 —u(y, t

RN |z — y|N+sp(@.y)

where we used that the first inequality in (2.1) and (2.7). Combining (2.8) and
(2.9), we deduce

[ e e, g
RN

|7 — y[N+spE)
Clearly, u(x,%) = 0 a.e. in RY. Therefore, Theorem 2.1 is proved. O

Theorem 2.3 (Maximum principle for parabolic fractional p(x,-)-Laplac-
ians). Let Q2 be a bounded domain in RY. Suppose that

loc

u(z,t),u(z,t) € <C’1’1(Q) N Esp(x,.)> x C*([0, 400))

and w(x,t) = u(x,t) — u(x,t) is lower semi-continuous on Q. If

O 0, 1) 4 (- Ayl 1)

— (—A);(L,)g(az,t) >0, (z,t)€Qx(0,400), (2.10)
w(z,t) >0, (x,t) € (]RN\Q) x [0, +00),
w(z,0) >0, x €,

then we obtain

w(z,t) >0 inQ x [0,+00). (2.11)
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Furthermore, (2.11) holds for unbounded region Q if we further assume that

lim w(x,t) >0 fortel0,T] and T > 0. (2.12)

|z|—+o0

Under the conclusion (2.11), if w = 0 at some point (xo,to) € 2 x (0,400), we
have

w(z,tg) =0 almost everywhere in RY. (2.13)

Remark 2.4. When () is a narrow region in the z; direction, Theorem 2.3
still holds, that is, the narrow region principle of parabolic fractional p(z,-)-
Laplacians. When p(z,-) = p > 2, Theorem 2.3 reduces to Theorem 2.1 in [36].
The equivalent expression of (2.13) is that under the conclusion (2.11), if w > 0
at some point (xg,ty) € 2 x (0,4+00), then we deduce

wy(x,tg) >0, x€q.

Our Theorem 2.3 can also be seen as an extension of Theorem 2 when ¢(z,t) =
0 in [34] to fractional p(z,-)-Laplacian. It is worth noting that, like fractional
p-Laplacian, the fractional p(z,-)-Laplacian is also non-linear, hence we need to

use (—A);(x,.)u(x,t) — (—A);(x’.)g(x,t) instead of (—A);(x,.)w(x,t).

Proof of Theorem 2.3. We first show that
w(z,t) >0 in Q x [0,T] for any fixed T > 0.

Assume that the above inequality is wrong, then the lower semi-continuity of
w(z,t) on £ x (0,+00) and the second to third inequalities of (2.10) imply that
there exist Z € Q and ¢ € (0, 7], we obtain

w(Z,t) == ern(glﬂ w(z,t) <O0.

Hence,

ow,_ -

—(z,t) <0.

gr ) =
We denote H(z) = |z[P®¥)=2%. Obviously, H(z) is a strictly increasing function.
Through a direct calculation,

_ H u(ja ) _u(yvf)) _H(ﬂ(~7t) _@(yat)) d
- RN |7 — y|N+sp(56,y) Y
H(U(fﬁ, ~) — ’U,(y,t)) — H(@(~7 N) — ﬂ(yvt))
~ /o |7 — y[Nrsp(@y) dy
H(u(iv t) — u(y¢ E)) B H(u(m, t) — ﬂ(y? t))
“ fova ER i

=: I + . (2.14)
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First, we estimate I1, through the minimum point (Z,) of w in Q and the mono-
tonicity of H(-), we have

[u(@, 1) —uly,t)] = [w(@,t) - uly, )] = w(Z, 1) = w(y,t) < 0.

Consequently, for y € 2, we infer

Thus,
I <o0. (2.15)
For I, noticing that w(y,t) > 0, y € R¥\Q and w(#,{) < 0, we have

It follows from the strict monotonicity of H(-) that
I, <0. (2.16)

Combining (2.14), (2.15), and (2.16), we deduce

p(fv p($7 )7
Since 9
w o~
E(x?t) = 07
clearly,
8w ~ I s ~ S ~
E(%t) + (=A)pz ) u(@, 1) — (=A)pz, u(Z,t) <0,

which contradicts the first inequality of (2.10). Hence, we get that
w(z,t) >0 in Qx[0,T] for any fixed T > 0.

Due to T' > 0 is arbitrary, letting 7' — 400, then (2.11) is valid.

Furthermore, if € is unbounded, (2.12) guarantees that the negative minimum
of w(x,t) must be attained at some point, then one can follow the same discussion
as in the proof of (2.11) to arrive at a contradiction.

Next, we prove (2.13) based on (2.11). Assume that there exists (xo, o) €
Q x (0,4+00) such that w(xg,ty) = 0. Obviously, (z¢,to) is a minimum point of
w(x,t). Thus,

a(;:(:zo,to) <0. (2.17)

Then we give the following analysis lemma.

Lemma 2.5 ([37]). For H(z) = |2[P@¥) =22, p(z,y) > 2, there exists a con-
stant C' > 0 such that

H(z) — H(z1) > C(zg — 21)P@V7V for arbitrary z3 > 2.
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By using (2.11), the second inequality of (2.10), (2.17), and Lemma 2.5, one
has
8“} S S
E(xm t()) + (_A)p(xo,-)u(x07 to) - (_A)p(a:o,-)@(xm to)

H(u(xo,to) — u(y,to)) — H(u(wo,t0) — u(y, to))
RN |zo — y]NJrSP(xo,y)

</ —clw(y, to)"on !
RN

‘xo — y‘N—l—sp(a:o,y)

<

dy

dy,

where ¢ is a positive constant. Now combining (2.10), the above inequality and
w(y,tg) > 0 for y € RY, we obtain

w(z,tg) =0 almost everywhere in RY.

This ends the proof of Theorem 2.3. 0

Theorem 2.6 (Maximum principle for anti-symmetric functions). Suppose

that (A1) and (A2) hold. Let 2 be a domain in ). Assume that u € (0,m),
m <1, wy € (Cl’l(Q) ﬂﬁs/p(w,,)) x C1([0,4+0c0)) is lower semi-continuous in x

loc

on Q and satisfies

owy s
W(‘T7 t) + (_A)p(:p,-)u/\(x7 t)
- (—A)Z(L,)u(z,t) > c(x, t)ywy(z,t), (x,t) € Qx[0,400),
wr (o, 1) = ~un(, 1), (.)€ Sax [0, 400), 1)
wx(z,t) >0, (z,1) € (Bx\Q2) x [0, +-00),
’LU/\(SC,O) > 0, T e Q7
where c(x,t) is bounded from above. Then
(i) if Q is a bounded domain, then we have
wy(x,t) >0 in Q x[0,+00); (2.19)

(ii) furthermore, under conclusion (2.19), if wy attains 0 at some point (zo,ty) €
Q2 x (0,+00), then

wy(x,t0) =0 for almost all = € RY; (2.20)

(iii) 4f Q is unbounded, then conclusions (2.19) and (2.20) still hold under the
additional condition:

lim wy(x,t) >0 wuniformly fort € [0, 400). (2.21)

|x| =400

Remark 2.7. As we can see from the proof, if ¢(z,t) =0 or Q C Xy is a
narrow region, the conclusions of Theorem 2.6 still hold, that is, the narrow region
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principle of parabolic fractional p(z,-)-Laplacians for anti-symmetric functions.
Compared with the narrow region principle of elliptic fractional p(z, -)-Laplacian
(see Theorem 1.1 of [37]), we do not need the domain €2 to be narrow here, because
our differential inequality contains the term 88%, which can offset the influence
of the ¢(x,t) function by constructing an appropriate auxiliary function. So our
Theorem 2.6 can also serve as a narrow region principle for parabolic fractional
p(z, -)-Laplacian.

When p(z,-) = p > 2, Theorem 2.6 reduces to Theorem 2.2 in [35]. When
p(z,-) = 2, Theorem 2.6 reduces to Theorem 2.1 in [39]. We also need to use
(—A)Z(L_)u)\(w, t)— (—A);(x’_)u(x, t) instead of (—A);( )w,\(x, t), due to the non-
linearity of fractional p(z, -)-Laplacians.

T,

Proof of Theorem 2.6. (i) Since € is not narrow and c¢(z,t) does not have a
good sign over Q x (0,400), we will introduce some auxiliary functions. Tak-
ing k > 0 as a fixed constant to be selected later, we construct some auxiliary
functions

By using (2.18), we have

ODN (1,8) + (=AY 0y ir( 1) — (— A8 1)

W p(m,-)
= —ke My (z,t) + e_kt%(x, t)
X e*k(p(xvy)*l)t[(—A);(%.)U)\(m,t) — (=A)p . yul, 1)]. (2.22)

We will obtain (2.19) by first proving
w(z,t) >0, (z,t) € Qx[0,T] for any fixed T'> 0. (2.23)

If (2.23) is not valid, then the lower semi-continuity of wy(z,t) with respect to
on 2 indicates that there exists a (zg,to) € €2 x (0,7 such that

ﬁ])\(.%'(],to) = Qgﬁ)nﬂ ’lI))\(.CL‘,t) < 0.

Due to the same sign for w) and w), one can further deduce from the third and
fourth inequalities of (2.18) that (xg, o) is in the interior of 2 x (0, 7. Clearly,

5
%(QJOJO) <0.

We denote
H(z) = |2PO92, Ho(2) = |2PY) 2 and  h(z) = H(z) — H.(2).
Noting that H and H, are two increasing functions in z,

H'(2) = (p(a,y) = DIPED2 20 and H(2) = (p(a,y*) — D)7 =2 > 0.
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By a direct computation, we have

(=A)p . (@0, t0) — (=A)p4, yU(To, o)
H () (7o, t0) — ux(y,to)) — H(u(wo,t0) — u(y, to)) d
Y
|;c0 — y’N+5p(I07y)

H () (7o, t0) — ux(y, to)) — H(u(wo,to) — u(y, to)) d
Yy
|x0 — y’N+SP(I07y)

RN

DN

+

N |zo — y>‘|N+Sp(xo,y’\)

1 1
- /EA [‘370 — y|VHopoy) |20 — y’\’N‘*'SP(éUanA)}
x [H (iix (w0, to) — (Y, to)) — H(@(wo, to) — a(y, to))]dy

H, (tx(zo,t0) — a(y, to)) — He(U(zo,t0) — Ur(y,t0)) dy

+{ H (1 (wo,to) — ax(y, to)) — H(u(zo, o) — u(y,to)) dy
DI

2o — |V +sp(o.y?)

" g — AN Fep(on)

H.((wo,to) — a(y, to)) — H«(@(z0,t0) — Ur(y,%0)) dy}

= jl—i-fg. (224)

First, we estimate I;, through the monotonicity of H and the fact that
[@x (20, to) —@a(y, to)] — [@(zo, to) —@(y, to)] = Wa(wo, o) —wWA(y, o) < 0, but
then we get

H(tx(wo,t0) — aa(y, o)) — H(u(zo,t0) — u(y,to)) <0, but 0.

Let us apply the following lemma.

%0,

Lemma 2.8 ([2]). Let Q be a bounded domain in X. Suppose that conditions

(A1) and (A2) are satisfied. Then for xg € Q, we have

1 1

2.
20— g > 70 — N0 for ally € ¥

Hence, we obtain

j1<0.

Now we estimate I,

H (tx(wo,to) — ux(y,to)) — H(u(wo,to) — u(y, to)) J
\96'0 _ y)\’N—l—sp(xo,y)‘) Yy

I, =
PPN
H*(a)\(l'(b tO) - ﬂ(ya tO)) - H*(a($07 tO) - ﬂ)\(yv tO)) d
+ A N+sp(zo,y™) Y
x |wg — y? |V Hoplzoy

H (ux (%o, to) — ux(y, to)) — Hi(ur(xo,t0) — ur(y,to)) p
’900 _ y)\‘N—i-sp(mo,y)‘) Yy

PPN

(2.25)
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H, (ux(zo,t0) — ur(y, to)) — Hi(u(wo, to) — ur(y; to))

+ |(I;0 — yA‘N‘FSP(%O:?J)‘)

dy
PPN

/ [H (u(zo, to) — u(y, to)) — Hu(t(zo, to) — u(y, to))] dy
Za

’Qjo — y)\|N+5p 55073/)\)

—H(ax(wo, to) — u(y, to)) + Hi((wo, o) — u(y, to)) dy

% 70 — [ VF PG )

_ [ H(@(zo,to) — ax(y, to)) — Hu(dr (20, o) — tr(y, t0))
N |zo — y>‘|N+5p(x0,y’\) 4
—[H(a(zo, to) — aly, to)) — Hu(a(wo,t0) — uly, to))] ,
T A N+sp(zo,y™) Yy
DI ‘xO -y ’ pio.y

H*(a)\(x(b tO) - ﬂ)\(yv tO)) - H*(a(x()a tO) - a)\(yv tO))
2o — | N+sp(oy?)

/L
/ H, (ux(zo,t0) — a(y, o)) — Hu(a(zo, to) — uly, to))dy
>

‘-750 _ y/\ ’N—l—sp(zo,y/\)

(@x(zo,t0) — ux(y, to)) — h(i(wo, to) — u(y, to))
d
|z — y|N+sp(zo.y?)

/ H, (i (wo,t0) — x(y,t0)) — Hi((xo, to) — ux(y, o))

N |(1;0 — yA‘N‘f‘SP(iUOﬂJ)‘)

/ H, (tx(z0,t0) — a(y, to)) — Hal(@(zo,t0) — a(y, to)) dy
b

lzg — y |N+sp(@oy?)
[Wx(x0,to) — Wa(y, to)]h' (20)

dy

A

Y

dy

N PN |lzg — y [N Hsp(zoy?) dy
- (1) + Hi(22)
+ Baleo,fo) /E)\ o — YA [N Hsp(zo?) @, (2.26)
where zp € (ax(zo,to) — ux(y,to), w(zo,t0) — uly,to)), € (ux(wo,to) —

ax(y,to), W(wo, to) — Ux(y, to)), and 22 € (x(wo,to) — (yvt()) (x07t0) a(y, to))-
Since Wy (zo,t0) < 0 and H.(z) > 0, we infer

7 [@x(z0, to) — Wa(y, to)] (20)
< ‘ '
2= /zA |z — y | N+sp(zoy) dy (2.27)

Next we prove that
h'(20) > 0. (2.28)
From h(z) = H(z) — H.(z), it is obvious that
W (20) = (p(,) = D]20/"" 72 = (p(x, ) = 1)o7V )72,
Now we consider the function
F(6) = (6 =1)|z/"2 >0,

thus,
F1(0) = 120 7*(1 + (6 = 1) In(|20])).-
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Recalling that v € (0,m) and m < 1, then |zg| € (0, m). It follows that

1

"0y <0 forall>1— —— .
716 21 o))

Consequently, f is decreasing for all # > max {1 — ﬁ, 2}. According to (A2),

n(m
we obtain

1 A
- < )
max{l ln(m)’Q} <p(x,y) <p(z,y")
Obviously, f(p(z,y)) > f(p(a:,y)‘)). Hence,
(z0) = (ol 0) = DlzoP@ 2 = (p(e, %) 1) o ()2 2 0
By using (2.27), (2.28), and the fact wy(xo,to) — Wa(y,to) < 0, we infer that

. [Wy (0, t0) — Wa(y, to)]h (20)
I2 = /E ‘.730 — y)\|N+Sp(IO7y>‘) dy = 0 (229)

Combining (2.24), (2.25), and (2.29), we deduce
(—A)Z(x(),.)ﬂ/\(.'lfo,to) — (—A);(xm)ﬂ(l'o,to) < 0 (230)

According to the above inequality and %(:ﬁo, to) < 0, we have

W(m’g,to) + (—A);(m")ﬂ)\(wo,to) — (—A);(on.)a(xo,to) < 0. (2.31)

Due to wy and w) have the same sign, one has

wy(xo, to) := Qgtionﬂ wy(z,t) < 0.

Similar to the proof of (2.30), it is clear that

(—A)S U)\(x(),to) — (—A);(xoyl)u(l’o,to) < 0. (2.32)

p(xo,)

On the other hand, through (2.22), (2.32), the first inequality of (2.18), and
ekt > e~ k(@ )=Dt with ¢t > 0 and p(z,-) > 2, we derive

ow s N s -
a7 (00, 10) + (=), (20, to) — (—A)3 5, 0, to)
= k:e k U))\(ﬁo,to) +e ktag;)\(xo,to)
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= (—/{ + C(x(), to))ﬁ))\(l‘o, to).

Due to ¢(z,t) is bounded from above, selecting k = |c(z,t)| + 1 to make —k +
c(z,t) <0, then

0w,
ot

which contradicts with (2.31). Thus, it is clear that (2.23) is right. Since T' > 0
is arbitrary, letting 7' — 400, (2.19) holds.

(ii) Now we prove (2.20) based on (2.19). Assume that there exists (zg, o) €
2 x (0, +00) such that

(.CE[),t()) + (_A);(:po,-)ﬂ’A(xO?tO) — (—A);(x07.)ﬁ(xo,to) > 0,

w)\(xo,t()) =0.
It is obvious that (xq, o) is a minimum point of wy(z,t). Therefore,

ow),
ot

Similar to (2.24) and (2.26), we obtain

— (w0,t0) < 0. (2.33)

(_A);(xo )U)\(.’E(),to) A (330 )U(Q?O,tg)

1
on _ y‘N+sp(zo,y) |z — y/\‘N+sp(:coyy*)]
H (ux(x0,t0) — u(y to)) — H(u(wo, to) — u(y,t0))] dy

{/ [wi (w0, to) — wA(yJo)]h’(Zo)dy

2o — yA|NFsp(eoy™)

+ w)\(x07t0)/

sy [To —y
=0 + I (2.34)

H(21) + Hi(22)
/\|N+sp(r07y)‘)

Referring to (2.29) and using wy(zg, to) = 0, wr(y,to) > 0, y € Xy, we get
L <o. (2.35)
Through the first inequality of (2.18) and (2.33)—(2.35), we have

6’(1])\

< —
0< Bn —~ (o, o)

< (=)0, (@0, to) = (=A)} (40,9 W(Z0, to) + c(@0, to)wa (o, to)
=L+ <,

that is, I; > 0. Consequently, according to (2.34) and Lemma 2.8,

H (ux(zo,t0) — ux(y,to)) — H(u(zo,t0) — u(y, to)) >0,

then due to the monotonicity of H, for almost all y € ¥y, we derive

[ux(wo,t0) — ur(y,to)] — [u(xo,to) — uly, o)) = —wa(y,t0) > 0.
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Therefore, we have wy(z,t9) =0, a.e. in Xy and tg € (0, +00).
Recalling wy (2}, t) = —wy(x,t), we infer

wy(z,t9) =0 for almost all z € RY, g € (0, +00).

(iii) If € is unbounded, then (2.21) ensures that the negative minimum of
wy(x,t) must be reached at some point. Then we can come up with a contradic-
tion based on the same discussion as (i). From the proof of (ii), it can be seen
that when the domain € is unbounded, the conclusion of (ii) still holds with the
addition of condition (2.21). This completes the proof of Theorem 2.6. O]

3. Hopf’s lemmas for parabolic fractional p(z, -)-equations

In this section, before starting to prove Theorem 1.1, we first provide a useful
lemma.

Lemma 3.1. Suppose that (A1) and (A2) hold. Let s € (0,1) and u(z) =
(1—|z|?)3., then (—A);(z )u(x) is uniformly bounded in the unit ball By C RN,

Proof. Since (A1),
p- <pla,y) <p',

by appropriately scaling p(x,y) and using the same method as in Theorem 1.1
of [30], one can prove this lemma. The proof process is omitted here. O

Now we start to prove Theorem 1.1.

Proof of Theorem 1.1. In the Fig. 3.1, we consider the cylinder. Let 0B;(&)
be a sphere in () that is tangent to Z. By this, we construct a small circular
cylinder Bs(#) x [t—p,t+p] C Q2 x (0,T) for & € Q, t € (0,T), where § and p are
small positive constants. Through translation and scaling, we may assume that
B := B1(0) x [f — 1,£+1], for simplicity of notation. Then let B = D x [ —1,{+
1] be a compact subset of E, and it has a positive distance from B. Since u is
positive and continuous, for some constant C, we have

u(z,t) >C >0, (x,t) €B.

Fig. 3.1: Cylinder.
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To obtain a lower bound of u in B, we construct a subsolution. Denote
u(x,t) = xp(z)u(z,t) + 69(x, t),

where § is a positive constant and J(z,t) = (1 — |z|?)%n(t),

(2) 1, z€D,
XY= N0, & ¢ D

Meanwhile, n(t) € C§°([0,T7), satisfies

1, te|t— +

0, t¢ (-

By the definition of (—A);(x , and the Lemma 2.5, for any z € By (0) and each
fixed t € [t — 1,7 + 1], we infer

(—A) (@, t) = (~A) s [xp(@)ul, t) + 60(z, 1)
_ / H(59(2.1) — xp(u)un.t) ~ 59(.1)
RN

|z — y|N+sp(@y)

/ H(09(x,t) — xp(y)u(y,t) — 59(y, 1))

’m — y’N“l‘Sp(z:y)

] (3.1)

=
—~
~
~—
Il
| —

1
2’
1,¢t

— N =

t+1).

dy

B1(0)
H©09(.0) = xply)uly.) = 39(s.1)
’x y|N+5p 7y) Y

+/ H(69(z,t) — xp(y)u(y, t) — 69(y, 1)) "
RN\ (B1(0)UD) ‘g; — ‘N—i—sp z,y)

_/ H(0Y(x,t) — 09(y, t) H(0Y(z,t) —u(y,t))
" aw -y o~y

H(0Y(z,t))
d
+/RN\<31( ) Jo =y e

H(0Y(z,t)) H(0Y(z,t)) J
e D A

_ s H(09(z,t) —u(y,t)) — H(69(x, 1))
- (_A)p(:m )(519 ,t)) / |z — y|N+sp(ac,y) dy

dy

) (09(, 1)) — clulp. O dy

<(=4) b |z —yN+splzy)

p(,

S a(sp($7y)_1np($7y)_1(t) - cq, (32)

where both ¢ and ¢; are positive constants, 0 < 7(¢) < 1 and the last inequality
is valid due to (see Lemma 3.1)

(=A)p e (L =123 <a, =€ Bi(0),
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where a is a positive constant. For (z,t) € B{(0) x [t — 1,t 4 1], we get
u(z,t) = xp(z)u(z,t) < u(x,t),

and it follows from (3.1) that u(x,t — 1) < u(z,t — 1) for x € B1(0).
Denote w(z,t) = u(z,t) — u(z,t). For (z,t) € B1(0) x [t — 1,# + 1], through
(1.3), (3.2), and
w = 69(z,t) = 6(1 — |al2)3n(0)

we infer
ow s s
E(CE, t) + (—A)p(%.)U({E, t) - (_A)p(m,)g(xv t)
ou s ou s
= S t) + (D) (e, ) — S 0) — (~A) (1)

> g(t,u) = (1 — [a*)%a (1) — adg? VP (E) 4o
= Oz, tul,t) — o' (t) (1 — |2)}, — ad?@D=1pPED=4(8) 4ey,

where p(z,y) > 2 and

o g(t, u) — g(t,O) _ g(tvu)
Cla.t) = u(z,t) =0  wu(x,t)

is bounded by (1.4). From u(z,t) = 0 for (z,t) € Q° x (0,7) and the continuity
of u(x,t), we infer u(z,t) is small, when = € Q is sufficiently close to 092 and ¢ €
[t — €, + €]. If § is sufficiently small, for (z,t) € B1(0) x [t — 1, + 1], we have

ow s s
ot (=A)payul@,t) = (=A)p, yulz,t) > 0.
Consequently,
ow s s - -
E + (_A)p(x,~)u($7t) - (_A)p(x,<)g(x¢t) > 0, ($7t> S Bl(o) x [t —1t+ 1])
w(z,t) >0, (w,t) € BS(0) x [t —1,£+ 1],
w(z,t—1) >0, x € B1(0).

Through Theorem 2.3, we obtain
w(z,t) >0 in B1(0) x [t —1,f+1]
and
u(z,t) > 09(z,t) = 6(1 — |z[*)%n(t) in By(0) x [f — 1, +1].
In particular, fixed §, by (3.1), for x € B1(0), it is clear that

u(w,£) > 6(1— |2*)3 = 6((1 — ) (1 + |a]))3 = Cod® (),
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where d(z) = dist(z,00) = 1 — |z| and Cj is a positive constant. Hence,

u(z, t)

000 d5(z)

>Cy>0 forallte(0,7).

Therefore, if a is the outward normal of 9 at %, due to u(&#,%) = 0 for & €
0%), then we infer
Oou(z,t)
oo’

for all 2 € 9Q and for all £ € (0, 7). This completes the proof of Theorem 1.1. [

<0

Next, we briefly explain how to apply Hopf’s lemma for parabolic p(x,-)-
Laplacian in the first step of the method of moving planes.

We take Q = B(0) as an example. Let £ = {2 € Q|z; < A}. To obtain the
radial symmetry of positive solutions to

f?;t‘ (Al ) = gltu(@,8), (2,8) € 2 x (0,7,
u(z,t) =0, (x,t) € Q° x (0,17,

where 0 < s < 1, p(z,-) satisfies (A1) and (A2). The first step is to show that
for the plane T) sufficiently close to the left end of €2, that is, A is sufficiently
close to inf{z1|z € 2}, we have

u(z 1) > u(z,t), zeXf, te(0,T). (3.3)

This will provide a starting point for the method of moving planes.
By applying Hopf’s lemma for parabolic fractional p(x,-)-Laplacians, that is,
Theorem 1.1, we deduce

ou
Ox§

(i,t) >0, &€dQ, te(0,T).

Consequently,

O it = boo, FE€O0, te(0,T).
8:61

Then using the continuity of % in some proper sense, it is natural to expect
1

that

gu(a:,t) >0 for z € Q sufficiently close to &, t € (0,7,
71

which proves (3.3).
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25 Ty '

./ N

Fig. 4.1: Domain.

4. Symmetry and monotonicity in the exterior domain of the
ball

In this section, we focus on the proof of Theorem 1.3.

Proof of Theorem 1.3. For any A < 0, the definition of 2*, Ty, ¥y, and uy(z, t)
can be found in Section 1. Denote z = (21,2') € RY with 2/ = (29,...,2,), B* =
{z* | € B} be the reflection of the ball B about Ty and Dy = X,\B*, see the
following Fig. 4.1.

Define

wy(x,t) = uy(z, ) — u(z, t) = u(@,t) — u(z, ).

We will divide our proof into two steps.
Step 1. We start the plane from negative infinity, i.e., we prove that for
sufficiently negative A\, we have

wx(z,t) >0, (z,t) € Dy x (0, 7). (4.1)

If (4.1) is not true. Suppose wy < 0 somewhere in Dy x (0,7]. Using the fourth
line in (1.5), we know

lim w)\(:n,t) =0, (:L',t) € Dy X (O,T].
|| =00
It follows that wy attains its minimum in Dy x (0, T]. Let (2%,¢°) € Dy x (0,T]
be the minimum point of wy on Dy x (0,77, i.e.,
wy(z%,t%) == min wy < 0.
D)\X(O,T}
Now we claim that (z%,¢°) € Dy x (0, T].

Indeed, for x € 9D\ NTy and 0 < t < T, one has wy(z,t) = 0. For z € B>
and 0 < ¢t < T, by the second and third lines in (1.5), we infer

wy(z,t) = u(z?,t) — u(z,t) = b — u(z,t) > 0.

So we deduce wy > 0 for x € 0Dy and 0 < t < T. For x € Dy and t = 0, by
the monotonicity assumption of ug(z), we obtain wy(x,0) = up(2A — x1,2’) —
ug(w1,2’) > 0. Subsequently, we get that (2°,t°) € Dy x (0,T7]. The claim is
proved.
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Through the first equation in (1.5), it is easy to verify that

ow s s
aTA (= A)3 a2, 1) = (= A)3 0, yulz, )+ e(z, Hhwa(z,t) = 0, = € Dy x (0, T],
where

g(t,u(w, 1)) — g(t, u(z,t))
up(x,t) — u(z,t)

clx,t) =

is uniformly bounded by the Lipschitz continuity of g. Since wy(z,0) > 0, z €
Dy and wy(z,t) = ux(z,t) —u(x,t) >0, 2 € B x [0, +00). Choosing Q2 = D) =
Y\\B?, for sufficiently negative X, by applying the maximum principle for anti-
symmetric functions (Theorem 2.6), we know that there is no negative minimum
point within Dy x (0, 7], this leads to a contradiction.

Therefore, (4.1) must be true.

Step 2. The inequality (4.1) provides a starting point to move the plane.
Now we move the plane T) towards the right as long as the inequality holds.
We will show that T\ can be moved all the way to its limiting position. More
precisely, define

M= sup {A<0|wy(z,t)>0, (z,t) € ¥, x (0,7},
HE(—00,N)

then we show that Ay = 0.
Otherwise, suppose that Ao < 0, by the definition of wy,, for z € 9Dy, NIB
and t € (0,77, one has

Wy (x,1) = w(@,t) —u(z,t) = b—u(z,t) > 0.

Hence, using the maximum principle for anti-symmetric functions (Theorem 2.6),
we derive
wy, >0 in Dy, x (0,7 for A\g < 0.

Next, when A\g < 0, there exists a sufficiently small £ > 0 such that \g + & <
0. If wyy4+e > 0in Dy, 4. x (0,7, we obtain a contradiction to the definition of
Xo- If wy,4e < 0 somewhere in Dy 4. x (0,T], by the asymptotic behavior of u
and the initial boundary condition, we know that the minimum point is achieved
in the interior of D), y.. By using the same argument as that in Step 1, we know
that it is impossible. Thus, we deduce Ay = 0.

Since the z direction can be chosen arbitrarily, this means that wy(x,t) =0
in Do x (0,71]. It follows that

u(xy, e, ..., xN,t) = u(—x1,22,..., TN, t),

i.e., u is symmetric about the hyperplane {z € D | z; = 0}.

Since wy(x,t) > 0in Dy x (0,7] and wy(x,t) = 0 in Ty x (0,7, which imply
that w) is non-increasing in z; for x; < 0 and (z1,2,t) € D)y, x (0,7]. This
shows that

rt) = 90 g 1) — T,y = 2

0x1 1 0xy

%(
8951
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And thus, there is

ou
= >
8331 ((I},t) - 07

then u is non-decreasing in z; for z; < 0 and (z1,2/,t) € Dy, x (0,T].

If the initial value ug is radially symmetric and non-increasing with respect
to |z|. Since the 21 direction can be chosen arbitrarily, then through the same
argument as above, we will obtain A\g = 0 again, and this leads to the symmetry
of the solution at 1 = 0. Hence, for any fixed t € (0, 7], we find that u is radially
symmetric with respect to (0,7 and non-increasing in |z|. This completes the
proof of Theorem 1.3. O
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ITpusMnu MakcuMyMy Ta CUMeTpPisi PO3B’S3KiB JIJist
mapabosidyHux Apo6GoBux p(r,-)-piBHIHBb y 30BHIIIHIX
obslactax

Pengyan Wang, Zhihao Wang, Yanfang Xue, and Lin Zhang

VY 1iit poboTi MU CIIOYATKY BCTAHOBJIFOEMO JI€siKi ITPUHITUIN MAKCHMYMY,
30KpeMa, MPOCTUI MPUHIUI MAKCUMYMY, ITPUHIUI MaKCAMYMY [JIsl IIapa-
Gosiunux apo6oBux p(x,-)-JaaciadiB Ta IPUHIUI MAKCUMYMY JIJIS AHTHU-
cumerpuaanx Gyukmiit. Jlamxi mMu posrmsmaemo jemy lomda mrsa mapabo-
JigHuX ApoboBuX p(z, -)-JaluiacianiB, sika € y3arajJbHEHHAM De3yJIbTariB i3
npani Barra—Yenst [Commun. Pure Appl. Anal. 21 (2022) 3055-3069]. Ha-
MPUKIHII, 32CTOCOBYIOUYN IPUHITUII MAKCUMYMY JIJIsl AHTUCUMETPUIHUAX DYH-
KITi# Ta METO/T PyXOMUX ILIONIIH, MU OTPUMYEMO CUMETPII0 Ta MOHOTOHHICTH
po3B’g3KiB HeniHifiHUX napaboaiaaux apo6oBux p(z, -)-piBHAHD y 30BHIIIHIX
obacTsax KyJii. 3 CHOJIBAHHSIM HAJIATU HOBI MEPCIIEKTUBU Ta IHCTPYMEHTH
JJ1d II0JAJIBIITNX JI‘OC.Hi,ZL)KeHb.

Kurouosi ciioBa: napabosiuni 1po6osi p(x, -)-namiacianu, 30BHimHi 06J1a-
CTi, TPUHIUI MAaKCAMYMY [IJIsi aHTUCHMETPUIHUX (DYHKIH, jgema l[omda,
CAMETPisl Ta MOHOTOHHICTD
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